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exist and are equal,

Proof : Apply the represcntation (6. 18) to the partial derivative in
the first integral, substituting /', for the function f from Theorem 2, » for
x, V, for v, m' = 0, #' = 1. By {2] from the proof of Theorem 2, Lemma
3.1 may now he applied,. The application concludes Lhe proof of  the lemma,
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I
ASUPRA UNEI GENERALIZARI A INTEGRALEI DE TIP FOURIER
SI APLICATIILE ACESTEIA LA UNELE PROBLEMF PE CONTUR

Rezumat

De multe ori solutiile unor eccuatii cu derivate partiale sint date
sub forma (1.1). Pentru a evita unele dificultiti cc se ivese datorita con-:
ditiei ca (1.3) sa conveargi, se studiazi urmatoarcle probleme: a) Cind
existd limita (1.7) cu Y(X{.T) dat de (1.6) si U, dat de {1.5): h) Cind
este aceastd functie derivabili: ¢) Cind se pot obtine aceste derivate
derivind functia Y.

Dupi ce se dau conditii in care rdaspunsurile la acesle intrebér
sint afirmative, se studiaza in § 7 problema curgerii nnui [luid Maxwell,
in jurul unei sfere rigide, cu ajutorul ecuatiei (7.1}.

STOCHASTIC INTEGRAL EQUATIONS IN ENGINEERING AND
BIOLOGICAL SCIENCES
BY

CHRIS I'. TSOKOS"

1.0. Introduction. In mathematical models of phenomena  ocenrring
in the general arcas of enginecring, biological and physical sciences, ran-
dom or stochastic cquations appear frequently, {4], [10] [11]. The aim of
this talk is to formulate stochastic models in Tluid mechanies and chemo-
therapy which lend to stochastic integral equations of the form

(1.1) (! w) =\J (v(=: @), 575 wid =,
a
and
A
(1.2) a(t;w) =kt ;o) + \k(s, 2(s; )5 ws.
0

}Vc shal} alsq be concerned with the existence of a random solution and
its physical interpretation in the aforementioned models.

=.0. On a Stochastic Model for Fluid Mechanics. Consider a tagged
material point in a continuous flnid in turbulent motion. The location
of the designated point at time £>0, is a veetor-valued stochastic variable,
V{t; o). o € Q[where Q is the supporting set of the underlving probability

3 A [alk_ presented ar the mathematics conference at the University , Al I
;5}', Rom?‘ma, August 20—25, 1970, on the occasion of
»8. Myller* Mathematical Seminar.
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space (Q, .4, z)]. At location v(t; ), the veloeity of the point is given by
the Kulerian velocity ficld #{v{i: w). 1; &), a veetor valued random va-
riable for cach v and ¢ 20. The Eulerian approach to describing flow in fhud
mechanics is that the veloeity of a point in o continuous fluid moving by
a fixed position at any oiven tinwe £20 can be given. However, when the
flow is turbulent, the velocity is random and we are phased with the problem
of determining v{t; w}if the statistical properties ol 7(v{/; @) {;0) are known,
The location of the designated point is given by the stochastic inteoral
equalion ol the form

(2.1) vif o) \ rlv{s ) i) o 1

where :

(#) oell;

(i7) v{t; ) is the unknown vector-valued random lunction which
gives the coordinates of the position of the tagged point in the fluid for
each time >0 ;

(i1} #(v(t; ), 15 w) is the Eulerian velocity field speeified in laboratory
coordinator for cach t=0.

Lumley, [12], studied a discretized version ol the stochastic in.
tegral equation (2. 1). In this paper we shall give conditions under which
equation (2. 1) admits a random solution for each 7 =0. By a random solu-
fion of equation (2. 1) we shall mean the following : The random  vector-
valued function v(¢; wl is a random solution of the stochastic integral equa-
tion (2. 1) if for each fixed £20, vl : w) is a veetor random yvarable and
satisfies (2. 1} almost everywhere.

