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On peut done ¢noncer le . o »
Théolréme. La métrique naturelle de Lespace projeciif aumg-n{zqnat«.;ﬁ n;o.
nique P, (e, €) peut étre considérée comme la méirique d'unc varieté ?rm”:” .f," (::
N ’ . N - woowern e itediedd <: ¥ <
nome Vs définie swr Phypersphére Sy de Uespace semicuclidien EiLy
015 ¢ jons  pfafficnnes,
roun systéme de lrois éguations pfaff
- tOn Johticnt done ce qui sappelle [2] un plongenent non h”'?’.mme
! | . . h . ) N e ‘;x-ﬁ e ]
de 'espace projeetil semiantiqualernionique 22, {e. ) dans | csp‘u,](, fJ 4,.+4t 3
obtenu & Paide du svstéme de Prafl (11) et doe Uéquation completement in-

tégrable (12).
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SCUFUNDAREA NATURALA SI NEOLONOMA A SPATIULUI PROIECTIV
SEMIANTICUATERNTONIC

Rezumat

Se consideri problema scutundirii naturale si non.lonnlng a s;)gt;uiluj
proiectiv semianticuaternionic cu n dimensiuni P, (¢, g) 31 s¢ giscesle l_nc.arrice_
sa naturala, aratindu-se el aceasti mctrici coincide cu metrica unel ;'d' ;
£t e ituatii ipersfera 8, | din spatiul semieuclidia
titi neolonome Vi, .3, situati pe o hipersfera S, pat

. . Shag
EpiE i definita de un sistem de trei ccuatii Plaff.
" £l
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§0. Introduction. Sasaki [3, p. 21—2] proved that the set of all
attbomorphisms of an almost cocomplex (or almost contact) compact mani-
fold is a Lie group, On the other hand, Tann o [3, p. 25—1] showed that
this property ts valid lor the group of all d-transformations over a con-
tacl manifolil. But it scems still open the problem of finding the conditions
under what o subset of all d-transtorniations over an almost cocomplex
compact mantfold is a Lic group. The Lemma 2.2 and the condition (I)
gives an answer to this problem by the saime method of proof as Sasaki'’s, The
other results tn § 2 and §3 are consequences of this fact.

Sasaki |5, p. 23—2| proved that every (2m + 1)-dimensional Lie
aroup aamits a lelt invariant almost cocotplex structure.  Analogously, in
-+ we prove that a (42 ++ 3)-dimensional Lie group admits a left invariant
alimost coguaternion structure,

Throughout this paper, all differentiable manifolds and mappings are
understood to he of elass C=

§1. Almost cocomplex structures and almost coguaternion structures.
.o Let M-l he o differentiable manifold of dimension 2 1. A (D, E, )
structure or an almost conlact structure or an almost cocompler structure
on i #1 i by delinition, a triple (D, £, ») where & is a tensor field of type
(I 1), Zis & vector field and 7 s a I-form on M1 quch that
(1) 1(2) =1, d2= —id+ f@qy.

The relations (1) imply
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(2) BI = 0. o = 0. vank @ 2. P=do® —@r=—dobd+Igy,
. . . ! = i : L ] 1
MEnEU s said Lo he an alwnst contocl ananifold ov an almost covom pler meani- (6)
fold, =0 = — bz, o= e = - go
l . H Iy 6 if [ K H & E
Foaery differentioble mumifold  with an almost cocomplex structupe ' | 1 A
is orientable and has o pesitive definite Riemannian metrie b such that so that the relations (4) are valid [7].
() — b (5N MBS said to be an abmost coquaternion manifold.
.II - Sl N 1 . o -
:3) ' . 3 Fvery atmost coquaternion mantfold has o positive definite Riem:
5 i AN FARSNIEN e Caal 8 . : i as o po delmite Rieman-
MO GYY = BN Y) - () V) XL Vel (M, wan netrie g osuch that
foas endled an associated Bivmannicn mdrie io The given almost cocomplex WXy (2, X)
structuve, (b, 2, v k) s oealled an ahnest coromples nu'h'u'. .\-h'mmrf'. on (7) . o -
gy Eb(ie MU is saud 1o he an almost corom pled Ricnannion  manifold. . . . . ) L ‘
Mzt and M s said n a rarom pler i LN, DY) = g(X. V) A)n(¥), a—1.2.5, VAL Yeqp(aln s,
Phe tensor delined by b (030, V) v XV, F, i a 2-form, . SR

