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S$IRURI GENERALIZATE DE FUNCTII
Rezumat

Se conmsiderd sirurile generalizate de f unciii:
T=i{fi: X>Z;acdl,
m={far XX Y E aecd:

unde X si Y sint spatii topologice, Z un spatiu uniform, ¥ un spatiu vec-
ton.al' topologic, (A, .g) o multime dirijatd. Se giisesc conditii necesare si
suficiente pentru ca limita si fie continui sau bidimensional continud.

A RESULT ON GENERALIZED HYPERGEOMETRIC FUNCTION
AND GENERALIZED MEIJER FUNCTION OF TWO VARIABLES

BY

MANILAL SHAH

The object of the present paper is to evaluate an infinite integral
involving product of hypergeometric function and generalized Meijer func-

tion of two variables with the help of known expansion and integral

X

formulae, On specializing the para=eters, the function § incorporates

Y.
not omly Meijer’s G-function, or the product of two G-functions, as
its particular cases, but it also includes most of the commonly used func-
tions in two arguments e.g. Kampé de Fériet's [3] double hypergeome-
tric function F which in turn yields the Appell functions [2] F,Fy, F,
and F,, the Whitaker function of two variables etc. However, some
interesting results are obrained as particular cases of the integral.

1. The integral. The integral to be evaluated is

(1.1) \xu+ an+1 o — 4x* }’-3'2 A) ;'..'L""] dx & :
e A(2u+ 1), Buoys; Byt (Zgyrired
0
w2 o) Uwto) o l &, 1+ Gy %; \']
o=h o! o A2udt), 8.,
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B 01| A (0,22 + 1/2(u + 20) +1/2), (), -

[ 2+ o, , .
| A—p+ ¢, BI|A(p, /2 —1/2(u + 20) 4+ 1/2); (b) “(Q—P]p
2
g, T . d
s{(", o) ©; @

ko,
E—k,F—I)

where p is a positive integer, z >0 and valid under the conditions:

[2(p+qg+71>A+B+C+ D, larg(«)|<[p +g+r— 1/2(4A+ B+
+ C + D))=,
) 20+ k+0)>A+B+E+F farg(B)| <{p+,+71—1/2(A+ B+
+ E 4 F)l=,
— Re(u + 20) — 3/2 < Refv + 26(ds, + fir)] < — 1/2,
(hy=1,2,0,r; hg=1.2,.,1)
or
A+-C<B+LD A+E<B+F
N orelse A+ C=B+D, A+ E=B+ F with |of <1, |Bj<1,
W} Re(u + 20) — 3/2 < Re[o + 2¢(d, + fi)] < — 1/7,
(hy = 1,2 ey 73 By = 1,200, I}

and where S[:] is defined by Sharma in [6].
Proof: Firstly, in view of (1.3) and using Legendre’s duplication
formula [4,p. 5{18)]:

['(22) = 22 1=-12T(2) I'(2 + 1/2),
we reduce the expansion formula [1]
I'(z+ 1) %yy Fayeeey Ep
( w1y 1 By By
= (a4 2000 +n)

;4xy

xP R, (n 4 2n, p -, v onx).

' —M, Ay Ay, Ko Op
LRI

Y
20041y, 120+ 2), ByLee Pa—y ]

3 GENERALIZED 1IYPERGEOMETRIC AND MEIJER FUNCTION A3d

with R defined in [1], to the following form

0"”'. y 4x*yz-’ | = (22-)...u i (u + 20') F(u - o') .
A2yu -+ 1), Bu—y | ra .
— g, t + 0, dm ;y]

A2y + 1), fany

(1.2) x%, F, 51[

.]u+20 {4xz).-n-a 4 Fn-l— 1

: 2
Multiplying both sides of (1.2) by x*S l;x;] and integrating with
x

respect to x over (0,cc), then changing the order of integration and sum-
mation on the right, we obtain

o

(1.3) \ xe+r Foo o : — dxtyzt| S lax'-’] dx =
A AZ2u+ 1), Bavy chan
2 l“ - f '_1- m 5
(22)_'52 (u + 20) (“ + 6) 2 2F5+1 Gy, Gy, & >)’]
o= s! A(2>u + l)s ‘3?!—1

g x¥ Jut oo (4x2) § { ax*’] dx.
B

Now making use of the known integral [7]:

-]