We shall study the problem by considering @ stoehaslic intesral equa-
tion of the form

(2.2) vit i) \ dvit el s eds,

n
wherce v(t; o) is the unknown vector-valued random variable for each { = 0,
and $(v(~: w),l, 7, w) is the stochastic kernel which equals to v(vit: «).7,0)
for O == 7 -2 t < = and 0, elsewhere, We shall assum» that ¥(! ;) 1s a three-
component vector-valued continuous function from R, = [0.cc) into the
space L, (Q, 4,1}, 1 -2 p= oo, that is, for each te Iy,

\

. i1

v{t ;o) dufe) 1 < e,

ii\’(f > m)--ﬁ = : |

Thus for each te R.. e Q, v(l; o) is a point in threcdimensional Euclid-
dean space, (vy(t; o), v,(t; w), vg{t; ) ), and
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V(t:e) =it o) + vt e) + v3(t 5 w).

We will assume that b is a function such that for cach fixed pair {, =) in
the set

E={lt,7): 071 0],
___;::vg'f;m),t, = "’){‘”Ega is continuous i'n v, for cach v, weQ, (v, 4 7;0)
is a continuous function on £, Thus ¢ is of the form

(wivoty 71 @), du(vid, 75 ), vV, &, 75 w})

a point in three-dimenstonal Enclidean space for each fixed v, {t. =), and
0 € L1, and Tor each lixed v, (¢, 7)€ %, we have P(v, L, v e)e L(Q, 4, u)
with [3(v{=; ), §, v; o) defined as for v(t; ) above.

We shall denote Cy{Ry,Ly(Q, 4,p) ) = C, the space of all threc-
component vector-valued functions from B, into LyQ, 4, 1) with the topo-
logy of uniform convergence on each compact interval [0, 7'), 7'>0. That
is, the sequence v.(t; w)€.C, converges to v(t; o) € C, iff

. i
hm § \ [va(t; ©) — v(t; @)ed p(w))? =0,
o

nom

uniformly on every compact interval [0, 77].

Let B and D be a pair of Banach spaces such that B,DCC, and assume
thiut T is a linear operator from €, into C,. The pair of Banach spaces
(12, B) is said to be admissible with respect to T if TD B,

The following lemma will be useful in the aim of the paper.

Lemma 1.1. .dssume T is a continuous operalor from C, into itself. If
the pair of Banach spaces B and 1) are stronger than C, and if (D, B) is admis-
sible with respect to T, then T is a continuons operator from 1) into B,

Sinee T is a continuous operator, it is bounded, [2], and one can find
a constant K >0 such that

() ()l == KY€ 5 )]s

_Thegrem 2.1. Suppose that the stochastic integral cquation (2.2) safisfies
the fullowing conditions : l

(i) B and D) are Banach spaces stronger than C,, and the pair (D, B is
admisible with respect to the operator T given by

7

(Tv)(1;0) = x vz o) dT:
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(2t)
v, ;) 0T LT 20

v, &, T, 0) = { 0

, clsewhere

is a mapping from the set
E == {v(t;0): v(t; w)e Bliv(t; o)l <2

info the space D, for p=0;

(i) ||np(v(t; ), t;wlp = o/ K, where K is the norm of T.

Then there exvists al least one random solution of the stochastic integral
equation (2.2).

Proof : Let U be an operator from £ into B of the foru

4
(U9) (¢ 0) =\ a(v(zs @), 75 0) )i
0
Thus U is a continuous mapping from E to B, since the function 7 is con-
tinuous in v. The set E is convex, closed and hounded. If for 0< << 1, then

for v,(l; ), vy(t; w)€E, we have

Wit s o)s = lavy(ts ) + (1 — a)vslt s @)ls< as + (L — o = -
thus a convex combination of two clements of E is also an element of E
Suppose that {v,(f; w)} is a sequence in ¥ converging to a point v({; w)
¢ B, then we have
|'V(t H m)l'lf? =< uv(t H (’3) s Vﬂ(t ; m)nﬁ <+ .]vu(t s “)).!B ‘éli"(i; 03) — Vn(t H C'))HE +p—p
as n — .
Therefore, v(t: w)€ E and E is closed. By definition, ¥ is bounded and
since it is a subset of a Banach space, it is compact.

