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pour chaque » = 3 v, & 2 X,. En cffet, les serainormes de (P sont évidem-
3 HEN nEN

ment continues pour la topologic de la somme directe et inversement,

si |.| est une seminorme continue pour la somme directe, alors les restric-

tions sont continucs; done pour chaque n €N ity a i, &1, et k, >0

tels que:

i) ke | al;
pour chaque r & .X,. ¢t

|e)= |2 o, | = ZEI leal,, € A2 27 (e b2 | 110 =) |,
7

neEN PER) nEN

pour chaque v — 3w, €3 N, on i = (i) €llL,. ct ¢ = (22)) s
nEN wEN ngN

c’est-d-dire la seminorme | .| est continue pour la topologic H-localement

convexe cngendrée par 0. On voit que PalTirmation b) a lieu parce que cha-

que seminorme bornde sur les ensembles bornés de X = 2 X, est continue.
hl = o - . r - ~ ﬂGA
Enfin, la dermiére assertion du théoreme résulte anssitot de a) et b).
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SPATII H-BORNOLOGICI:
Rezumat

.. Prin analogie cu spatiilc bornologice introduse pentru clasa spatiilor
liniare topologice local convexe, se introduc in aceasti Noti spatiile F-
bornologice pentru clasa spatiilor I-local convexe. Pentrn aceste tipuri
de spatii se stabileste o teorema de caracterizare cu mai multe conditii
echivalente (teorema 1) si se pun in evidenta citeva proprietati de stabi-
litate (teorema 2).

e

ALMOST PERIODIC SOLUTIONS
BY EXPONENTIAL CONVERGENCE
BY
TIOAN MUNTEAN

1. We discuss in this note the system of 2 ordinary differential equa-
tions
1) x = X(I, ),
where x = drldt, the column vector & = col (... 2, ) vuns over R and
X(2, r) is a given column vector function col (X, (4 #) .. X, (4 #)) Assume
that X,: [0, + o [xR* = R, i =1 ... n are continious together with
their partial derivatives X,; = 0.X,jaz;, 1, ) = 1,.... n. Solutions of (1) are
said to be crponentially convergent if there exist positive numbers ¢ and
L such that for each pair of solutions &ft), y(t) defined on the interval
[0, + 2o [ we have

(2) | w(g) — y(t) | < L] x(0) — y{0) | e~* Tfor ¢ =0,

where |- | is the Kuclidean norm in £*.

Remark. lixponential convergence of sclutions implies the uniqueness
of periodic or almost periodic solutions of (1).

Denote by M* the transpose matrix of a matrix M and by J the Ja-
cobian functional matrix 6X {8z = (X ;) ;; =12.,., .- The following theorem
on cxponential convergence is known ([4), Theorem 1):

Theorem A. Suppose that there evist a number = > 0 and a n Xn posi-
tive definile constant synmmetric matriz Q such that all eigenvalues of the ma-
tric J*Q + QJ are < — =. Then the solutions of (1) are exponentially con-
vergent.

The hypotheses of this theorem imply that for the quadratic form
V(r) = z*Qx one finds
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(8) alal=s V)< b x* for v &= R

with positive constants a@ and &, and

(4) V() < — < 2(1) [

where z(t) is the difference of any two solutions of (1), Recently. Ao M.
Fink [2] showed that the existence of a function F(z) verifving (3) and
{4) implies not only the uniqueness, but also the existence of a periodic
solution of (1) provided X(1. ») is periodic in ¢ with period T *). The same
author poses the problemy of the existence of almost periodic solutions of
(1) if X{¢, ¥) is almost periodic in 1. Using the properties of the asymptotic
almost periodie functions and the methods of [4] and [3]|. under the con-
ditions of Theorem A we give an affirmative answer to this problem.

