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The point-arboricity ¢((r) of a graph G is defined [2} as the minimum
number of subsets into which the point set of G may be partitionéd so
that each subset induces an acyclic subgraph. A subzraph H of G is re-
ferred to as an induced or section subgraph if every line of G which
joins two points of H is a line of H and we use the notation H< G 1o
indicate that A is an induced subgraph of G.

We denote by X the point setof G (jX|=n) and by d(x,) the degree
of point x; ¢ X. We suppose that d{x,) =d(x,) > ... > d{x,) and 2 d(x,) 0.

il
Furthermore, for any real number r, [r] and {#} denote the greatest integer
not exceeding » and the least integer not less than r, respectively.

Theorem. If A = {X,}iag, 15 a partition of the point set of G so
that each X, induces an acyclic subgraph, then we have:

(1) o(G) < max (min (k1 + max [d(x,)/2])).
Rem?Z,....4 ‘pEXk

Proof. For H < G we denote by Y the point set of H. We define a
subset Z (¢ Y, which induces an acyclic subgraph of H to be maximal wit
respect to H, if for every point z € Y\ Z, the set Z{) {2} does not induce
an acyclic subgraph of A. If set X, is not maximal with respect to G,
then we can obtain a new partition X}, X35, X (X} DX, X;C X,y
X;C_Xq) so that X! is maximal with respect to G, by removing some
points of X, ,..., X,. In this way a new partition A ={X}, ey of X is
obtained, having the following properties:

1) ¢'< ¢; 2} X, is maximal with respect to the subgraph induced by

min{k.¢’}

LR
point set XN\ U X and X, C {J X for every k=1,.,¢.

=1 -1



288 10AN TOMESCU 9

k ()
If x €X~\ X, we have d(x,) > 2k, hence x,€ U X where 5() =
. , im] . , i=1 .
— min (¢’, 1 + {d(x,)/2]) = min (¢, {[1 + d(x))/2}) for every x,€ A. Suppose
<(n

. min(kq't . w(k)
x1 € X3, hence x,¢ | X;. Furthermore x;€ ) X implies that xe | &

im=1 =1

with (k) = min (¢', max (o(p))) = min (¢, max (1 -+ [d(x,)/2]))= min (g1 +

pr)tk xf,E. »
4+ max [d(x,)/2)).
-"pEXk

. X . n(ky
This implies that x ¢ |J X, for every x €.\y, where v(k) =
el

= min {(min (%, '), ¥(&)} == min {¢, min (£, 1 4 max {d(x,) 2])). In conclusion

X

minly . YA~I0]} e
x€ U X forany xed, if we denote va{G)= max (min{k, |-

k=2

=1 LI
+ max [d(x,)/2])), because min (¢', max n(k)) = min (¢, ~;_\(G)q) and X —
., k=2 .9

XX
min(;',Yd G 7
= L_Jl X, = \J X, hence min(q’, va(G)) = ¢’ from which it follows
fe= i=1

that va(G) = ¢’ =¢(G). g.ed.
If we choose X, = {x}, X,=1{x},..., A, = [x,], we obtain the fol-
lowing upper bound:
2) o(G) = max (min (k, 1 + [d(x:) 2]).
and if we choose X -={x1, x2}, Xa={x, x4},.. we obtain p(G) <
= max (min (&, 1 - {d {x2e—1)/2]}).

k—ﬁ,...,{n.".!}

In order to obtain a good upper bound for p(G) we must consider
a partition A of the point set of G such that max (d(x,)) = max (d(x))>

-"pfxl xpE\z
> . > max (d(,)).
=X,
In this case we have d{x;) = max (d(x,)); dix,)) =max (d(xp)) 5...; d(xg)) =
LI 4] xpEKo

= ngx (d(x,}), hence min (&, 1 4 n'frx [d(x,}/2]) < min (k, 1 4 [d(xy)[2]) for
k =P‘2 ,q...,q. —
Clearly, +1(G) < max {min (k 1 -+ [d{xs)/2])) < max {(min (ky 1 +
k=2

kw2, oh
+ [d(=)/2]))-
' If A=1{X.)cic is @ partition of X with ¢ =p(G), so that each X,
induces an acyclic subgraph, then +vi(G) < max (k) =g¢ = 3(G); thus
kw2,
o{G) == mina (72(G)). An analogue of this rheorem{ concerning the chro-

matic number is given in (3].
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In this way we can obtain an upper bound for the minimum number
of subsets into which the point set of G may be pirtitioned so that each
subset does not contain a special configuratton.

For example, if every subset of the partition does not contain K,
(complete subzraph having m points), then the upper bound takes the form:

max (min (&, 1 -+ max [d(x,}/(m — 1}]))

k=29 1ps L

where A = !Xyl cie, is a partition of the pomnt set of GG so that each
X, does not contain K.

In particular we have at most  max (min (&, 1+ [d{x1-x vym-n)/
k= tafim !‘-,"

m — 1)])} classes of a minimal partition of the point set of G so that each
subset does not contain K,.
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O INEGALITATE PENTRU NUMARUL DE ARBORICITATE
AL VIRFURILOR UNUI GRAF

Rezumat

Numirul de arboricitate al virfurilor unui graf este numdrul minim
de submulgimi de virfuri in care poate fi impartitd multimea virfurilor
grafului, astfel ca fiecare submulfime sd inducd un graf aciclic. In lucrare

se di o limitare superioard pentru numirul de arboricitate, analogid unei
limitdri superioare pentru numdrul cromatic, datd intr-o lucrare anterioari.
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