SAINT-VENANT'S PROBLEM FOR ORTHOTROPIC
NATURALLY SLIGHTLY CURVED BEAMS

BY

C.I. BORS

1 surfaece (T given by the equation

We will consider o beam limited by two planes oy = 0. 2y = h and
iy

Sla, + A6 ) =0,

where 0 = 0 (g is a given function of vy and A is a small parameter such
hat the square and higher powers of it can be negleeted.

We will call .naturally shehtly curved bemn” the beam desevibed
Ve,

The extension by a longitudinal foree. the bending due to couples,
the torsion by a torque and the bhending by a transverse foad will he sia-
died in Lhis paper,

In this purpose we will suppose. in turn, that on the end a,

i there
are applied tractions which are cquivalent 1o o longitudinal Toree. to a
vonipe, to a torque and to a transverse foree, On the other end are applicd
ractions in order Lo equilibrate the tractions applied on the end ay =/,
First, snch a beam was studied by Riz for the case when 6= (1/2) e
tHie material of the heam being isotropic [7].

Many results are known in connection with the isotropte and aniso-
tropie: naturally slightly curved beans

2ha {2 8., 7]
ete amd on the other hand it was studicd the ense when = (1/#) e, 2|

On the one hand we know many vesulls when ¢ = (1/
Itere, we will generalize the results contained in |1

. General equations. We will denote by 9 the resion ocenpied by the
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- e i et ; i = N 18 summed)
L airfaee <1 4 . i s {ree from tractions and i i (““ .
We SUppose that the surfuce of the beam i

that there are no body forces. ‘ Il P
Tt {ollows that the stress components a;; musl satisty the equilibrium

vi= ;s (E =0

and they must satisfy the conditions of compatibility

cquations )

(2) G == 0 In ¥ (6 a) Ton ez b Yurar = e am e

% Tifsf

. N 6 b omn - Tors - rag) R
and the boundary conditions (6 b) ( 2 T Vsre ) 1323

I we make the transformation

son=0 on O,
{13) s - PR T 1Y) S ’ .
) . . ) AU (") g=a 4 A, =y, §=uy
here o, ave the diveetion cosines of the exterior normal 1o the swrface &, _
>I‘¥:g {11(]:3\:j alter comma indieates partial dilfferentiation w1t1|l .l‘c(?pect the surface {1) becomes
« - 5 &
; : B ONV or the repeated indices,
to @;. We use also the summation (el cntion ove P } e (8) F(E %) = 0.
At the end the houndary conditions are dependent of the problem - n o ) .
L . : which is a eylindrical surface % in the space 2, 7, o,
which we study.

i i 1 i opie » Hooke's Taw may be
The material of the beam being orthotropie, the Hook \

We will denote by S the domain and also the arvea of the eross-section
written in the form

ol the eylindrical beam (8) and by T" the boundary of .
[t is easy to prove the following formulac :

{ oy =A yu+H vt G Yy

’ a ] I 13 () 0 )
P i1 -.n.—'.-]'f uz_l- I Yag - (”) mrmmemr IS ——— 8 e = — 8 e -0
(4 1) | = e day, 9E Om, &7 Oay At i
| Ta T G oy +F yet C vat and
('i‘ b) Tay 2 It’{zﬂ s Oy =7 ‘I]ITSI s Gz 1)‘:’1‘2 0 (l()) AP BT SRS :j-‘ = 18" cos 5
. o oduli of clasticita where n; are the direcetion cosines ol the exterior normal to the surface @,
where 4. 17, L, arem SR

cos 2z and cos B are the direction cosines of the exterior normal to the

I . . R B ents
§ Ty s -, are oiven i lerms of stress compon g LT . . : .
The strain components vy are £ curve 1" and 8" is the dervivative of the function 0 with respect to %

by The axes of £, 7. T will be taken in the following wav: the axis of
1 ol o v, G) s the central-line of the beam (8) and the axes of 2 and v are the principal
I e i3 iy oy 3l - . . - . L. B .
M=, (Vi1 00 = Viz O ' axes of inertia of the end ¢ = 0. In this conditions we will have
~.'...,=1—(Vp Gy - Vus Gu — v, Ggy) \\;dc—u, \\-qdc—(}_ SS:.rldr:— U
{3 a) Y e o S
$ B N
P _]_(_,_ Yy Gyq — V2 Oy - G2k We will try to solve the mentioned problenis supposing that the dis-
\ T ' T placements w; are of the form
1 {11} o =0 4 el
o ==t ) - = — Gay. T2 = Gz ;
(5 1) £ an ‘ Gug e Tm ET A 12 p

where w, are the displacements which corvespond to the evimdrical beam
(8} in the studied problem and u are additional nnknown displacements.
Let =; be the stresses corresponding to the displacements -u?. From

the cquations of equilibrivin we will find that these stresses satisly equations
of the form

ici i in F ay xpressed in terms of
where the coeflicients of strain Joo v, vy may he expressed in
duli of clasticity [2]. '
: " eli T . ; of str
Lel w be the components of displacement. I'he components (
ol o,

¢, are given by
|
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Tig =10,

(12)
where r; are known tunctions of 2, v, ¢ and the indices 1, 2, 3 after comma
indicate partial differentiation with respect to Z. neot

We will say that the stresses <7, represent a <-soluiion for the cqua-
tions (12) if they verify the equations (12) and the corresponding straing
+* verify the conditions of compatibtlity. I owe prt down
{13) wppe= et T
we will oot that the new stresses =, must satisty the equations
(11‘) il

From (3) we can get the boundary conditions which the stresses "—,‘.f-
must verifv on the surface &;.

