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The purpose of the present paper is to describe a natural algorithm
for the prolongations of geomcetric object fields. This algorithm is based
on the works of K. Cartan, on some investigations by G. F. Laptev
and on the idea of the canonical form on a prolongation of a prineipal fibre
bundle introduced in our previous paper [6].

A natural setting for the definition of the prolongations of geometric
obleet fields is in the theory of jets (bv Lhresman n): a geometrie
object field being a eross section p of an associated fibre bundle I, the pro-
longation of order r of ¢ is the cross section J7p of J7 K. On the other hand,
G. I Laptev (secc. g [7]) has cstablished a ,,method of prolongations”
(closely related with some algorithiis by K. Cartan), which was success-
fully applied to many concrete investigations in differential geometry, As
arule. the prolongations of a geometric object field are not treated in a ,,pure
form in such a conerete situation, since some additional structure is usy-
ally given and this modifies the whole situation in = specific way. In the
present paper, we are interested only in the ,,pure” form of the »Correspon-
ding™ alporithm. (As far as we know, an attempt to pose the problem in
its full gencrality was done only by Szybiak in the Appendix to [8]).
The prineipal tool for this algorithm is the operation of exterior differen-
tiation. Our main conclusion can he shortly expressed as follows: If the
»initial”™ functions for this »pure’ algorithm of prolongations are the coor-
dinate tunctions of o geometric object Ficld o, then the »resulting” funeti-
ons after r steps of this algorithm are the coordinate functions of the r-th
prolongation j75 of .
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The standard terminology and notations of the theory of jets arce used
throughout the paper, see [1]. In addition, j: denotes the canonical projec-
tion of r-jets onto s-jets, s <<r. Our considerations arcin the category Ce.

I. Relative images and coordinate functions. Let I (B, G) be a prin-
cipal fibre bundle and let E (B, I', G, ) be o fihre bundle associnted with
P. The clements of E are the equivalence classes {(u, y)}, we P, y el’, with
respect to the equivalence relation (v, y) ~ (ug, g1 (y)), geG. Hence
every uwel’;, we B, determines a diffcomorphism (denoted by the same
symbol)w: 11— K, . y— {(u, )}. In this conncetion, w will be ealled a
Jrame on K. If z¢ E, and w e ;. then the point ! (z) €' will be said Lo ]
be the dmage (or relative image) of = by Lhe frame w. Thus we have a mapping
w of P[] E (=the fibre product over B of P and E) into F, u(n, z) = w=1(zg),
which can be called the relative image map. Let K be a coordinate neigh-
bourhood on F, let »: K — R” be a coordinate diffcomorphism and et

¥, g, =1, =dimF,

be the corresponding coordinate functions on K, Put
K ={u,z)eP X E; wle. 3) e K I

Then A? = yPop arc some real-valued functions on K, which will be said
to be the coordinate functions on P X E with respect to ». (For the sake
of simplicity, we sav that A? arc coordinate Tunctions on P > E, though
they are defined only on K C P X E. Similarly, we shall not sometimes
mention explieitly some natural restrictions of some mappings, provided
therc is no danger of confusion.) We remark that our coordinate functions
are introduced analogously to [1]. _ .
A geometric object field (in direct form, ef. [3]) on K is a cross section
o: B— E. The fibre product 7 X! C P X F is canonically identified
with P, so that the restriction of « to P > ¢ can be considered as a mapping
of P into F. This mapping will be denoted by u.. (In [3], we have said that
Be is the indirect form of p.} Put
K(z) = {uel; w{ue K}
Then a? = y#op, arc some real-valued functions on A (). which will he cal
led the coordinate functions of o with respect to x. ‘ I
Fix a point #¢ B. Then u, : Po — /), uo(u) = 1w 1 (z), is the relativ
image map of a point z € £, and the real-valued functions af = y?ey, 0
I?(z) ={ueP,; w{z)eK are the coordinate functions of z. Consid
a basis ¢, of g (= the Lie algebra of ) and construct the fundamental vee
fields X, determined by e, on P,. Let o be the dual basis of T*(P,).