We proceed to show that U(F) C E. From condition (i) it is clear that

UV ol | \'-r.-(v(-.. )y 73 o)l < Klin(v(ts o), t5 o)ln < e

The operator U is continuous and from the faet that n continuous image

of a compact set is compaet, then we have U(E) is compact. In view of

Scehauder's Fixed Point Theorem, [1], there exist at least one point v{f; w)
¢ I such that

!l
whd == vil; w)

() 0) = \n{vizioh7;

L=

4 l 3
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for cach t& R, T}'l‘iq theorem applies to any I component vector valued
functions as well. The components of % record the random rate of change
n}t l‘.lllc (:(t)lorr.lgnut.o}r of the tagged point at time 1, Su{l; w}idt,i =1,2,8 and
the length of «, that is, {4(v, ¢; w)|, records the random spe the t
putterial point at time 320, . mspeed of the tagged
- 3.0.0n 2 Stoclla§tic Model for Chemotherapy. We shall begin by stu-
(i.\';'l.l].‘f' ihﬁ[ci\'ls‘tc;‘w.c of a random solution of a stochastic integr;l equation
which will be of importance in the solution of the c¢hemot : ]
This equation is ol the form i

w13 ) = At ; w) + \k(s, (s 3 w); 0)ds,

{s.1)

where ;
(i) weQ;
(78) a(t; ) is the unknown random variable with ¢ [0, 3] for 0= M

E't:ii)) {’L(f : uz) is the stochastie free term ;
) h(La{t:o);0) 1s the stochastic I 'ine }
LSS }iw) chastic  kernel defined on [0, M] x
We shall assume that »(t; ©), A(f; @), a
‘ ! at v(i; @), ;a), and &, a(t;w); o) are real-
vadued functions. Also for cach re [0, M] it wilt be rc(quirgd tl)lat {t ; w)
and If(t; w) ar inspace Ly(Q, A, p), 1< p-Zoo, and lor each we({— oo,”:'.)
the l\c;'.i[]_cl k(t. r ;) is product measurable on [0,M] = Q, and for ecach
fde'[:_), ] ] and v € (— o, ), Il @ 0)ely(Q, 4, n). It is also assumed
wh r{t:w) and A{f; o) are product measurable on [0, M] x Q (with
respeet to Lebesgue measure on {0, M), S
Let ]/])-L]/q=101'(|-—¥- | T
_ pl(1— ), p=>1. The s e Lr 1
w € (1 ronverdes weakly to a(e) in L.(Q. ].)l, i) p =1, irsC¢1llean s

{3.2) ,],i»[,‘l \-T'H((o) Moydu{w) = \.l‘((u) I} dufm),
O 0

fO CeNerv .J 5 e ) == ( [
inl](.\((?l'\ l;z £ I.,}[('Q!, ‘.)1, ). lf‘p =1, then [(m{a)} converges weakly to a(w)
o 4, ) _1* l(.E.h)fholcd.‘; for every hounded measurable function o on Q
i em 3.1. We consider the random integral e ] : - the
Jollowing wonditions integral equation (3.1) under the
. l_”(i) ' The hernel a’.'(t.‘ w(t i) o) s o continmons funclion of & and
€ [0, )t € (— w, ), for cuch we Q. and ki owiw) e L{Q0 d.2), 1<
< poe, for each toand o R
(t1) For all t € [0, M|

sup (bbb soll 2 ale) e L€ - ).
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(@) h(t; @) is a continuous function from [0, M] into L,(Q, 4, w),
and for each t € [0, M), 0 <= M = oo, there exists a constant Ny =0 such that
bt ; @) - \sup (s, 73 @) ds < Ny< oo

o
Jor each w ¢ Q;

() The kernel satisfies the following weak continuity property : If
Ty (w) converges weakly to x(w) in Ly(Q, 4, p), 1< p<tcr, then k(l, () ;@)
converges weakly to It, v (@) ; w)in Ly{Q, 4, u) for each t € fo, M.

Then, for t € [0, M], 0= M < 1, there arists a random solution of the
random integral equation (3.1).

Proof : For ¢ ¢ [0, M}, we define the sequence
Zo(l; @) = h(t; o)

and
. 1
o(t; w), if 0t -
n
Ty — ‘- L - 1
n . -+
Tolt; @) —[—\ ks way(s; @) so)dsif — <1< ™" 21 s < mn — 1
n n

¢

for n=1.