Remarle, 10 (D, Zo, h) s an almost cocauplex metrie strueture, then
(D, ifa, oy, a4 (o* — @)e®=). Yz -0, o € R0 1Y s again an alnost

¢ i~ called o associated Riemannion metric lo the piven almost coquaternion
cocomplex metrie structure on H=2 0,

stractures (2o o) a = 1, 2, 3, is called an alpios! coqualernion metrie,

a a. a
stritcture andd WAt g
mnifold.

The tensors defined by g(@.X. Vi owvAL Y, are 2-forms.
a

For other results on this subject, see [2]0 [3] and the references eon-
tained thercin,

2, We consider mo= 2n 2= 1. In the papers |6]. 7], we  defined the
almost coquaternion structure on a (4r L 8)-dimensional manifold  3fints
and we studied some properties of this structure.

An dadmost coquaternion strwctive o M55 05 aiven by Lhree almost

sid - to - he an almost coguaternion Riemannian,

femark, I (D24, ¢) is an almost coguaternion  metrie structure,
a a a

then V"j_ “~, [), ' E(E(‘.]]-I;H 3). V(("g) € 50 (3}. o b = 1, 2? 3.

cocomplex structures (2, v e =1 2.8, «alisfving the following conditions

o a
“ - ; @A, ) g E ey POy L S s S . .
(4) WMo — T @y, ==~ o TRy, (egd. 1 RN AT F /)2 AR
i - & o I d o o
o b a 4 [ h o ‘ .
o . ) Ioagam an almost cogquaternion metvie structure on RYSLE )
LI qre .
0 b b : _ §2: - transformations. 1. Lot /204 be an almost cocomplex ma-
Y il == nie = v, nitold with the almost cocomplex structure (P, =, ) and [ a transforma-
a b ot rr“ ¢ tion of 2w et g6y diffeomorphism of M= 0 Gonto iself,
f(5) == ({54 -z O, 3 . . R . .
;( : }‘(a} We shall studvy those  fransformations ol =+ which leave @ in-

variant,
el AN B URGI FTI E nl. e 205 . . Definition 2.1. .f transformation Soof X ke letves & ineariant. i.e,
Remerk. To heve an almost coguaternion strueture, it sulfices 1o give

ot W4 pwo almost cocomplex struclures (0, 2, 7). a = 1. 2.which satis(y (8) I LR B
o s called o O-fransformation | 3. P21
Podh d-Poh =L@ 7+ L@ 7, Lemma 2.2, If fis o O-transformation of M5V then fhere evists a
1 O T - 4 .

(3) " 2 Sunction o0 My 5UR queh that -

7z) =0
i(": ' ( . - . )
L ) Sei=ei = S
. . . - . ) ) 4043 o
since these relations ply 7(2) = 0, $E = — DL, 7o = — 5o and U Proof. From (2 and
oo 12 21 1 2 TR
admits a third almost cocomplex sivucture defined by Wef,2 = f, 2
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it follows that 3Jp: M*"+!'— K such that f,7 = & Analogously, 3f:
MeEral o B osuch that f*n = fv. On the other hand, from

(f*n)x ( gx) =Nfx (j-vgz)
Blxya(3)s = 2l fl@N (&)

This relations and (1) imply

we get

B(w) = o(fla)).

