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CONTRIBUTIONS TO THE STUDY OF PROXIMAL-CONTINUITY
Summary

Although the notion of proximal continuity is situated between simple
continuity and uniform continuity and for thelatest there are known many
criteria, for the proximal-continuity we do not know any necessary and
sufficient condition. In the first part of this paper we give some criteria
for proximal-continuity, using various operators introduced by B. Bana-
schewschi and J. Maranda in [2} for the definion of proximity-spaces.
In the second part we give two conditions, characterizing proximal-conti-
nuity in metric spaces.
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1. Introduction. Considering sequences of continuous functions
E. Borel [lI}, EEW. Hobson (2], P.S. Alexandrov [3] and C. Arzela
[4] give necessary and sufticient conditions for convergence to a conti-
nuous function, by using the concept of quasi-uniform convergence.
M. Nicolescu [5] shows the criticism made by S. Marcus to this
concept in an unpublished communication. Later I. Muntean [6] generali-
zes the concept of quasi-uniform convergence to nets of functions defi-
ned on a topological space, having values in an uniform space in Weil’s
[7] acception. He succeeded to give a necessary and sufficient condition
for a net of continuous functions to converge to a continuous function,

In the first part of this paper, we shall try to find necessary and
sufficient conditions for a net of functions, not necessarily continuous,
to converge to a continuous function.

K. Bogel {8], M. Nicolescu [9] E. Dobrescu and I. Sdligeanu
[10] define a concept of bidimensional continuity for the functions defined
on a cartesian product of topological spaces.

In the last part of our paper, we shall study the convergence of a
net of functions to a bidimensional continuous function.

Notations. Definitions. Let X,Y be two topological spaces. Z a
uniform space, / a linear topological space and (A4,:7) a directed set.
If xp€ X, y,e Y, (xy,yo) € XY, we shall denote by ° (x.), ¥ (¥o)y V(g ¥)
respectively the neighborhoods filters of x,,3,, (v, ¥ in the topologics of
X, Y or in the product topology of Xx Y. We shall denote by 9 a fun-
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damental system of symmetrical neighborhoods in the uniform space Z
We ghall denote by 0, the origin of the linear topological spacepE and
by “¥(0) the neighborhoods filter of 0 in the topology of E compatible
with its linearity. ’

We shall denote nets of functions by
r={far X+ Z;ac A}
T={fuXxY — Lyac 4}

In order to define the concept of subnet, J. Kelley [11] intro-
duces a mapping between two directed sets with a specific property. We
shall call such a mapping a “K-mapping*

Definition 1. Ler (4 <), (B, <') be rawo directed sets. The Sunction
h: B— A
is a ,,K-mapping* iff

(m) ¥ 3 ¥V bbb ahb).
aEA bEB bEB

Definition 2. The ner =, converges pointwise to

fr X—>2Z,
ff
(-‘52) A4 v YV a, Ka={/,
b obat o, 24 oy T SO USRI €U
Definition 3. The ner =, converges uniformly to
fi: X=>2Z,
iff
(7a) ¥ i VYV avga = (Ja U.
Ul aygd acA o xéfX el /e
Definition 4. The net =, converges quasi-uniformly to
fi X2,
ff 1t converges poinrwise to f, and we have
Fd v 3 3 3 UGo=X v =(f(x)7(x)el.
UL (B, <) h: B4 &= ;Gb:bfﬂ ben x£G, ({;SJ)), A3

where (B, <') is a directed set, h a K-mapping, & 1} g
the topology of X pping, § a family of open sets in
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Remark. The definition of quasi-uniform convergence given here is
equivalent to that one given by I. Muntean [6].
Definition 3. The ner =, converges poiniwise lo.

fr XXY - [

i/
(=3 v \) 3 Y g0 K A= falxg Vo) — flxe, Vo) € V,
(X Vo) & XXV VEN (D arg,ygcAas A
Definition 6. The ner =, converges uniformly to
[ XY £,
if
(= ¥ 3 YVar<a ¥V  =Sfdxna)-fxa eV
VER () 5p&d atA (x, EX XY