Since A{t;w) € Ly(€Q, A, w), 1< p< w, for ecach t¢ [O,JII.I, then
To(t s @) € Lp(Q, A, u). Thus a,(t; @), =1, is in Ly{Q, A, u), since by
condition (i) and an extension of Minkowski’s incquality 3] for £ ¢ [0, M],
we have

I . , ]
|[\ \k(s’ s 1 0) 1 o) il du. () } = w \ Iis, a(s: ) s o) du(e)|” ds <
o 555
! 1
£ \‘ gl'g(“’)pdu(m)] " ds< oo
N0
Then

{ \ et ;o) f’rl;L(m)} " {\ h(l:e) + \ Rs, afs; w): w) (f.\'r“rfu(m)}p <

[ Ll b
1

1
<l\. B s ) du(o) l\ k(s (s s @) 5 ) ds P dug ) "<k

9

for me &L, Therefore we can find a8 >0 such that for fh— 1, = &

and I(t, #: ) is product measurable on [0, M] x Q for cach a,
Zu{t ; @) is product measurable on [0, M) x Q for all n0.

ATOETEASTIC INTEGRAL EQUATLONS HES

~1

by Minkowski’s inequality, the above result and the fact that {t 5 )
€ Lol Ao u) for each ¢ € [0.M].

Sihee #(E: ) is continuous from [, M] into L,(€Q, 1, u), 1= JIEe
we have that the Gunily (et @))7 s an equicontinuous family  of fune-
tions from [0, M| into L,(£, A, u). That is. fet 2 =0 he given and =0
fixed. bul arbitrary. Then for fa 1y € [0, M},

1 |

= r3=
< o

. H
Lty s @) =ty s m) = \ (s.a, (s o) w)ds \ (s, 2u 183 ) j0)ds +
(.1 l.'.

1 1

1= 1

» i
rolfy 2 ) — wg(ty 3 w)| = \ ks, &, (s;0): w)ds —

~

! ks, (5 ©)io)ds

O e

0

= Mt o) — h(f, ;@)
we e
M, ) < :

&)

h([] y (_u)

anl
1 1
I~ i3
" D oon z
\ ks, 2, (s50);w)ds \ k(s, v, (5:0};w)s
=}
o i

Hence, for every > 0. we can find a 8 =0 such that whenever f— ) < 8,
we lhiave for o eQ

Tty 5 ©) — &ulty 3 ) < e

Sinec 1720 is arbitrary, the a.(!: ») as functions from [0,M] into L,(Q. 4, )
are cquicontinuous.

Furthermore, since h(t;®) is product measurable on [0.M] x Q

then
For t«]0, M| we have by condition (#4) that
2t w) <= At w)i +\ ks, a(s 5 ©) 5 0) ds < bt o) |+ \ sup ks, @ ; o) ds <
0 0

. Ny o,
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for any @(¢; »). The sequence {z.{{;w)} satisfies the condilions of the
Arzela-Ascolt  Theorem, [9], and hence there exists a  subsequence
e (L5 w)} that converges weakly in Ly(Q, 4, ¢) to a product measurable
function a(f; ©) from [0, M] into L,(Q, 4, u) for cach ¢ ¢ [0, ). Thus,
by condition (iv), for cach ¢ € [0, M], z(f; w) satizfies the eguation

wt; ) =ht; o)+ (il el o); wds,

u-ac. lence, there exists a random solution of cquation (3.1) for ecach
te [0, M].

Bellman, Jacquez and Kalaba [5], [6], [7], [8] developed
a deterministic version of a one-organ model for chemotherapy., We shall
develop here a stochastic version ol their model and show that a semi-random
solution exists, [15]. That is, the randem function a{t; o} will be called a
random solution of (3.1) on the interval [0,M] if for every ¢ € [0, M]. 2( ;)
satisfies equation (3.1} n-a.c., and it is a random variable for cach ¢ €[, M].
The function 2(f;w) will be called a semi-random solution ol (3.1) if there
exists a », 0< =< M, such that the following conditions hold :

(i} For each fixed 1,0t <7, @ (¢ 1) is a deterministic function of ¢,
that is. @(t; w) = (¢) w-ae. and satislies cquation (3.1) ;

(i) For every fixed t, + <t << M, 2(¢; «)is a random solution of (3.1),

We consider a closed system with a simplified heart, one organ or
capillary bed, and assume that the vecireulation of the blood is at constant
rate of flow, where the heart is considered as a mixing chamber of constant
volume. The flow of blood is considered as ,slug® flow (no mixing in the ves-
sels). It is assumed that an injection of drugis given to the system directly
at the entrance of the heart producing a known concentration of drug in the
plasma. That is, drug molecules are dissolved in the blood plasma. Also,
as the blood passes through the capillary bed or organ. the particles of
drug are assumed to enter the extracellular space onlv by the process of
diffusion through the capillary walls, since Pappenheimer. ot al., [8] showed
filtering to be negligible,