2. Let X be a vector field on a manifold M. Generally, X pencrates
a loeal 1-parameter group of local transformations. Il it gengr;_\‘tcs . global
1-parameter group of transformations of M, we say that X 115. Qa .t,omplete
vector ficld. On a compact manifold, every vector field X is complete |3,‘p. 14].

When X is a complete vector ficld, elements of the 1-parameter group
of transformations generated by X can be expressed as

¢, = exp tX, 1¢ R.

Let G be a certain group of transformations of a 'dif'i'crcntinblg mani-
fold M and § be the set of all complete vector fields X over M sueh that
»,66G. Then we have [4, p. 108]: ‘ N B

Theorem 2.3. If S gencrates a finite dimensional L‘-w‘algvbm_. then G s
a Lie transformnation group and 8 is the Lie algebra of G,

Let M be a compact manifold. We have {1]. :

Theorem 2.4. If S is a space of vector fipld.s' X over M sueh that, o & M,
there is «a system of elliptic differential equations

:’T'g J.vi £ ’j
T (. — - heRa) -
h L('t)a.r-‘a.r* & (=) drt

defined in a neighborhood of w satisfied by components X° of X, then the di-
mension of N s finile. i

A D) X = W),

3. Let M+ be a manifold with the almost cocomplex  structure
(. Z,4) and (M1 @) be the sct of all d-transformations.
An infinitesimal ©-transformation of an almost cocomplex s}tl;ucturg
(. Z.n) on M-t is a vector field X sueh that (see Lennma 220 an
Ll :

|3, p. 33))

(10) Lyd=— 0.
and consequently
(11) Ly = o,

where Ly denotes the Lie differentintion with I‘Csp(fs_:l to \ :lllld @ is ﬂ fun
tion defined over M1 which depends upon X From (1), it follows

(Lxn)E) + llxi) =0

o
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and heuce s is given by ¢ = — 7(Lx%). Let 8, be a subset of infinitesimal
d-transformations such that there is a system of differential ecquations

L O aX* _
(B Uk ;*awia:; = ll_. (v) 90 + (@) X 4 (),

defined i a neighborhood of &g M+1 44 satisfied by components X
of X. The subset of Z(2"1: ®) which correspond to .5, will be denoted
by Ty (M1 @),

Theorem 2.5. I/ M+ is compact, then Co (M1 ) is o Lic group
of transformations.

Proof. ([5]) In a coordinte ncighborhood, we have,

107) oo X* - @ aXhtD'
| — : — P = 0.
At oxh "7 B otk ’
TRl 6!} axXH
117 T XA b= om,.
Jrh Bai E:
Differentiating {10’} and (11') with respect to a* and using (1), we get
52\ 2y
(12) A UM e ¢, - .=0,
O dat T gad gt P
) g2
“-;) o f';, e —}— [,f‘ = 0,
dad Juh i
L . , . . N ax’
where the unwritten terms are lincar with respect to X' and .
drt
Let & be an associated Riemannian metric to the almosl cocomplex
strnetve (D, £, #). Then ¢ = DA s skew svinmietric with respect to

i and A

It we contract the relations (12) and (13) with £, then we

. Find res-
prectively

(’).'_‘ "h
WY — by | = o,
awd dat
P .
W —— g L —
ar! Guk
The last relations imply
2 Yk
hix (?;’)Y* ((I)L } E’qh) oo, .’_-_ :' E £,
o dr
from which, contracting with M 2w el
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a'.: ‘\'h

cad gk
‘Ihis shows that each infinitesimal ®-transformation X €8, .s.m.?h?.
. 3 1 e v . Yl 4 0
a system of elliptie differential cquations. By Theorem 2.3+ we conclude
that S, is a linite dimensional Lic algebra. .

On the other hand, M2 ! is compaet by hypothesis and hlcncc cach
clement X € S, is complete. By Theorem 2.3 the group .()l“(D.tl'il-nhf(l)l'&])li:tlﬂll:%
ToM 410 @) is a Lic group and the Lie algebra ol infinitesimal @-trans.