Definition 7. The net =, converges quasi-uniformly o
fi X% Y—>E,
iff it converges pointwise, and we have
() ¥ 3 3 _3 UG=XxY v
e} (B, <) h: B> A G={G,lpcp bEB (x,9)5G,
Supy{x, y) — fle, yi eV,

where (B, <) is a dirvected set, I a K-mapping and G is a family of open
sets in the product ropology of X < Y.
Definition 8. The funcrion
[ X
is continuons in x, €.\, off

(me) V¥ E Y o= (f(x);f(xu))e U.
Ul VET(x,) xSV

Definition 9. The function

i XxY—>E
is bidimensionally continuous in (x5, y,) € X X Y, iff
{7s) A4 E Vo = flxe ¥) + flx, v — flx,9) — flxg, vl € V.

VER (1) UET(xe, vo) (,3)2U

3. The nets =. It is well known the
Theorem 1. A net of continuous functions which is uniformly conver-
vent, has as Umir a continuous function.
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I. Muntean [6] proved
Theorem 2. In order a pointwise limit

f1XZ

of a net =, of continuous functions, be comtinuous, the necessary and sufficient
condition is that the net = be quasi-uniform convergent to f.

Example 1. Let be
_[1if xeQ,
0 if xe R\Q,

where O, R, are the sets of rational, respectively real numbers.
Let be = the net defined by

(%)

where a runs over the directed set (R, <).
It is easily seen that although the functions of the net = are not
continuous, = converges uniformly to

flx) =0,

which is a continuous function. Therefore it is quite natural to look for
the mecessary and sufficient condrtion that a net of functions not nece-

ssarily continuous, uniform convergent, have as a limit a continuous
function,

Theorem 3. Let = be a net uniformly convergent to
fr X—Z

the necessary and sufficient condition for f to be continuous is

Y oV ¥ 3 3 ar ar V=S (fox),flx)) el
v X UEAf a€A VEV(xo) a,EA4 xEY
Proof. Let us suppose that = is a net, uniformly convergent

to f and f continuous in x,. From the properties of uniform spaces,
{N. Bourbaki [12]), it follows that

Y B “—_‘)U1°U1CU,

LEqf UgAr
Uell 3 =2UU.CU,.
Uagnf
Tet be
U, =UN0U,gY;
we have
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(Ugo Ug)o Uy C (Upo U)o Uy C U U C UL

Therefore
i V E] "(UQDU:])OU:;CU.
() UEA UEE

From the uniform convergence of the net =, it results =,

Us €U 3V goa ¥ = {falx),fx) € Uy
agk A atA £ X

or

: Use W Y = (f5 (x), f ()} € Uy &(f, (x0)s S (x0) )€Uy
(2) X a

From the properties of a directed set {A4, <), it follows

vV 3 =2aq,<a &d-a.
acA acA

But from (2) we have

(3) ay = @y = (fa (%), f12)) € Us & (fu, (%), flxy)) € Us
From the continuity of f in x,, it follows

Us e 3y = (flx), flxg)eU.
(4) VESY (xy) xEV

From (3) and (4) we have

(far()s farl%o)) €(Uso Us) o Us''

But as U is a fundamental system of symmetric neighborhoods, from (1)
it results

(fa(x)s fa(x0)) € U

therefore the condition given in the proposition.

Conversely, let us suppose the net = is uniform convergent to f; at
the same time we suppose satisfied the condition given in the proposition.
From the properties of the uniform spaces, as we have already shown,
we have
= (Use U)o Uy C U

¥
(1) UE[ ULl

From the uniform convergence 1o f, of the net = it foliows

U 3 v aya y = (fulx), fx)) € Us.
aptA aEA xeN
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Therefore

@) Use Y = (o0, (D) €Uy & (fulso), Sxa) € Ua
i xeX

From the hypothesis it results

Usella,e 4 3 gu<ar Y = (fa,(x),fo,(x0) € Us.