[ €3] = — clae,, then

dancnlal veetor filds X

P?c are the forms o* nsed in Lemma 1,
ol (6},
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{2) dew* = 1/[2 ef, of A

P

Let g (1) he the onc-parameter subgroup of & corresponding to ¢, and et
¥, be the vector ficld on /' determined by (Yoo = 71 {g. () (), v € F. Since
(r' acts on k on the left, the vector fields Y, Torm o basis o a Lie aleebra
anll-isomorphic to g, 1. c. -
(3) (Y, ¥l ar, V..

'3

Lemma 1. Let X e 7, (F.) and let xc .. Phen

(1 (1) (X) (Y.)y o= (X},
where y = w™l(z).

.z’i'r)qf. Let + be Actve on G such that X = g1 (wy (2)). Then (dy/dt), =
o* (X)e, by the definition ol the fundamental vector fields on P,. Using
the \E'cll-knm\'n relation  (dy 1/dt), = (dy[dt)y we  obtain () (X) =
=R () = — 0¥ (X) (Vo) , QED.

For every (a, y) € PyxF, we denote by A, » the tangent space at
(. ) to the graph of the mapping (of P, into F) 5 — p-1 (w (), veP,.
Thus we ni_)tn;n i distribution A on P, : F, which will be called the fun-
damental distribution on P, x F. By the very definition of A, a mapping
of P’ into F represents the relative images of & point of I, il and only if its
sraph 1§ a solution of A, '

Let the restriction of Y to A be given by 18 (y9) @[dyr. Then (4)
implics divectly that the equations of the fundamental distribution on 22, % I
with respeet to = are
(3)

By another words, the coordinate lunetions a# of any € I, satislv
(4)
Furthermore, the coordinale form of (3) is

o, Lo 00t

gyt W
Lemma 2. Let P (B, G) be « principal fibre bundle such that the Sfun-
o defermined by e, on P can be completed by some vector

Ayt + 12 (1) o = 0.

de? o2 ((f) e* = 0.

(7

Y p
= Cayly -

Sields X fou /{a.vi.s- of T (£). Let &%, & be the dual basis of T (P). If «u? are
the coordinate functions of « geometric object ficld on E, then it holds

(8)

dar 4+ 9(a?) &= = 0 (mod &).
Proof. 1 we consider a fibre P, of P, then the restrictions of & to
[enee (8) is a simple consequence
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2. The prolongations of geomeiric object fields. Tel P (B, &, =) and
P (B, G, %) be two principal fibre bundles with the same structure group
G, let (4, 0): P (B, G) - P (B, (i) be a prineipal fibre bundle isomorphism
and let (B, F, G, PYand KB, I, G, P) be the corresponding associated
fibre bundles with the sane standayd fibre £ Then & indnees o« mapping
DB = B defined In

-~

2 ({00, )3) = (o () 1)l

In [6], we have introduced the e-th prolengation W7 () of P as the
muhifold of all r-jets with source (0, ) of the allowable charts on P, ¢ being
the umt of 6. (An allowable chart on 22 is a principal fibre bundle ]R()]ll(il])hNI‘n
(4, ¢): U x G > a1 (V), where U 1s a neighbourhood of Oe B*, n =
dim B, and 1 B. Such an allowable chart is uniquely determined by the
dlffcommplusm o: U=V and by the cross section a:V — = 1),

alo@) = ¥ (2, ¢)). W7 () has a natural structure of a principal fibre bundie
over I3 with structure group Gr = the group of all r-jets at (0, ¢} of the lo-
cal automorphisms ({, ) of R ¥ G satisfying {0} = 0. According to [6],
every h e can be uniquely expressed as h— (N, S), Xelr, .S' € T(G).