(1.4) Sx'*fv (xy)S[;iz:]dx = (2p)uy--t

“p+ 2, 0] A(P:H/2+]/2\’+1/23 (a)

| A —p+ 0 B Alp, /2 — 12v + 1/2); (b) o’.(-zf)gp
S (©); (@)
. C_'Q: D"'r)

B,
E—-k,F—l)

where o is a positive integer, y >0 and valid under the following condi-
tions:
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2p+g+r)> A+ B+ C+ D, larg(o)|<<[p+g+r—1/2(4+ B+

+ C+ D},

) 2p+k+ly>A--B-E+F |argB) <[p+kii—1/20(4+ B
“ +E 4 F)w,

— Re(v) — 3/2 <Relu + 2o(ds, + /)] <—1/2,

hy = 1,273 by = 1,2,..,1},
or

A+ C<B-+D, A+ L<B+F,
. or else A+C=B+D, A 4 E= B+ F with|o| < 1,{8] -2 1,
W Re(v) —3/2 << Re[w - 2p(dy, + fi)] < —1/2,

= 1,200 A= 1,2, 1

on the right of (1.3), which completes the evaluation of (1.1).
The change of the order of integrarion and summation is justified

due to Bromwich [3,p.500] and under the conditions stated in (2,1}
when.

e (et 20) Pt o) T R
i) e — Jut2a (4%2) s o Fury
(g A(231"'!-}" 1)3 Bn 1

converges uniformly for 0<x - Z, where £ is arbitrary,
{ii) generalized Meijer function in twe variables is a coniinuous
function of x and y for all finite values of x =%, =0 and y = ¥, 0,
{iii) the integral on the right converges under the conditions given
n (1.4).

2. Applications. (A) Particular cases of (1.1) with proper choice of
ax?
B |’

1. Setting a — B == p =0, we obtain

s!

parameters of §

az

' : i ; . r.q (c) )
2.1 wtv B —4xtyz2 |G %
@1) S ) *‘[A(2¢¢+ 1), Baos x'sz c;D(“x (@)
0
1k e) o & (w24 o) T + o)
G b dx = o " Fn
EAX uﬂ‘ 2z o ol e

[_ Oyt T Oy s }'I
A2, u+ 1), Bazy
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DO

—|— Ao, o/2+ 1/2(m+26) + 12 faf-L Ze

z)

S(_ ") ©; (@) )

o ¢()
(e

where G is Meij:r’s G-function [4, p. 207] and valid under the condition
referred 1o (1.1) with A =B =p =0.

2. Substituting A=E=p=k=1!—-1-F-—1=0 and replacing
4 Cby A, B4+ Dby B,A-+ g by s together wiih appropriate changes
in the parameters etc., and then let 8 — 0, we get

Y

8 o . - dxiyst : N A\
|2‘2) \ ‘\-u-{-:.' » F"+1 \\ ¥ ¥ ATyE } G r,s (y-\:_;‘ (a)J dx —
A(zsu + 1): f"u 1 A;B

¢ _”b+wmrw+ﬂ+Jﬁ[_%H+%%5y\
' (2z)utv+1 & sl ! A2y u -+ 1), By
'iA (e, 2/2 + 1/2(u -+ 26) -+ 1i2), (a),
; ]” Ap,1/20—1/2{u+25)+1/2
1
| (¢

rosFpE
ATZ,;R rd

where o is a positive integer, z > 0 and

0 12(r sy > A + B, |arg(a)| <[r + 5= 1/2(A+ B)]~,
7| —Re(u 4+ 26) — 3/2 < Re{v + 208, < — 1/2, j = 1,2,.,7

|4 <B or else A = B with |« < 1,

(ii
) | — Re(n + 26 — 3/2 < Re(v+ 2pb;) < — 12, j=1,2,..

3. Taking p:AzM, B=N, g=k=C=l=L, r=1=1, D=
~F=p+1,d =f =0 and replacing 4;, 1 —¢;, 1 —d;, 1—¢; and
1 —f by c b o J,b’. and J respectively. Thus we obtain the result for
Kampe de Ferlets ‘double hypergeometric function:
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® M (a,u)
[Rp— 2452 A o
(2.3) gxu-i-vm F, 4, O 5 —Axtyz l Li(b (b)) ax*
. A2,u + 1), By N (cx) By
(d); (d},)

e P—-—v i (ulz G) 11 (u G) e Fn.-l[ Gy “-}-65 0’.,,,; -“'
(zz)u+v+1 = sl B A(2,“ -+ 1)1 L

(M—{—Qp
I
N

])
A(p,v/2 - 1/2(u + 20) + 1/2),(am) a( P )"’9
(B,); (8))
(CN) B(—p)-’p
(d)s (dy) 2z
where o is a positive integer, 3 =~ 0 and valid if

(M4 L) <(N+P 4 1), (M L=N+P+ 1: then |a| <1, [B] <1}
Re(u + 20) — 3/2 < Re(v) < — 1/2, or if M+ L+ 1> N | P, then

'3

p (/2 120+ 20) + 1_/2_J.-_£)
P

|arg (3)l, larg ()| <{M 4L N—P);‘.