(5) VER (x,) 7,64 Y2V

But from (2) we have

(6) ay<ay=i(fa(x)y FXNE UL & (fu(x0)sf(%0)) € Us.
From (5| and (6) it results

V= (flx), flxo))e (Ug o Uy)a U,
xeV
But as 9f is a fundamental system of symmetric neighborhoods, from (i),
it results
¥ = (@), fix)) € U.
X
Therefore

< (flx), flxp)) € UL

Y 3 Y
Ul VET () x5V
And hence (m), thus the continuity of f in xy.
Example 2. Let be
1 if xeQ,
0 if xe R\Q
considered in the example | and the net =,
m = {fa; (1} => R ae Rl

a(x)

defined by
a(l — x) 1

“ = a 1 o S — B

Jale) = x 1+a(l—x%x a %)

It is easily seen that although the functions of the net are not continuous,
the net converges quasi-uniform to

which is obviously continuous

Remark. The example given above is u generalization of that one
given by C. Jordan {13). Therefore it is patural to ask for the nece-
ssary and sufficient conditions in order that a guasi-uniform convergent
net = converge to a continuous function.
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Theorem 4. Let = be a wnet which is quasi-uniformn convergent 10
fr X272,
The nccessary and sufficient condition for [ to be continuous 1s

v ¥ Y 3 a<ga, 3V (Ll (x)eU & ([ (xo) fa ()} € U
UEA( xpfX akAd ay,a,5 A4 VEP(xo) xSV

Proof. Let us suppose that = is quasi-uniform convergent to f,and f
continuous. From the properties of uniform spaces we know:

_ Y 3 DU U)o Uy U
(1) Ug( Useal

The net = being quasi-uniform convergent to f, it results (m,)

Uyedl 3 3 3 UG=Xv _ (fx)flx}) eUs.
B, 2V he B Ag = {Grisch bEB XEGy " h(b)

Let be xo€ X and b, € B so that x,€ Gs,. Therefore we have

xE\‘ébn = ‘ S o3> %) )E Us.

Let be
a, = h(by) e A;
therefore
) b (fo, (x), flx)) € UL
From the continuity of f in x,, it rcsults
: Use it = v =2 (flx), flxg)) € Us.
(8) VET (o) 38,

But as Gy, € ¥(x,) are open set, let be
V' =TV\[1Gs, € ¥(x)-

As the net = is quasi-uniform convergent to f, it converges pointwise o
fin the nsine x,. Therefore

. Uyelt 3 Y a,<a = (f7 (%), f(xo)) € Us.
()) as A ::34

Irom the properties of the directed ser (4, <) it results

J = aa, & a, < d,

-
1[':.‘[ a-_.::"’l

(10)



320 EUGEN V. DOBRESCU and RODICA O. GHERMAN 8

From (9) and (10) it results that:

(1]) U‘l € qfaEvA 42364 a =< a2=> (fa.(xo)sf(xo))EUa'

From (7), (8) and {il) it results
(fa.(xo): fa‘(x)) € (q; © U:l) @ U3—1.

But as U is a fundamental system of symmetric neighbourhoods, from (1)
it results

(f“a(xo))fdl(x).;l L~ U‘
On the other hand, from (7)

Sfx) fo(x) e U = U, C U;

it results the condition of the theorem.

Co:mersely et = be a quasi-uniform convergent net to /S, and
theorem’s condition satisfied. From the properties of the uniform spaces
we  have,

Y 3 = (Upe Uy Uy UL
(1) UL U
From the quasi-uniform convergence of = to f, it results the pointwise
convergence in x,. Therefore, x,€ X being fixed, we have

(12) Ue ‘1t‘ag 2 P a_\!A 8y <@ = (f2 (%) fixo)) €U,

From the condition of the theorem we have

e X, UpeU vV I a<a Y o= () fo () € Uy

a4 ay,a,5A Ve (xo) xEV
Theref & (fa (), fa,(2)) € Us.
ererore
a,eAd a, < a = a
(13) - a,,aa-_,":'A 0 < dp VG"g(xn) x\é/V > (f(x), f (x) € Ua

& (fa(%0)s fa,(x)) € Us.
But from (12) < a, = (fu, (%), f(xo)) € U;. Therefore
&) fx)) € (Uye Uty U,

As L;lll i8 a fundamental system of symmetric neighbourhoods from (1) it
results

X

Y =[x flx)) € U.
i34

hence the continuity of f in x,.
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4. The net ~. Example 3. Let us take the directed ser (R, <), and
consider

1.
o) = Ju e ue R,
0if wu=20
Let by the net
;={fa:[”l:1]X[_’131]—>R5 GER}
be defined by

fal%, y) = {|x vl — 1)* + afx) + 2().