: A i a au . 9 TREE
formations S, is the Lie algebra of €, (M : .tll). '
4. Let M3 he an almost coquaternion manifold with the structure

fok

+ o HLEREE =00

tensors (I, ,70). ¢ = 1. 203,
a a 4 : 7 . o -
Definition 2.6. { transformation [ of M3 which leaves © and (I) h

L] -
vartanf, t. ¢..
foo®d=Waf, . a=112

a u

is called a (@, D)-transformation.
1 n

Lemma 2:7. If fisa (11:, (I”))-imn.s;formmima af M3 phen [, oA — il::_;.

and there evists a function g M¥73 = B such that

Jeb=20% f*r=gcfr, a=]1. 2 3.
i ] i !
Proof. From o
q)*l¥,:':_j;(p:.- a 2 ]-2,
o o

aa

it follows that Jaz: M4 o R such that

o~ .
Jui= as.
[ i
From ’
bz - O ="
] | *
we oot
T - . S
’!¥(l)‘.’ .ls(l); % f; o M- ‘I).Il-i‘- ~ ‘E'.I;-.-I : .’
T u ) i o 2
 LE Pl =f, 2= 2= 2=p¢nml fLz=1:cz
1 T T 1 L 3 I

Analogously, 38 W 7 R such that

[f4 = B 0= L 2.8

i 1]

On the other hand. 'rom
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4til

(02D = il el
b a a @
we et

slake(Z) e = s fla)n(Edy -

a a LU

and henee (see §1) B = zof. The relation Jeor =D g follows from (6)
1 3

Lot T +5 b D) be the subset of all (D .D)-transformations given
1o P
v The condition (I). We have

@(|(JI-“' -y ; (l). (I)J C f‘?:'o{“lliu ¥ . (l):l
1o i
ated  henee

Corollary 2.8, ff M4 is u com pact manifold wcith the almost  coqua
lernion struchire (D, % 4), q — 1.2.80 then T (M3 o) sy u Lie Jgroup

i u oo i >

of transformations,

More precisely. T, (M D) is 1 Lie subsroup of the Lie group

1 2
Tl HAH Ly,
1

§3. Automorphisms. 1. Let 3270 be an ahnost cocomplex manifold
with the almost cocomplex structure (@, 2, ).

Definition 3.1. .1 transformation Toof M=t welieh leaves the
(D 2o) invariant. i, c..

oo =dof, f1= Y= =)

is called an automorphism of Mr+1 (5, p, 2] 1].

Let A(M* 4 B, 2 1) be the set of all automorphisms  of Jf#m+1.
We have

stricefure

AT b Zoq) C T M2+ ),
and hence

Corollary 3.2. If M**+% s a com pact manifold with the almost cocom plex
structiure (@, 2oq). then A M2 : b, E, ) is a Lie group of transformations
{5, p. 21—2.

More preeiscly. AM= 10,2, ) is a Lie subgroup of the Lic group

Tl M= D,
2. Let M35 he an almost coquaternion manifold with the almost
coquaternion structure (@, Z.q) @ = 1, 2, 3.
£ G a
Definition 3.3. [ transformation f of M9 which leaves the strictire
(. Z0) Pnvariant, i. e.,

4 oW
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f;°(l) = (D"f-\: ’ .f;"d] = (D‘fn f*il = Ei,
1 ] 2 &
I_ f;"(b == q)of_‘, f; E == 'is _f; 5 == ‘Es f*rj =, = ], 2 3}
' 3 a 2 2 3 3 a a i
is called an automorphism of Min*3,
Let oA(M*+3; ®,E.n) be the set of all automorphisns of Min+3, ]
d 2 d
We have

