BENDING OF MICROPOLAR ELASTIC BEAMS
BY TERMINAL COUPLES

BY

D. 1ESAN

In this paper we consider the problem of bending of homogeneous
and isotropic beams by terminal couples in the linear theory of micropolar
elasticity.

1. Basic equations. Throughout this paper a rectangular coordinate
systen Ox, (h =1, 2, 3) is employed.

Let V' be a region of space occupied by a micropolar elastic material
whose boundary is §.
We assume that the body forces and the body couples are absent.

The basic equations in the static theory of homogeneous and isotropic
micropolar clastic solids are [1]. [2]:

equilibrium equations

'(]..1) tjl'.!' == (), My, + Gi;ktjk = (},
eonstitutive equations
(1.2) L = he 8y 4+ (0 + w) 5 + peg,

L i

My = 20,85 -+ Boii + Y90
geometrical equations

(L.8) g = Wiyt €jim Pon s

In these relations we have used the following notations : t; — compo-
tents of the stress tensor, m,;-components of the couple-stress tensor, ;-
components of the displacement vector, g;~components of the microrotation
vector. ,;-components of the micropolar strain tensor, §;;-Kronecker’s delta,
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€ p-alternating symbol, &, W, % o B v-characteristic constants of the mate-
rial, the comma denotes partial derivation with respeet fo the vaviables a;,

The surface tractions and surface couples acting at a point wlry) on
the surface § are given by
{1.4) o= ling, M, = M,y
where a, are the dircction cosines of the outward novmal to % al .

2. Bending of beams by terminal couples. We consider a cvlindrical
heam of homogencous and 1sotropic micropolar clastic materind bounded
by plane ends perpendicular to the senerators.

The cross-section Y is assumed Lo be a simply-conneeted region bounded
by a closed Liapunov curve L.

‘Throughout this paper the axis Ox, ol our coordinate system will be
divected paratlel to the senerators of the bean. The beam is asstied to
he of length I and one of its bases is taken to lie in the a,Owy-plane, while
the other is in the plane vy =1

We nssume that the body lorees and the body couples arc absent, the
jateral surface is [ree of applied forees and couples. and that the Joad of the
heam is distributed vver its hases, &ry =10 and @, = I, in a way which ful-
fills the cquilibrium conditions of a rigid body.

Let the loading applied to the plane ay =0 e statieally equivalent
to a force P (0, 0, 0) and a couple M (M, M, 0).

On the planc oy =0 we have the following conditions

(2.1) \!31 de =0, \ 1y do = 0,
(2.2) \ t3q s = 0,
(2.3) S(;lrgtaa + mg)de = — M, \(‘t:lt._,3 — my,) de = M,,

.
v =

(4 tgy — @y tgy 4 Mgy} do = 0.

—
|34
H
-
—
14t

The resultant forces and moments caleulated across cach cross S€
satisfy the conditions of cquilibrium, so that the conditions {(2.1)=
must be satisfied for @y = A (0 LA L),

{2.10)
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On the iateral 1 '
; al surface of the beam w : y i
H ¢ have ' rog i1
have the following conditions

S -
(2.3) bip Ny == 0, Higp Hy = (), {(h=1,2.3: ¢« 1.2)

(1.3) with

7

The problemm consists i i

2 onsists in the solvine of tl i 1.1)
"l o 1 { : }
he conditions (2.1} (2.5). Anntions 411

We try to solve the problem assuming that

] 5 - .
Tie=2 , a ==l —af) | e, — v a0 034 a3 L),
", aur, L s —(rt—a) - bva, A oW ) (:
(2.40) & 2k 1 Ty Vs ("l- "2) 1'"2”3-]('“ : "2)-
Hy={et vy bay s |y,
Py= iy Xy Pa== — M iy,
Q3= — vy ar ape®ie ) Fage® e L ).

where ¢®iGr ). wi® : : p
: e i (ryomy)o ™ oowy), (o 8 = 10 2) are unknown functions and the
Wi ants = e 3 H 3

¢ ty(a —= 1, 2] and & will be determined in the following

In (2.6) we have used the notation .