It is easly seen that the functions of the net = are not continuous in (0,0}
but are bidimensionally continuous. It is also easily checked that the net

~ comverges pointwise to
i g }—Iif x=0 and y£10

]
14— f x==0 and y =0
foy={ % 7

lr-I;ifx_Oandy—#O

1 if x=0and y—=0.

From
A2, 0) + f(v, 0) — flx, ) £10,00 = 1,

it results that f 1s not bidimensionally continuous in (0,0). Therefore the
pointwise convergence of a net = of continuous functions, is not sufficient
to insure the bidimensional continuity of the limit.

Theorem 5. A ner =, of bidimensionally continuous functions, uniform
convergent, have, as limit a bidimensional continuous function.

Proof. From the properties of the linear topological spaces [14] it
results
__ v ] =S—W—-—Wi W+ WLWc V.
(14) VE% () WEN ()

From the fact that the net = is uniform convergent, it results

WG%}(B) 3 ¥V oa,<=a \'d =>fu(xjy)—f(x,y)e | 8
ugeAd atA (LYEX XY
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Therefore
Sfolx, 30) — flx,30) € W Sfae, ) — flx, ) e W
Fal%0,¥) — flxg, 3) e W FalZo, Yo) — f(xg, Yoy € .

From the bidimensional continuity of f,, in (v,, y,) it results

(e VeV 3 Vo afX0: 3)F L1005 Vo) —fa % ¥) — fo (%0 yo)E IV
) U’Eq.?(xn » Vo) (x:y)eU

(15)

But
Sxos ¥) + F(%, 3o} — S(x, ¥) — [, yo) = [f(x, 30) — fanlx, ¥0)] + [flag, ) —
Fal%0s P+ [fa (63} — S 901 + a0 Yo} — F(x0s 0] + [fual0s3) +
= Lo(® Yol fa X, 3) — fa(%os o)l
As a, < a,, from (15) and (16) it results:
S5 ¥) + [, 30) — f(%,3) — flxg,0) € — W — W WL W4 W
Adding (1) we zet

\4 3 Vo = flx, ) + flx, vo) —f (x,¥) — flxe, yo) €V
VE“?(G:' UE‘?(xO: }’o) (x:y)EU

therefore f is bidimensionally continuous in (x4, y,).
Example 4. Let us consider the directed set (R, <) and the function

1 if u£0
J(u)——l u ueR.
0 if u=0
Let the net =
== lfn:IO,l]x[(),-l-l—»R; aeR]
71 72) 2] E
be defined by
(1 —x—y)

alXy V) = i e g - 1 G UN
O R B LR

It is easily seen that the functions of the net =, are bidimensionally con-
tinuous in [0,1/2) % [0,1/2].
One can easily show thar the net = converges pointwise to
S, v} = alx) 4 aly)
which is bidimensionally continuous.
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if
1 1 1 1 1 1
x — - 0 - |0
T T 2P Y T2 2 l ’2 ]’

it results
fﬂ{xs:") -—f{x,_v) b et
2 e
Therefore the net =, does not converge uniformly.

Thus the uniform convergencs is not necessary for a net = of bidi-
mensionally continuous functions, to have as Jimit a bidimensionally con-
tinuous function.

Theorem 6. .1 quasi-uniform convergent net = of bidimensionally conti-
nwons functions, has as Iimit a function.