Let Jr E be the fibred manilold (over B) of all r-fets of the local cross
sections of K. We shall show that J7 /£ has a natural straeture of an asso-
ciated fibre bundle of the symbol (B3, 77 (F), G7, W~ (P)). We first remark
that the fibre bundle assoctated with the trivial principal libre bundle Box &
with standard filwe I is eanonically identified with R » /' provided one
identifies {{(w, ). y); with (&, ¥). @€ R%, ye I, I'wrther we ean identify
Tr (") with the fibre over O ¢ R of J7 (R» < 1) by means of the canonieal
projection of R onto the sccond factor. Morcover, every i € G2 is an r-jet

(") nel, yel.

of a local automorphisim (¢, ¢) of R7 X ¢ satislving o(0) = 0. Henee & is a

local mapping of Ry F onto itsell such that ({0} < F) = (0} « I and we
can introduce a left action (h, ¥)— A(Y) of ¢ on 17 (I") as follows: Let

h=(X, S), Xel, Se¢ T"(G). X\ = jio. § —'j o and let ¥ e T1(F), ¥ =

=g ¢. Then v — (&, g(2)) is the corresponding local cross section of R % B
and it is
(10) vl@ = (&, p (@) = ole) = (o) olx)(c(r)) =

rr_—;z'-—>(

a {7 1 {2) (ple~* (D))

Thus, we can define 2 (Y) =34, [c (e ' () (p (s ' (2})})-
duce immediately that this action ol G on T7(I7) can also he

From {10) we de
written a

(11) (X, S)(Y) = (S (YA,
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where (8, ¥) - 8§ (Y) is the natural action of T (G) on T7(F) (see [1])
and (S (¥)) X -t means the composition of jets. (This formnula was deduced
ina dlffm(nt way by Virsik, [9]; see also [2]).F mthcnn(m, il w e WH(P),

Vel (I VvV —7 z. lhen 9(1 = (i, ()
4L Cross secti S, Sotting 7y = 4
e ['l.,:“:c 101}’0[‘11 rSonr w(¥Vy=j Ty L9 (1 = (6, z{e))], we  establish
ras a frame on v. Let w denote the mncspondnm relative image map
of NPy X|Jr K mto T (F).

The canonical coordinate functions

Juwa P = (o s)and if

{12) he f)'i" ey D

h i L e =1,.,0=4dim B

o Tr{R*} ave defined as follows. fivery Y e 1" (R")

can be uniquely ex-
sressed as an r-jet of a mapping of the form

at + afat 4 ...

1 .
+ —al @
?'! !I...lr -
then we put h#(Y) = qe, bo(Y) =ar,. !)f’lu_‘.’()") = The coordinate

diffcomorphism »: K — R” is naturallv extended to a mmdmatc diffeo-

morphism %7 : T7(K) — T (R"); we shall denote by e ye L, zﬁ’ fhc cor-
responding  coordinate fnnchom on T"(K). Let

(1) Kr={(u, e WPy X J 1 w2 e T (K)).

Then AP == yreyr, {0 =yraur..., "fl...;, — f;f' i ewhare some real valued

fanctions on K7, which will be ealled the coordinae functions on Wi(P)

AT E
wille respeet to w. Obviously, if 1# .I;.'l i, , are the coordinate ltmcl.mns on
wdy

WPy S 1B with respect to x. then fr - (57 1)
=G
Tras

Let 2 B-+] be a UU)DI(‘“I( object field on K. Then the r-jets of

determine a cross section j7s : BB = J'E. which is said to he the r-th pm-

longation of z. The mbtuchon of u7 to I’ )y X
> Je can be considered as a
mapping of II"(P} into T(F}). This mapping wil ln tenated by pr o (One

can also sav that wl s the indiveet form of Je. el 3] The real- \.1]11(~(l

AR, AP =

ll...l

functions ar - ;Pop. ..... £ ==yt fayr g
Krp) = el Py o l(j";p] € 'l‘"l‘([\'), . = 3u)}
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will be called the coordinate functions of "o with respect to ». Obviously, if

af ..., af . are the coordinate functions of j7~! ¢ with respect to x, then
1+ r_l

wh = (i ar . a,.’]___l. . (g7~ 1)* (Z[;...-',_l'