The solutions given here will satisfy all equations and houndary con-
ditions excepting the end conclitions which depend ol the studied problem,

Therefore. it still remains to carrcet the end conditions by superpo-
sition of solutions of some adequate problems for the eviindrieal  beam
(8) hut we know how to solve all these additional problems {2, chotsich, 2357,

In this way for each studied problem the finding of the stresses < s
redueed to a eortain gencralized Almansi’s problem #).

3. The extension by a longitudinal force. L.t us suppose that the trac-
tions applied on the end »y =5 ave cquivalent to a foree Fyacting in the
fine of T.

The displacements u, are

= ().

given by

ey T fp O
HU = L”[!

, == —- -.:\J_'

4 = Y
- -1
‘ Uy = vy -+ hud,
where v is a constant which must he determined from the end conditions.

If we caleulate the corresponding strains and stresses, finally, we will
oct that the stresses =, must verify the equations

#) We vill call Almansi’s generalized problem the problem which is defined by (14)
with the following boundarv conditions:
1,2,3; a=1,2) e

Tix My = B, P, on P {not summed after 7

where 1 = €08 aa,:;: cos %, 0 are given functions of I and Pi are given functions of &
and T,

When i are polinonials in 7 the problem becomes an Almansi’s problem and Wwe
know how to solve it [5]. In the general case we may aproximate the functions 8 by po-

linomials and in this wav ouar general problem is reduced to an Almansi’s problem.
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dz

-4 a‘_r’ <4 - }_: v My 07 0,

(16

(”1‘-' L 0% 4 Oy 0. T, dyg | 0755 0
J% i, g A€ P i

and il we fake as w-solubion for these cquations the stresses

"

T = 0, _.-..?-_: = 0. Ty = 0.

* *
T =0, Ty =0, v Mo 07,
then the boundary conditions [ b i
i ions lor the ecorresponding vener it
rdar : cnerahized Ainy
problem ave given by : T ALUTIRE

5
3

T COs o T, o8 3= 0,
13 sLcosy bt
(18) S N CILT Ay | B
Ta OS2 TygeonB=— vy R0 cosz oon ).

;!.l The bending due to couples. Let the tractions applicd on the end
iy == h be equivalent to a couple paralel to the axis ol . In this ease we have

1
o p4 gl g v

o=, a(vy & — vy 0* + )+ Jan.
[14)

My ==ty 27 b fens

- )

My = — ail -+ g

where « is a constant.

[he corresponding stresses <, are viven by

6= —kaG 0Tl , op=—hat 0L +kxy,,
(20) Ogg = — @lE — haCO' L4 hizgg. 610 = h 7y .
Gog =Kt Lvary 0" + ey, a5 — ha M v i

and the equations (12) become

¥y

97y,
‘ 3 aM v g8 =
5 . -+ o + aM v,2h 0,
20y (9% Py oy, 00
05 g ey AT =0
or, 07ey  O7a,
B B TS L (Mo, Lve — B — oC(0 + 677) =0,

s a'f,‘ f)—_



The stresses
S aGy ", Tpe=al 00,

T
‘)2 .
(22) { cp=aT 0L, =
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g = all 0'% ¢ al b,

— aliv,q 0, sy = aM A
represent a T-solution for the eq‘l.mtions {'_’0): .
Using (3). (20) and (22) we find that the stresses 7, \
dary conditions
11 CO% % ;12 cos 3 =10,
(23) Tys COS O L%, c08 b= 0,
Ty, COS o LT, c08 B =akg Ucosa on &y

4. The torsion. Lct the tractions
valent with a torque Iy '
We will try to find the solution

-

(24) U, =

where = is o constant and {2,
bar (8) defined by

e 0%
(25a) M 3—:— 4 L o
and
{25h) Dep = M+ cos 2 —

the operator @ being defined by

@ = M cos &

o
=1

(26)
Using (24} and (4] we gel

O
6,y = kG0 P kT, Om

v
>

3
6, = k= TO o(i «;23—.:L‘(

- M (@ — 'r,) 4+ kg

=
G5

and the equations (12) become

i) w I LU
. -rl‘; _i,,. [l-ul . Uy = e [IEN

applied on the end @y == I be equi-
supposing that

- Q
My == TR (r__,‘rj) -T- I'ITH_; .