[ X x ¥ L
which is bidimensionally continucus.
Proof. From the properties of the linear topological spaces, we have
v ] =2—W-WW-W Wc V.
(14) VER (1) IWE(0)

From the quasi-uniform convergence of = to f, it results ()
(17) Ve ?(0) ('Ba-g')fz: g—»A@' : bEJBGb o Y(x \-‘va-G'b :>f"(~")(x’ y) a
g = \GelesB s
— fl, y) € W,
where (B, <), A, 6:{, have the corresponding ineanings. Let be
(%0, Yo} € X X Y.
Therefore

3 = (xg, V) € G,
bEB

But as Gy is an open ser, it results
Gbo G c\'n(xOS.y(})‘

From the properties of the product space of topological spaces [11), it
results

1 3 DU =UXUe¥(x,5) & U C G,
Ul'{"‘.o‘?(-"'n) Uzeeﬁq(}'n)
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From (17) it follows

B = f-"'.b,,)(x: y.-' - f(x:y) € Wa
(ol
or

(18) fh(b,}(xos y) o f(xu: y) €W, fﬁtbo)(x: y) f(x:y) ¢ W,
fh(bo)(x:yo) — flx, yo) € W, fﬁlb,)(xo: Vo) = [0, y0) € W.

From the bidimensional continuity of fius, in (x,,¥,) it resulss

19 We ¥ (0) 3 Vo= fan (X, ) + fan y (%5 ¥0) — Fuisy(%,3) —
( ) UE (g, vo) (x, 30U

- fh(bo}(xo, _yo) e W.
But

f(xo, y)+ f(x)yo) —f(xa.y) _f(xoa.yo) = [f(xo: }’) —fk(bo)(xo, }’)] + [f(x:r yo) _
—fia:b,,)(x:yo)] + [fh(b,,)(x-.'y) — flx3)] + [fk(b,,)(xo: Yo) — flxe,v0)] + [fh(bo)(xm}’)

+ Inte)(%: Vo) — Fuy ) (%5 3) — Fues ) (%05 ¥o)l-
Denoting
U= UNU"ET (x4 ¥,
from (18}, (19) and due to (14) we have

v =)f(x03 y) +f(x,yo) "'f(xs y) _'f(xo:yo) € V;
(xy)EU

therefore f is bidimensionally continuous in (x,, y,).
Example 5. Let be

fl .ifx._j)GQ,

if xeQ; yeRNG,

[ SR

o(x, y) =
if x e R\Q; y¢0,

[ I

1 if x,y e RNQ.
Let the net =

a:*——[fﬁ Rx R R; acR}
be defined by
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flx, ) = j;cp(x,y).

It is easily checked that although the functions of the net are not bidi-
mensionally continuous, the net uniformly converges to the bidimensionally
continuous function

fix) =0.

Therefore it is natural to look for necessary and sufficient conditions
that a net of functions, not necessarly bidimensionally cortinuocus converge
to a bidimensionally continuous function.

Theorem 7. Ler = be a net which is uniformly convergent to

fi X Y= E
The necessary and sufficient condition for f to be bidimensionally comtinuous ic
ki v 4 a=q q Vo= fa X0, ¥) + fa% ¥o) —
(%g, V)EX = ¥ VEN(0)} ald a4 UL (xa, yo) (592U

o, ) — fu, (xg570) € V.

Proof. Let us suppose that the net = is uniformly convergent to f
and f bidimensionally continuous. From the properties of the linear topo-
logical spaces, we have

VY =W+W-W-W+WcCV.
20) VEN(b) WER)
From the uniform convergence of = to f, it results
(21) Wee®) v a.<a v =/fixy)—flxy)eW.
apt A atd b, YEX =Y

From the fact thar (4, <) is a directed set, it results:

V 3 =a<a, *q,<a,

atdakA
From a, < a, it results in agreement with (21)
(22) Solxo, ¥) — flxg, ) € W, falx,3) — flx, ¥} €W,

So (%, 30} — flx, 3,) €W, Ja(%0s Yo} — flxo, o) € W.
From the bidimensional continuity of f in (x,, v, we obtain:

23 it € i (0) 3 A ﬂ>f(xo,y) +f(x,yo)""f(x,}’) —‘f(xo: yo)e w.
(23) UE¥ (g, yo) (s WEU