3. Coordinate form of the first prolongation. In [6], we have intro-
duced the eanonical form ©, of Wr(P). This is a w/ ! (G)valued 1-form
on W7 (P), where w/~' () means the tangent spaccof W71 {Re v ) at its

distinmuished element 71 = §7Vidgs, . The basis
{0, ¢}

s 4 Bu.=n+1,.,04dmG,

of g together with the canonical basis ¢; of R* induces a hasis

by € EXT1 yeens 1+ dim G,
of w~'(G})=R+D g\, B
Propositon 1. Let p: B E be a geometric object field, let at be the
coordinate functions of o with respect to » and let a? = (J0)* a, al be the €007
dinate functions of jo with respect to =, Let ©, = @e; -+ O%, be the canonical
Jorm of WY(P). Then it holds
(14} da?r 4 n#(a?) O == a? O,
Proof. We have to show
(15) da?(N) - n2(a? (0)) ©@*(X) = af(u) O(Y)

tor every we WiP) and cvery X ¢ T (WL (). By {6), w determines a
linear isomorphism «: wh(G) » 75 (P), u = jiu. By definition, &, (X) =
-2 Y(X). where X = (10 X. Put v=4X) = &, + £%,. Then we have a
decomposition X = X, -+ X, such that w (&) = X, and (%) = X,
Since X, € T (P). we deduce direetly by Lemma 1 that  daf(V,) — —
— n2(at(1)} 5% Further assume u —.f.l.-._.ff’- U= (g, ). Let v, be the curve
/= 8t on R By definition is ar(u) = Jau? (o7 o (v () (e (v (DD
wWhere y# are the functions (1), Since the vector X is tangent to o. it can
be written as X, = fislo(+(8)). where v is the curve a' = £ on R%. Then
dar( Xy) = joar(als(v(1) = jbyt(s=He (r (D)) (2((0)) = all0)Z. Hence
dar{N) — — oh(a®(u)) 2* — al ()2,

which s equivalent to (13}, QED.
Remarks 1. 10 0 geometyie object field ¢ is given. then «f are some wel
deterntined Tunctions. On the other hand. the components @7, ©= of th
canomical Torm O of WP ean akso he considered as known, Since af

CIYE s we may saxv that the coordinade functions at ol jlo are determing
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by (14). Furthermore, considering the coordinate functions A%, A7 on K,
onc can say in an analogous scnse that 4# arc determined by means of the
relations dAP +- 02 (A7) @% = Ar &,

ix o point € B and consider the fundamental distribution on Wip)-
< THI). To deduce the equations of this distribution with respeet to x!, we
shall apply Lemma 2. We first veeall that the structure equations of O, are

dOF = (H A (9;.",
(146} 1
dGs = 1-03?@'9 A GOY 4+ @ A O
2 I
where @) = 0 G);?‘e{ is an admissible extension of ©,. By [6], the

components of € satisfy the assumptions of Lemma 2. By virtue of {16)
and (7}, the exterior differentiation of {14) yields

L , .
(11) da= —}—a—yqa“’@ +'/]5®‘ _af@if- h E) = (.

7P
bl Bl o Ay « A . e oy, " - a s
Put ®2(at, a7, @2, OF) = ¥ al (¥ |- 9 Q= a?@7 and denotc by %

the restrictions of ©s, E):.’: to WYL). (These restrictions do not. depend on
the choice of an admissible cxtension of 0, . sce [6], §4.) By Lemma 2 and
by (17), the equations of the fundamental distribution on WD) = T (8
with respeet to »! oare -

dy? = b (y?) »* = 0,
dyt (a1, o, wh) = 0,

+. Algorithm of prolongations. The prolongations of higher order of
a geometrie object field ean be treated by a recurrent algovithm whose first
step we have just deseribed. Assume by induction that we have applied this
algorithin (r—1)- times, 7 > 1, and that we have deduced the equations
of the Fundamental distribution on W=t {P) = V(1) with respeet to
#~' in the form
dyt 1= Py == 0.