AM? 12 0,8, R)TAD2 5 D, 2,7)
@ a a [
and hence
Corellary 3.4, If Mi=*3 is a compact manifold with the almost coqua-
ternion structure (O, £, 7)), then cA(MW+3; @, 8, 1) s a Lie group of trans-

a G ¢ a a

Sformations.
More preeisely, M E; @ E

AMIH D, %, 7).
11 1

%) is ¢ Lie subgroup of the Lie group

a

Remark. On a 3-dimensional manifold A the almost coquaternion
structuwre is equivalent with an absolute parallelism |7} unfl v &M
O, £, 1), f is an automorphism of the absolute parallelism. Kobayashi

¥ )

[%, Note 9] proved that the group of all automorphisms of an absolute para-
llelism is a Lie group.

§4. The almost coquaternion structure of jthe (4n + 3)-dimensional
Lie groups. In [5, p. 28—2] it is proved that a (2n + 1)-dimensional Lie
group admits a left invariant almost cocomplex structure. Amalogously,
we shall prove that a (4n + 3)-dimensional Lie group admits a left inva-
riant almost coquaternion structure.

Let G be a (4n + 3)-dimensional Lic group and ¢ be the Lic algebra
of G regarded as the set of all left invariant vector fields on & with the
usual addition, scalar multiplication and bracket operation. As a vectoi
space, § is isomorphic with the tangent space T'.G at the identity. Let §
be the dual space of the Lie algebra § regarded as the set of all left inva-
riant 1-forms on G. If X € § and o € §*, then the function (X} 1s con-
stant on G [3, p. 41].

Let (0, %,4), a =1, 2, 3, be an almost coquaternion structure on G.

a a a

Definition 4.1. An almost coquaternion structure (®, £, 4) on G 1s called
left invariant if all left translations of G are automorphisms of (D, %, q), 1€,

QoL = L;o®, L& =%, Lig=

I ] d L

a

the left invariant vector fields such that

that (@, £, 4) has the required properties.

imply
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Let (b, 2,4, «

a g [}

lure on G, wX€§ and w26, we have

(15) LibX — wLX = dX,

e, Pz g.

[ o
that @y maps 7. G into T.G. By (14)

Z are left invariant

[+

We denote thetr values at ¢ by Z,. By (14)
a
constants w(X'} can be determined on T.G

o
sto T 6L Tt s clear thal i,
L - . “ . “
We may identify

o e 0
. 'Gowith ¢ and hencee g adniits
lernion structure (@, =

o> T} We now prove the converse
a o W
Theorem 4.2. Every (4n |
variant alinost coquaternion structure.
D). . N
Progf. Let § be the Lie algebra ol G.
henee it admits an almost coquaternion

a a a

L(;t X., ¢ =1 2,.,4n- 3,
minec a ba}s:s of §. Then we can construct the constan
;1",)3= ‘:?g (X)) =o((X.).) and the left invariant wvector

values at ¢ are @y(X,),. 1
a

by X = X¢X,, where X* are n + 3 functions over 6.
Let X be an arbitrary left invariant veetor field. Then

constant functions and the relations
DX = X X, . 7 X) = Xeg(X,)

a

define the left invariant tensor fields @, v over G. Defining

d

-
pt

a

a a

a a a

‘Fhe relations

= 5 n
folEo) = 8.5,

a, b= 1,2, 3,
a b

Let & be the restriction of ¢ to T, Irom (15)

vector

1,2, 3, be aleft invariant almost coquaternion strue-

it follows

lields.