But as
fﬂ,(xn:.y) T fﬂ.(xayn) - ffh(xa }’)"“ f“:(xOJ .yo)=[fa.(xm}’) _f(x():y)] + [f“l(x’yo)_

- S, yo)] + A%, 9) — falx, 33 + {f (%0, ¥o) = Fa (%05 ¥} -+ [Axp, ¥) +
= flx, ¥o) = floey y) = F(%0, ¥o)]
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from (22), (23) and (20), it resuits

( v}‘ U => f“l(xS .yl]) + f“l(xﬂﬁ.}‘) - .fﬂl(xi y) - f":(xODyU) EV
X, Y9
the theorem,

Conversely, let = be uniform convergent to f and the hypothesis of
the theorem satisfied.
From the properties of the linear topelogical spaces it results:

v S W WA W WLWCV
(24) VEsR(s) WER (M)

From the uniforn convergence of =, i1t results:

Wee®) 3V aga ¥ =faln)—fx e .

(25) agkA £4 (x,MEX xY
From the hypothesis of the theorem, it results:

26 We e (o) Y a, ¢4 3 g,<a 3 Yo = falxg,y) +
(26) (%o YEX % ¥ A UETxonre) (x,1)EU.

+ fa (% Vo) — Sy (%5 3) = fa¥0s 30) EW.
But from (25) we have

Ay a; = ki fr-'.(x:.)’) - f(x,_}') e W

(x, WEXX Y

or

oy S MW Luln) — S €W,
Su(xs 3o) — flx, y0) € W, Falxos v0) = Hxp, yo) € IV

As

SCas ¥) 4 f(x vg) — [, ) — (g5 30) = [fx0: ) — fe(, W] 4 [Fa(,30) —
S 30)) - Lfel(x,3) — [l 90] =+ [fa(xgs Vo) = S0, ol + [ falxo, ¥) — fuln; 34
= fal%,3) = fu (30, D0)]-

From (26), (27) and (24) it results

Vo =A%) + 1% 30 — flx,3) — flxg, o) € V3
(xelU

therefore f is bidimensionally continuous in (x,,y,)-
Theorem 8. Ler the ner = be quasi-uniform convergeni to
f: Xx¥Y-E

and sufficient condition for f to be bidimensionally continuous is
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v v oY a<a, 3 V. = fulmy) - e V
(%o » }'ﬂ)'E‘Y X ¥ VE :Y’(U) aEA dys ":EA UEC-\.:‘(-‘D, :Vu) (X’)')'EU
& fulx0>3) F fulx: Vo) — fu(%5 3) — feolXa, y0) € V.
Proof. From the properties of the linear topological spaces, we have

' >W4+W-IW+W-Wwc/l
(28) ET9(0) WERO(D)

From the quasi-uniform convergence of the net = to f, results

oy WET(0) 33 3 UG=XxY v =[x -
(29) (B2 B A G = (Ga)y e 068 (x,1)EGs

flx, ) € W,
where (B, <'), A, § have the corresponding meanings. But

UG=XXY= 3 (x,¥) €G-
bER bis

Let be
a, = hib,) = A.
As G, is an open set in the product topology, we have

G, € (%05 Vo)

= 1 S U =U < Use¥xg, ) *UCGO .
U, &% (x) Uo7 ()

Fiom (2 it resulrs

Vo= fale v — Sl y) € W
(-"LV)EUI

therefore

fd.(xu: _}’) "-f(xnay) € W: frn(xay) _f(xx.y) € u’/s
fol%:30) — f{%, v0) € W, fu, (%03 ¥o) — f(%as 30} € W.
From the bidimensional continuity of f in (x,,y,), it results

31 [Ve‘-\‘(()) E Y =>f(xn:y) +f(xJ.yn) —f(x,y)—f(xo,yo)é W-
G U £ s 30) (1, 960"

(30)

From the quasi-uniform convergence of the net =, it results its pointwise
convergencs, Therefore
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(32) (%0, 30) € X x Vs We™(0) 3 Y oa, - a= folx, Yo)—/(%q5 ¥o) € IV.
ageA at A