i
(13)
P TS T o .
dy"l"".r—t ; 1[);‘!_”.’_] (e y! el }oe=
where the y's are the ccordinate functions on T R). the o's are the re-
strictiong of an admissible extension of the canonieal form of 117 HP) to
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a fibre Wr—Y(P) of W'~ (P) and (Dﬂ_ 0o is a lincar combination of o= ....., wi‘:---",@
with some coefficients in 47,..., 77 , k=1 ....r — 1. Further assumec that

rl...l'_:

the coordinate funections

(19) ar ..., at

11 g ]

of the (r —1)-st prolongation j7-1p of a weometric object ficld p with
respect to x satisfy

da? -} pt(a?) O = ar OF,

da? . 4 @ (ae,....,a;t__ ®O,.., & )=a';:

by _n fpip g o fodp_9

O'r1,
! ;

i

where the ©’s arc the components of the canonical form of 117~ (P). Let

0, =0 + ... 1+ @,"1_‘_, le{"”i'" be the canonical form of We(P).
Proposition 2. The coordinate functions at = A S L .=

=

dar L 7r(a%) O = a? @),

» af . of the r-th prolongation 7o of p satisfy
-1 Iped

(21) _ -
da;”l___,. 4 (DPI , fat a iy (CLI G:l--fr—ﬂ) = r::."l__ i l(‘)l,-l:
g &3 )i = af 'ir,
(22) tfa{’lml.r—] - ll)-‘!"l x l(clf oo .-,_1’0 """0'1 z !} (I!.l___,rO
Proof. By Proposition 1 of [6]. it is
(25) R L i TR

[ i 3 ¢ of : 23). Further, lc W7 (P)

Tence (21} is a direet conscquence of (200 and (23). Further, lel n ¢ " (P),

E,Imj(;i ('1" )Q,h—l(; c,—; and ]etI Xed, (Wr(Py. Then w determuncs a linear
T[0T Y e 7 - - o

isomorphism  « w o HG) — T (W=t (P)), 1= j=1 u. sec [G). By definition,

H

O, (X)=u"HX). where X=(ji= 1), Y. Put ©,(X) = Zie, -+ 2 v o,

Then we have a decomposition X = X, 4+ X, such that «(Z%) = X,. Since

Ny e T (W7 (). v = »(0), we obtain_dircetly by Lemma 1 that

’ ’ T w), ir, s lie other
d”}“lu-'}- l(.\2) = — (h:?l - (et? () oenns “ i (1¢), _" & -'=}—_|)'. Jn th )
hand. et = he the enrve o0 = 81 on Re By definilion, it is (r;”j_ :r__!.-(“)-f

(”,) P & A o T R U} I N T v (N Furthermore, the
dhfo T

. . = S here ~ is the cumg
veetor Xy ean he weitten as X, = jifo 2t <) where ¢ is the v
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o= It on R* and =z, means the mapping (@, g) — (w4 (1), ), we R
. . i . oy - . diy -
ge ¢, Thon we find da! (XD == . ST ) = [ 2
= Ity =1 1 (H . ipd, g ( jO (!)) (“,}0.’ L
(o7 o o lr 4 v (1)) (2 (o (- w0 = ”ﬁ---f, (1)&%, which completes the
prool ol Proposition 2,
Remerk: 2. Shnilarly to Remark 1, we may assert that {he coordinate
fone tions at ol jp are determined by (22). Aualogously, one can sav
iy A

that the eoordinate functions 47 ..., Af: i, on Wr{P) X J'E with respect fo
ve determined by means of (21) and (22), where the «'s are replaced Dy
Il corresponding A's,