(B) Special cases of (2.3): (i) By setting the parameters suitably the
double hypergeometric function F can be reduced to Appell’s functions.
Thereby we can obtain several interesting resulrs involving Appell’s fun-
ctions.

(ii) We know that the F-function reduces to the generalized hyper-
geometric function of one variable by taking M =N, L=1, P=0 and
B =« etc. Thus we obtain

» . i
Sx"""an_] [ A 29'.."I+ 1 "@ '4x2y32] #+1FP {aﬁ’b ;asz]dx —

st 1)y Pa- C

(2.4) (&8 Pa ’

s" 2 (1/2“ t G‘) F(u T 0’} [_ Gy U 'Il" Gy ,)«’]
. : E N o
"22,’)""""'1 =it a! A(Q,u L 1]’ rg"—l
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-l ()24 1/2(u - 2a) +1/2 14 aps Mp, 1/20 + 1/2{n + 20) + 1/2)5
i1 ( —“—")p:zp+1Fp

P
Sy
Cp 2z

valid for p a positive integer and — Re(x 4 26} —3/2 <Re(2) -= — 12,
Further setting s =o=1, b4+b' =—N, a,=N+ 2+ B +1, ¢=
1+ o, ¢;=1/2 and multiplying bot sides by (1 -+ «)x/N!, we obtain

f=0) Cp

:’-”; ;

2.5 { x”-}-:.m Fu,‘:-
(2.5) \ 'I{A(Z,n+l}, 3,

[

— datyz®

o {(@ayees @
fN”( s p;xl)dx_

Cg e 5Cp

- ) = (w2 -+6) '+ )
o (2z)u o+ Z

a=0 0!

o

nu.-;_'Fn+1

— 6, % ;Y
A2u 1), Buny ]
Ay gy @py U2 4= 1[2(0+26) +1/2 1 173
CysrenyCp l ]

1(1/20 - 1/2( -+ 20) - 1/2) 2 (

where — Re(u + 25) — 3/2 < Re(z) < —1{2 and
f:“;(aia"':aﬁ )Zi'l"j:ﬂpi.-qulﬂ IH,?I o+ B 1, (J_!,...,HPSJ
byyenby; x n! 14w, 142 beyny by
the generalized Sister Celine polynomial [8].
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UN REZULTAT PRIVITOR LA FUNCTII HIiPERGEOMETRICE GENERALIZATE
SI FUNCTII MEIJER GENERALIZATE DE DOUA VARIABILE

Rezumat

Autorul evalueazi unele integrale de tipul (1.1), prin functii de tip
Meijer si hipergeometrice generalizate. Cu ajutorul acestora, prin particula-
rizarea parametrilor, se obtin diferite formule utile.

MEIJER-LAPLACE TRANSFORM OF TWQO VARIABLES
By

R. 5. DAHIYA

1. Several generalizations of the classical Laplace-Stieltjes integra-
have been given by Meijer [I], Bose {2], Varma [4, 5).

In the present paper I shall develop the theory of the Meijer-La-
place transform on parallel lines to that of Laplace transform of wwo val
rables, The Meijer-Laplace transform is defined as follows:

(1.1) his) =s \ i Gl (2517 [0 a”de_(z).

£
15 8 500ey by

We shall use the short hand notation for the G-function

. a
G |25t 7],
by
when no ambiguity can arise.

By taking w =1 and with the help of the following identities, we
can deduce the corresponding results for the transforms of Bose [2] and

Varma [4] by giving particular values to the parameters of the G-function.

1
12— v, 1{2 + v

12

0 eoy(e J=rarz 49 () ko,

™

K + 3/4

b) e G,z,;(zsr
1/4 —th + ]/4

] =1(1/2 4 p — K)(251) ¥4 Wy, (250).