Since it is impossible to know the point-by-point concentration
of drug in the plasma and extracellular space at any given time after in-
jection, for a given cxperiment measurements of drug concentration should
be made at a set of points in a given area of the system at the same instant
of time, and the mean value of this set of experimental values should be
used as the concentration of drug in that area of the system. For example,
several measurements may be taken at points between the heart exit and
the entrance to the capillary bed at time -0, since the concentration is
considered fairly uniform in certain arveas of the system, |5], {7]. Tt is rea-
listic to assume that this mean value c¢stimates the true state of nature
at the given time ¢>>0, and if another initial injection is given in the same
system and the measurements arc repeated under the sanie conditions as
above, a different mean value would result. Thus, the concentration of the
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compound In plasima in given arcas of the system is more realistically con-
sidered as a random [unction of time rather than a deterministic one.

For ¢t 2 0, we shall use the following notation : u (s, t; @) is the con
centration of drug in moles per unit volume at point s in the capillary at
time £ 20, w€L2; ¢ is the constant volume flow rate of plasma in the capil-
lary bed ; and [ is the mean length of capillary in the capillary bed. We
assuine & macroscopic point of view in that all capillaries in the captllary
bed are lumped together into one capillary of length I, total volume flow
rate ¢, and total surface avea A, cqual to that of all the capillaries combined.

For a one-organ system maintained by a simplified heart, let the
heart be considered a mixing chamber of constant volume given by

. V.

In {1 + Vl._.-'I_’,H)_’

where V, is the residual voluwmne of the heart, and V, is the ejection volume
and constant entering and leaving flow rates ¢, [7]. This is obtained by
representing the concentration of drug in the volume of plasma ejected
by the heart at time ¢,y (f), as a function of ¥, and 1" and of the concen-
tration of drug at time zero, v,, in the residual blood in the heart, that is,

Y(t) = vo exp[-ct/V*],t = 0.

Suppose that an initial injection is given at a constant rate dircetly
at the entrance of the heart which gives concentration u, (), 0 =1 < 1y,
entering the heart, where ¢; is the duration of the injection. Let the time
required for blood to flow from the exit of the capillary bed or organ to
the entrance of the heart be y =0, that is, a circulation time lag. Also, let
Yy be the time required for blood to flow from the exit of the heart to the
entrance of the organ. Thus, plasma containing a concentration of drug
reaches the organ after time v, and while flowing through the organ or cap-
illary bed diffusion through the capillary walls into the extracellular space
takes place. Hence after time vy, the concentration of drug in plasma at the
entrance of the heart is a random variable, ug {t; w), duc to this diffusion
process and recirculation of the blood, and is given by

0 , 1<0
(3.3) e (L w) = | % (1) , 0 t<y
I“f ) 4 ull,t—r;0) txy,

where u(l, 1; @) is the concentration of drug’in plasma leaving the capil-
lary bed or organ at time ¢, a random variable for each =0, and u; (1) =0
for ¢ >>1,. Let the concentration of drug in plasma leaving the heart be deno-
ted by 2, (2; ). Then wu. (] w) satisfies the integral equation,
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' TK 0Lttt
_ (' . wy {) — e
(@) = 1 (05 @) = e [t (s5 @) —wi(s: )] det 20, 0, otherwise.
o

For 0 <4< one can use the usual suceessive approximation method
for deterministic integral equations of the Volterra type to show a solution
exists, [138]. Yor v <7< M. < M-~ sc. we shall show that the stochastie
inteeral equation (3.6) satisfies Theorem 3.1,

For weld, the concentration gy (fza) and w (1, 1 — i) can be
eronsidered as continuous Minetions of e, and henee E(tou (t; 0); w) is
continuous in £ and wy, Vor cach ¢and wp . bl o) is a degenerate random
variable (i constant). Hence for caeh 7 and wy. b (1w, tw) €Ly (Q, A1)
10 p<<oo, trivially, and so condition (i) of Theorem 2.1 is satisfied.