For the next step of the algorithm we shall need the equations of the
luedamental distribution on WoA(P) < X7 (F) with respect to x7. Applying
e strueture equations of @,, see [6] {these cquations can also he found
i [3]), and using the fact that (18) is completely integrable, one finds casily
that the exterior differentiation of (22) yields

(24) ldaf . + @7 (@t say 0%, O} A G0

k]
Iy

where 0= Or + @;; et ds an admissible extension of ©® and hr s
i, ; i

i ithear  combination of G= ..., @}l ; G)r’l‘ - with sotne coefficients in

r—1’ J

ai al ;. IIence we conclude by T.emma 2 that the cquations of the fun-
damental distribution on Wi AP)x 17 (F) with respect to s are

dy? 4 02(y%) o* = 0,

iy

d:yl!i L | 1 (Di:ln-l','—i (yq e y?t &

[ - w* ..., mf:l - I) = 0,
dyf . D (g Yoo 0%, 0 ) =0,
1-+Fy Bpaarly 1=ty LEl il

where the w's are the restrictions of the corresponding ©'s to W (P) and
the 4's are the coordinate funetions on 7 {K).

Remark 3. We have established only a rceurrent algorithm for finding
the Iinctions tl){; i Of course, it might be of some interest 1o derive the

resuiling formulae by this algorithni. but we do not intend to deduce them
here,
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DESPRE PRELUNGIRILE CIMPURILOR DE OBIECTE GEOMETRICE
Rezumart
ar i ; ! atural penlru prelun-
Scopul lucrarit este de o deic_rle 11{1 .ligo:l-frt(lllf‘litﬁ;i e b[:;, o pe} el
1141 T 1 H ) ] A M Ial 2l @ |{'L|> & i h

girile eimpurilor de obicete geometrice. Acest aly ! ) e

rile lui Cai‘tun, pe unele cercetiiri ale lui G. I, Laptev st pe m.)tuinea de for
canonicia definita pe prelungirea unui spatiu fibrat prineipal.

Li2 PLONGEMENT NATUREL T NON [TOLONOME

DE LESPACE PROJICTT R 51}

On considere ¢ problere du
de Tespace projectif semi

AL

HHANTIQ ATERNIONIQUI

EFFIMIE GRECU

trouve sa métrique naturelle en monfran

la métrique d'une va

ricté non holonome

S s vq de Pespace semicuclidien et A
duations pfaffiennes.
Introduetion. Selon un résnltat de

Fespace projectif complex

une variété d'un espace euclidien 4 (n
on sait que la métrique naturelle de P,

espace non holonome

clidien E,..,. On obtient

non holonome de es

et d’unc équation completem
Des propriétés analogues sont

quaternionique P, (i

s J) Dans ec cas,

pace P, (1), oblenuy

espace cuclidien & (n L 1} (2n + 1) dime

nome est obhtenu & aide J’un systénme
unc completement intégrable,

Plongement naturcl et non holonome
antiquaternionique 4 % dimensions I, (e, ¢} et on

t que cette métrique coineide avee
4k . . .
“4n+3 situde sur une hypersphére

et définic par un svstéme de trojs

Mannoury [1], on sail que

¢ & n dimensions P, (3) peut étre considérd comme
= 1)* dimensions. D'autre part [2]

(1) coineide avec la métrique d'un

Varer situé sur une hypersphére S, ., de Pespace eu-
ainsi ce qu'on appelle ([3], p. 367) un plongement

4 laide d’une équation de Pfaff

ent intéerable,
aussi valables pour Pespace projectif
le plongement naturel a lien dans un

nsions et le plongement non holo-

de quatre ¢quations pfatficunes dont
la miétrique de Pespace P, (4, j) étant égale

& la nétrique d’une variété non holonome Vi, .5 située sur une hypersphére

Sty de Pespace eunct

idien 1., [4].

Le hut de cet article est de voir de quelle maniére ces considérations

penvent ctre dlargies
tiquaternions.

au cas de 'espace

projectif sur I'algebre des semian.-