7) is the function of torsion ol the cvlindrica)
i

Licos® on T,
A
— Lceos B, -
T & 3 ()T[

o4 °r ' a:?
].-TFB’;j, op=hs C 00,

=
=

i B g) , i.-e'-:_\+/.-.123,

i,
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TR AT Y i
A{G 4+ W=
iF T W W =0
7 -}7 3 d-)o =) . ’ B
(28) == 2 Do 0o T2 e
Az o, el 0z,
1o, % F7a A Iy deo R
7% c, N 33

Let us take into account the following -solution of the cguations (28):

. e R de
TI = T(I'U'a:. i T].'O,a_:, =
(29 . N
) . A S
Tip=0, Tyu=—1L ( — o+ 0z|.
0% v ;

I'ront (33),

(27} and (29
[or the

stresses 7,0

— o

1y

-
Tpp CON Z = Te, COS -
%

dE:
3.

We can solve our problem supposing that

1 g
= = e = D) (B )
{51 o= T4 L+ avilh — %) Zm,
. L 1 -
Ha = T (%) — a|HE o) h— T)ETY,

~ ~ d%0
T 08 x T cos B = 1) [M “eos o -

M
T3

2] :
Theos o Tpeos s — o M td; 10 cos a,
=
el

do Ly
— =L (_Bji -{—;_)f} COS 7,

e

o
— <+ 1]cos 3
oz, ) :

where zand @ ave constants which will be determined from the end condi-
tions, o und  arc the function of torsion and the function of flexion for the
evlmdrical heam (3). It follows that « is defined by (23) and ¥ by

) we find the following boundary  conditions

on F .

The bending by a transverse load. Let the tractions applied on the
end g = b be equivalent with a force F; acting in the line of %
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2 a2y . — =8

{32 a) M _(1_7 + L —fﬁ—/ A- (Mo, T fov, — K)E = i~

o nEe a2

and

(32 h) ny L M(vEs — varheus 2 Lo, 2vcon 3 on I

\fter some calenlations casily to do we get for the stresses =, the

equations
_ﬁ£+gﬁh+hm4{GLJﬂ0ﬁ%1 aMou20" — (h— D" E =0,
0% a1 0% 0g?
Qli+d”hy@§+wﬁe1nw”f1+Tme 0" %)
a5 o, a7 gD

(33) L0 — (b — 0 0"]5 =0,
0ty | 97 O7 (,"ﬂ’.l — alh — 1 D07 4 (h— 2 (M,
AR T % 2
fy, — E—C)0" =0,

wheve

hy = =olin) — a7G7)

Let us lake as tsolution of the cquations (33) the following stresses
Fi g 5 Ly -

1
oh L : cp ] a(h-—-wC]C}
T:? e Gerlﬁr 1 _ a (h — 2 C) i‘- Ty = — I° 6 ‘ 9% g

ahzl 1 r h] b — -—

. : —alh—=2]% Eh—20. =14
THr = CG l ﬂ( 2 +(L (" ) !

(34) }

;_;HL{y?e+:w+wm+aqmazwu—mn
ol s

0% ) .
Ty = — Jlt ag,:ﬂ-}—avl[{h - )0 0];}-

I MO8 v Sy lary condilions
it resulls for the stresses 7 the followng houndary
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1 i - 6!.’. 1 .y - !
S = L cos 4 A 5 — T - —,(l(‘JI 2 — w12 | 0 cos o,
. . dhy . e
T s g A Ty con Ao el — et |0 cos o
€z

L)

. . o4, - .
T Cos T on = ’.Ut _'_' — v :_] O & adidh
. oz )

2) 2 07 gasomnih L(*“

(-'i.-"'f,

T— v, 'r,) O cos B oon L

Some remarks : When 0 ds o polinomial of wy in the cquation (1)
the boundary problems which we had get become Almansi's problemis and
in this ease we know how 1o solve them 13,

The problem of bending by o tramsverse load <, . acting in the
line of 4. is quite different of thal examined in this paper but it mav he sol-
ved i the same way. We can do the same remark about the problem of
hending by oo couple paradel to the axis ol 2,

— The results which were obtained in this paper can be casily gene
ralized to the anisotropic  case with one plaue of clastic symmetry.

The given results can he generalized 1o the composite heams by
many orthotropic materials.
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PROBLEMA LUI SAINT-VENANT PENTRU BARE ORTOTROPE USOR CURBATE
Rezumat
Se considerd o bard andrginitd de doudi planc o, = 0, wy =k st de o
suprafagi F a cirel ccuntie este data de (1) In Juerarve se aratd cum pot fi
reduse Ia anumite probleme de tip Almansi oemditoarele probleme = in-
tinderea de catre o forla longitudinala, incovoierca de citre cuplurd, tor-
siunea de edtre un moment 51 fncovoleren de eitre o forta transversali,

15 Autemalica