where uy (05 @) = 0. Henee,

]

(3.4) np{l; o) ——\.

n

1

¢
. feg(sse) — upilswl] dss 1 -0,

Then the concentration of drug entering the organ ab Ume £ is siven by
0. 0 =
e (f—v; ) 127

i

3.5 w (0, 1 w) — i 1 i
(8.5) w0, t: o) { By the nature of the physical problem. the maximum  value that

i) ot w{f, f— vie)ean assame is 0¥, and the minimum value is 0
. o « . . . . . 3 EAS Y3 i MM o, .
Sinee wy (£ @) 1s a deterministie function of time for 0 -2 4=+ when for all £ €[y. . M]. Therefore,

the initial concentration wave (a square wave) is known. then w {8 o)

-

. . . . - s LT - o L | . ! i?
is also determunistic for r<"- . [Towever, after time when the diffusion sup k(L s @) \up{ 1o fing Tl 10 ) | w0
process in the organ is begun, due to recivenlation up {£; ©} is a random o=

function of time, and henee so is 1wy (85 @) Thus, cquation (3. 4) is a semi-
stochastic Integral cquation of the formy (3. 1)
Substituting (3. 3) into equation (3. 1), we have

Lel the degenerabe random variable

g {wm) c'_u": e=L)
I l_'.-;:
(8. 6) wy {1 0) = S 11 frr(s) = ullis —vio) —uis; o)lds Fhap Bie) € Letid: dad, because
0 : [+ ST
Fin . {\ i) d';x{w}}ﬂ_‘rs_ < e
_\ L (s} ds 4+ \ — L* [ (83 @) — w(l, s — y; )] de N a B
. T ! V and condition (i) of Theorem 3.1 is satisfied.

!

=G (1) 4 gf.: (s, ur (8: w):w) ds,

(4]

- The stochaslic free term h(t: ) is the deterministic funetion G(t)
which s hounded.

!

G || Sut) <2

where

for all 1¢ [0, M. Henee hit; w) = G(f) 1 - is in L, (. 4,u), that is,

=\ e rp=ft TS
I Vi ity . [ I #
{\ it; w) ri.u.{m)}f’ gt L o

I - =
isou(sio); o) = Jtr(srw) — wl(ls — vyl

jx 1

and il s el - 00 s Let the mital injection be given by

Since Gt s anintegral, obviously, /i {t; @) is o continuons funclion from
[0, M} into L (8, 8, ). Leb €y, M) << [0, M), 1, = M- so. Then

12 — 3

CEH R Tl
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i

il ) \sup [ A (s, 1 ) ds

LA

1]
3 . .
fen™ T AT

= | @ s <, - 4-1-

| {0 +.\ 5% e v
V]

e
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where [.] is the greatest integer Tunction. Then condition (i2) of Theorem
3.1 is satisfied. .

Consider the sequence {wp,(t:w)p which converges Lo w45 o) in
L, (Q, A, o) for cach fe[z, M| Then for every £ >0 there exists an N >0
such that whenever n = N,

i

l | 5 ) 65 ) Pdu(m)}”<

letting = = ¢z, /1* =0, we have

Therefore,
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whenever n = N. That is, & (¢, ur . (t; ©):w) converges to k(L u (1 w) ;0
in L,(Q, £, u). Since strong convergence implies weak convergenec, (~?nd1
tion (sv) of Theorem 3.1 is satisficd. Thus a random solution of Kqua
tion (3.6) cxists for té[y, M]. :

Therefore, we have shown that the semi-stochastic integral equatio
(8.6) which represents the stochastic version of the chemotherapy model p
ssesses a semi-random solution for t€ [0, M],0< M < so, v < M and ;<A
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ECUATIT INTEGRALE STOCASTICE IN INCINERIE ST STIINTE BIOLOGICE

st

Rezumat

In modelele matematice ale fenomenclor din domeniul ingineriei,
nuiclor biologice si lizice, apar freevent ccualii stocastice [4], [10], [11).

Scopul articolului este de a formula metodele stocastice in mecanica fluide-

lo

r 5 chemoterapie, care conduc la ecuatii integrale stocastice de forma

{1.1), {1.2). Se ocupa de asemenca de existenta unei solutii si de interpre-
tarca ci lizici in metodele mentionate mai sus.