From (1.3) and (2.4 we obtain

m g == wla, v - dyiry-t D)5 == 32{5”'”2 S5
Tag Ay, Eay = Sy =0, (%, 8 ="112).
wlhiere
{2.11) clo) — o)
Tab fea T eﬁmﬂu'(g)’ (7" B’ p=1 2)

[ "iin_‘.," ﬂ'.!_H)_ I“'Oll] (‘l ...)) we QC‘L

{ ] {1} 02}

s Nl Gﬂﬂ + (12 6:1,'; : ta:; = [31 = 0’

Iy Ela v+ a,.r |

a3 * v ar: '}-1 [).‘-' -+ =11 2
b N o 7\(”1 Tax + a2 sg:cg)a (c/_’ B_ ]; 2)9
where

‘-J]] 4, N A | | ok
{ | e role) 313 - (u ,)E;a- b ousle),

and in which we have used the notation
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. (2 - (3% + 2u + %) In what follows we assume that the functions el @), weNz,, x,)
(2.12} iy 2, L 20 4 % are known.
) S The umditions (2.1) and (2.4} are identieally satisfied on the basis
From (1.2) and (2.6) we obtain of the relations (2.10), (2.13).
Mg = 0 Mg = 0 (2 & =1, 2) From (2.2) and {2.10) we obtain
off — KX ] : s =l
i} - A A
M, = a,(p + vv) -+« ull) -+ ay il @&:20) ) @ dy o ayag,
i here
; — v - ) EPRTETILY. -+ a (2 Wi
(2.13) my, = @By ) - g 2 M ' .
221 al = . - hell) B T 2 2
Mgy = — (5 -+ ) + 0, wld + @, v, ee) = N odde, g = L (B, + Ao,
2 b ;v__ ’
m, = — a{pv+ v} + o pf + a0, .
- (P o o A bheing the arvea of the cross-section.
where Therefore from (2.10) and (2.20) we get
(2:14) W) = o), pp = Bed.  (xe=12) 222) ity = B, — af) + xell] + afBla, — a9) + e,

Taking into account the relations ( .10), (2.13), the equilibrium equa-
tions (1.1) are reduced to

2.15) laga == 0. Maga -+ 1 — 1y = 0,

From (2.3) and (2.13), (2.22) we obtain

(223) IJ“_ al + le a2 = 1‘12,
Loy @y + Lyyay = — MM,

and the boundary conditions (2.5) become where

2.16 tas Ne = O, Mg g = O on L. . "o
) B Na L, = \ {o [ E(@, — a®) + ’\35!];] LBy 4y — Bwffj}dJ.

The equilibrium equations (2.15) and the Lboundury conditions (2.16)
will be satisfied if the following cquations

(217) o) =10 ple) L g} glit =0, {a. 8. o= 1. 2). in X,

{
&, a3,

and the boundary conditions

e~
I

" \ {o,[Ble — ad) + 28] pw'}do,

IS

2.24) .

glln ==0, ol n, = 0. P L, = 5{:1‘,_,[13’(;!'! — ) + 2] + Bethda,
2.18 | , J
C18) g, e, e — (2 on £ :

are satisfied. _ i L,
Thus,the functions v®(x , @,), w®{e,, x,) are 1hc‘~ ::Jluti;)ns\ o
plane micropolar strain problems (2.9), (2.11), (2.14), (z.]:?, {._.18;1. ‘

The problem of the plane micropolar strain was studied in [5]- 1
necessary and sufficient conditions to solve the problems (2.17), (2.18) are

I
s

{wE(x, — af) + 2] + Bv + v + Pu}do.

t

Ii,et us show that the linear equations (2.28) determine the constants
4 and a, .

E We assume that the internal energy density [2]

25) 2U(u, @) = 45585 -+ myj @5 = hews ey + (@ %) exs €nr +
| + pem e % Qua Pri T+ Boas Pra  YORI Pats

5 a positive definite quadratic form,

(2.19) g(;a Fyvirads =0,  {a=1, 2).
3
Obviously, these conditions are satistied.
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Let ne consider Lwo elastic confiogurations 20, .
N s e pEML R IGES It we note

A

[2.26) i, o' i ) =1 & Amin
[PERAR

(2.27) . o' n”o 07) (" " us )

{2.27

It is known |6} |[7] that

\'u_uj om0 )ls \(fj W, - e -:\l‘(u'. v, g )l

(228) S s i
\{.f,- H, + ;oo = :_’I\ U, o=,
5 B

where £, and m; ave given by (1.4). .
The relations (2.6), (2.10). (2.13). (2.22) can he written i the form

- (1) 4] ‘o e(_1] (s i, o {= ).
(2.20) ty==a 1t 4 a, 185, @ TR R A
Gpmsa 1B a1 it a, .uulr.'i.] e, it
i 3 TR 2 Wb
where
wf! P i L i EEA ! T | ;;‘FI"
" B & &
) — {ar -— ,ll),‘ P .,,.](‘,__I L T4
W — [ ufa om ] A O ) = G, — Aty
2 o U8 2 - 2
A O, ) = — = =, b o = g =0,
(2.30)"" ) ) s R
o = vy e, ) = ol 1 = o) 1= 1) =

5 e PYR AT I My L el Y — R =
i’!’ilis) - 1“(“"1 o d:llj) + "‘E(all‘ "5;:)4' o ]‘(‘T'_' o "2) r "‘Egr.a" ! 3 t-"* ]

) = @) = ) = (2] =
)n( ) = 1”.}:3 = ???: H? U,

afl

o Renill
miy) = .1,&(1) mi) = 3 L(”, mil) = fnf') — 4=y, i) = B‘(':z Py

@ — el - & Ay, m) = Bl D - By + v, ) = ey, mg =
mE S 3
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Bt is casy to show that

(2.31) 20U, 2) = a2 UG, M) L 2a a, D, o800 03 o) + a2 U(u?, o@).