From the fact that (4, <) is a directed set, it results

= =s? & e
(83) a\éA a-?éA E

But from (32)

ay < @83 = fa (%4, W) — fxg, yo) € IV
because

Fail%0s 3} a2 yo) = fa (%, 3) = S (30, vi) = [ %0, ) — A%gy 3114 L%, 30) —
— Syl 5 L3y fuda ) [fxe 30) — fnlXes 20)) - [ flxg, ¥) -
S yoh— Sl 3) — flxes vl
But in this case from (30), (31), (33) and (28) it results, if
U=UNU"€¥(xy,5,)

= fau(xo.!.')") -+ fm(x:.\'u) - fal(x) 1 .fa.[xm_" o &V,

that

(v, )EU
And from (30)
VS fuly) — fl,yye WV,
(x,MEU
therejore the hypothesis of the theore n. Conversely, let us suppose that the

net w is quasi-uniform convergent to f and the theorem are satisfied.
From the properties of the linear topological spaces, it results

Y —W W LWy W W
{34) VE (0] WES(h, P
The net = being quasi-uniform convergent, is pointwise convergent to f.
Therefore
35) En ) €EX XV, WeNO) IV ay<a= filte y0) =[x, yo) € W

“UGA aEA
From the hipothesis of the theorem, it results

(36) We¥(0), (xg,v0) € X XY aged 3 Qg T ay 3 Y
' ayaed U'E‘\""(Xu,)’n) (vl

Jal, ¥) = f(%:3) € W& (x50, ¥) + fux, vo) — fur%,¥) — fu (%0, 30} € W.

As
U’ € Vx4, M),

in the product topology of X < Y, we have
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3 =S U= U, X Upyg¥(x03,) EUCU".
e (x,) U™ {y0)

From (36), it results:
Vo falx,3) —flx, yhe Wi

(x5, vV

or
o Telred) S DEW, Sl )= fEY) €W,
. a5 o) = flx,v0) € W, Sar(%0> Yo} — Fl%0s Yo) € W,

Sa(x,30) -F fulXy, 3 — fu (%5 ¥) — fau(¥0s 30) € W,
as

a, < dy.

From (35), it results:
(38) S (%93 o) = f (x5 o} € W,

because
Flxo, ¥) + [, 30) — f(%:,3) — flxo, Yo = [f (X0, ¥) — falXas ¥)] + (12, 30} —
— % 3ol + o, ¥} — [l 9)) + Ef {305 3) + (%, 30) — fu(%,3) —
— falxos ¥o) ] + [Fe, (%0, yo) — S (X0 30)}
In these conditions, from (37), (38), and (:4) it results

Vo= flx,0) + f(x:yr.)) - f{x, ) _f{x(n_)'u) eV,
(uy)gl

therefore the bidimensional continuity of [ in (xs, v,
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SIRURI GENERALTZATE DE FUNCTII
Rezumat

Se considerd sirurile generalizare de f unctii:
n={fit X>Z;acd,
T={fa: XX Y E, acd;

unde X si Y sint spatii topologice, Z un spatiu uniform, K un spatiu vec-
torial topologic, (4, <) o mulfime dirtjatd. Se gisesc conditii necesare si
suficiente pentru ca limita si fie continui sau bidimensional continui.

A RESULT ON GENERALIZED HYPERGEOMETRIC FUNCTION

AND GENERALIZED MEIJER FUNCTION OF TWO VARIABLES

BY

MANILAL SHAH

The object of the present paper is 1o evaluate an infinite integral
involving product of hypergeometric function and generalized Meijer func-

lion of two variables with the help of known expansion and integral

X

formulae. On specializing the para-eters, the function S incorporates

v
not only Meijer’s G-function, or the product of two G-functions, as
its particular cases, but it also Includes most of the commonly used fune-
tions in two arguments e.g. Kampé de Fériet’s [5] double hypergeome-
tric function F which in turn yields the Appell funetions (2] F,, F,, F,
and F,, the Whittaker function of two variables etc. However, some
Interesting results are obrained as particular cases of the integral,

1. The integral. The intearal 1o be evaluated is

{2zywive

Gy -0, 2,5 v ]
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