» we have 7€@§* YX 2§, the
by using the restrictions ty of
- y . . . a

o: o) safisfies the relations (4).

an almost coqua-
3 )-dimensional Lie gioup G admits a left in-

& has the dimension 41 L 3 and
structure (4, £, v). o -

1, 2, 3.

be left invariant vector fields which deter-

t functions over G,

ficlds &,X, whose
a

wvery vector field X can be uniquely expressed

A, must be

ZeX, as
a

Se= <, we only have to show
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Tigelt = O

1gE=
. . - c b
This being said. we have
7(8) = el Xe) = %0 S P -
a b b a a b

On the other hand. we get
02X — P(Neh X ) = Ned2Y = XNe(— N7 (N)E))=— X 4+ 57X},
a P I a a a i ar
DN — (N)E = DLXD,NL) — Ner (V)3
ab b a a h L a
L X DoX.) — o1 (X2 5 = Ny — 2, @ 7o) Vo) = DN,
a & b a a ¢ a b '
PPN+ (V)E = Y,
(] a b ¢
for anv evelie permutation (e, b, ef of {1, 2. 3}
From the construction (. 2. %), « - 2, 8. is left mvariant.
o a a

kg
.
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ASUPRA O-TRANSFURMARILOR
Rezumat
In §1 se dau uncle definitii yi rezultate referitoare la structurile aproa
cocomplexa si respectiv aproape cocuatcrnionici. In § 2 se stabileste ci-
anumiti submultime a tuturor @- transformirilor peste o varictate co
pacti aproape cocomplexa M5t este un grup Lie si dect o anumita su
multime a tnturor (G, ®)- transformarilor  peste o varietate compae

aproape cocuaternionica WA este un grup Lic. Prin urmare, automo
Mismele Tai 2[5 po21—2] sioale ni M3, Tormeari respectiv grup
Lic {(§3). In  §t sc arata ca un grup Lic cu bn + 3 dimensiuni  admite
structuri aproape  cocuaternionicii invarianta la stinga

Que les tenseurs introduits sur elies,

’(?I'I:LI‘,(,:I_I."I'ZS 1‘{.101[,\1{@('1':5 SUR L'ESPACE FIBRE
PANGENT IDYUNE VARIETE COSYMPLECTIQUY,
PAR

STERE TANUS

Clomma cdlion ese dJ NESY aire A, JHydle i —25 7
-+ H
MHIN N nop nice d S¥TON jl’{b!l e . 4 Myller Ao 1 20 5 19 g

. chs structures cosvmplectiques ont ¢té considérdées par I Liber
;1”.1 1\:: ‘[77],‘ } . Lichnerowiesy [8]. G. Recel 117 et C. ];'1 1): 2
e 'lsic::s[f)t]ss sth'l(u"tu;-eslslpreqtiue de_contact, elles ont 6té étudiées p?di

). i 20 Goldbere et K. Yaa 5. K i i :
it o - E anao "..--J\- Ooiu
(;f;ulllze_s".. I_e.s‘ connexions compatibles aux structures cosvim h]ect"e ]10] %
cte detérmindes par R Miron et V. O P roiu [‘}]' e

L. Soit une variété diftérent i
f crentiables 1) a 25 - 1 dimensi 51

B ‘ e variéte di ¢ a 2n - 1ENsions, e g
:f'lol:]cm}l?} de I(,h[)d(,(?‘[llll'(' tangent TH de la varicté M cst" l'éb(;ul:tiﬁim[-pc
A qi?:q ; I(\”I)Al‘l3 on dit quc la '\:zu'iété M est presque de contact (au Cse;ll‘s:
tens.(‘;u.‘q(.’ | e[ r.J)'» Sur une variété presque de contact il existe un champ de

urs o vpe (1. 1), un champ de vecteurs ¢ ct une 1-forme v tels pque
: i
(1.1) ==L+ 1®% (=1,
oL = 0, e = 0.

Nous pouvons trouver d’une manicre

Ricmann sr 11 Tolle e naturclle une métrique de

(1.2) AV V) = o oV) + 4X) oY), X ¥ ep(an),

O(M) est le module des
: el 5 rteurs de 16t
. wmps de vecteurs de la varviété M. Aors, on

) a 3 L Lt &
etds di ff erentiables ENVIsagees se oujours pPpRose de 55 £ 11Ns
n gees ront U
Les v rete ) su €5 classe C PRV ER Y

13 — Matematics