The internal enerey s .
[2.3) W \ ", o)l = W, oo 2a a, W, -Lat IV,
H
where
- .
”'“ = \ Uty Q':l;)([T. ”‘]2 s \ U(-“(H+ '}"“:‘t ul®, cp"”)(ft. ]'['22 G
(2.33) ' "

— \ U(ut®, o2 )z,

The internal energv is o positive deliniie qu:\(lmliv form so that

(2.34) W, T, — W3 =

2=
Let us apply the formula (2.28) for the configurations o®
[ =1, 2). On the surfaee ry =1, we have

(@)
..... mi,
( i *) — . I [} —— pypll L4 —
f7 = 1D = 0. (@ = {2 om® = mi @ o= g m 0,

(2.33) u = Ho, — a0 o) =0, o) = — 1 = Huor, —

1, el - ]

’..'a.(f' =0 (z=1. 23
and on oy, = 0. we have
(2.36) £9 =13 =0, W =0, =gl = 0. plx = 0. (a=1. 2).

Taking into account the boundary conditions {(2.5) and the relations
(2.30). (2.33). (2.36). from {2.28),. (2.33) we obtain

2W =1\ {(e, — o[ B, — ) - 220+ pv 4 v — Bulljde = 1L |

[4 e

— a[ (e, — ad) + 2] - G Lo - Buwldoe =1L,

on the basis of relations (2.21),
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If we apply the formula (2.28), for u. = 4V, . = ¢ and u] = u»
i i i t i [
9, = ¢ and use (2.30), (2.38), (2.21) we get

(2.38) 2W,, = IL,y = IL,,.
From (2.84), (2.87} and (2.88), it foilows that
(2.39) d =L, L, - I}, %0,

so that from (2.23) we obtain

1 1

(2.40) 4y = d (LgpM, +LpM,), ay= — d (L My + LpM,).
Thus, the solution of our problem has the form (2.6) where vlei(x  a
wP(z,, T,), (o p=1, 2) are the solutions of the plane micropolar strain

problems (2.9), (2.11), {2.14}, {2.17), (2.18) and thc constants a,, @, are
given by (2.40). ’
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iNCOVOIEREA PURA A BARELOR ELASTICE MICROPOLARE
Rezumat

Se rezolva problema incovoierii de catre cupluri a barelor omogene
si izotrope in teoria liniara a elasticititii micropolare.

MHD COURTTE FLOW BETWEEN TWO NON-CONDUCTING
PARALLEL WALLS WITH VARIABLE SUCTION (I}

BY

SHISHIR KUMAR DUBE

Introduction. Recently Messiha [1] has investigated the Couette
flow of a viscous incompressible and cleetrically conducting fluid between
two infinite parallel walls in the presence of a uniform transverse magnetic
field when the suction velocity as well as the motion of onc wall varies perio-
dically with time about a non-zero constant mean. IHe has however, neglected
the induced magnetic field assuming that the magnetic Revnolds number

-
is siall. He has also assumed that the electric field ¥ = 0. In view of these
smplified assumptions, Maxwell’s cquations become  redundant and the
problem becomes simple.

In this problem the above assumptions are not made and the induced
magnetic field is taken into consideration in the particular case when the
magnetic Reynolds number is equal to the viscous Reynolds number. Tables
showing the variations of amplitude, phasc lag at the fixed wall and the
phase lead at the moving wall of the skin friction fluctuations are made.

Similar tyvpes of problems have been studied by Muhuri [2). So-
undalgekar [3. Dube [4 3] and some others.

Analysis. Let the @"-axis be taken along the fixed wall and the y'-axis
normal to it and the moving wall is at y'—=h/ K. R being the suction Rey-
nolds number. The equations governing the unsteady flow of a viscous in-

- compressible and electrically conducting fluid bhetween two non-conducting

and nonmagnetic infinite porous flat plates subjected to periodic suction
in the presence of a uniform transverse magnetic field of strength I, . are
given by

| (1) o= Vo {1 4 edei")