2, To state our result we recall the definition and some  properties
of asyimptotic almost periodie functions (ef. [3]. p. 270—-275). A conti-
nuous function v: {0, + o [ B is said to be asymptotically almost peri-
odic if, given 4 = 0, there exist £; 2 0 and [ = 0 such that every interval
in {0, - 00| of length 1 contains a point « with | o(t + <) —w(t) | < v for
Pz b and ¢ 4 7 =, Fvery asvmptotic almost periodie function a(t) may
be unigquely expressed in the form w{t) = «(t) + off). where «(f) is almost
periodic and  w(t) >0 as ¢ — & oo: conversely, each continuous
function of this form is asyvmptotically almost periodie. If x(t) = a{t) +
w(t) and its derivative are asvmptotically almost periodie, then w(f) =

aft) + eft).

Also we make use ol the following properties of almost pertodic func-
tions (ef. [1]. p. 39—10) : il X(2. ) is almost periodic in ¢ for cvery @ in
a ball 8 R and X{{, ) satislies the Lipschitz condition in @ & 8 uni-
formly in 4. then X{#, #) is almost periodic in ¢ uniformly in + & §; moreover,
if (2} is almost periodic and () = 5, then X{¢. 2(f}} is almost periodic too.

Theorem B. In addition fo the asswmptions of Theorem A, suppose
that X(t. x) is almost periodic in t for cvery & & R* and that for every ball §
in R* the derivative 0X(t, »)/0x is bounded on [0, -oc[ xS. Then for the
solutions of (1) the following properties hold : -

(1) every solution is defined and bounded on [0, + oo,

(11) every solution is asymplotically almost periodic,

(ii1) there exists @ wnigue almost periodic solution «{t); its dertvative
a(t) is abmost periodic too,

(iv) every other solution wx(f) has tre form a(t) = 2{t) + (), with

o(t) | < L]w©)| e for t >0 and o{t) -0 as t—> - oo,

Proof. (i} Since & = sup {| X{, 0} |, £ == 0} < -0, lor solutions .w(f)

with | (0) | = 2kbs we get | w(t)) < (ba™ )% | 2{0) || when (= 0 ([4],

{(*) In conditions of Theorem A, the requirement of A, M. Fink that (1) possesses
a solution defined on an interval larger than period T can be  dropped (el. [4], Theorem 2).
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Theorem 2). thus these solutions are defined and bounded on t!w whole
interval [0, -+ oo [. Now. by Theorem A. every solution is defined and
bounded on {0, -- 20 ].

(it) Let x(f) be a solubion and m 2 0 a number with jaff) | << m
for £z 0. Let 4> 0, £, = 16(2 + | 2}m** (azr?)™" = 0 and § = {o R
r < m ) According to the boundedness of dX(7 @) on [0, + oo [ xS,
X{t. 1) satisfies the Lipschitz condition in a8 uniformiy in £ hence X(7, 2)
is almost periodic in ¢ uniformly in &S, Thus, for 8=2=% "% ¢z>0, therc
ix an {=0 such that every interval in [0, -+ @[ ol length [ contains a point
TwHh | X (b me)— X ()| <3Tor 120 and 28, so|X ({4~ a(f))—
— X, (1)) <d for >0

For the difference {f) = a(t + 7) — a(1) we oblain

) = (X( - = a{t 7)) — N = () + (X(E 4 7, 2() —

1

7
—XmmMD=S%XU+nmw+Mm:w@+LWwaﬂU
' —X (1, @ (1))

whenee for the derivalive of V{(z) = z*Q=z along the function =2{t) we get
1
V() = Sz*(t) (J*Q 4+ QJ) 2(t)ds ++ (X(t + =, a(t)) — X(, a())* Q={1)

0

1
- SORUX( + = 2(t) — X(t, a(0) < | SUD a5, 0o 2 (s 9} 1 201 do
;
< — | P+ 208 [ (),
where 2y(s, £}, X, (8, 1) arve the cigenvalues of the matrix J*Q + QJ.
Now, setting p = zb™! and ¢ = 2pa_2, from (3) we arrive at the ine-
quality
(3) V() < ~ pV(a(t) + gV
At the points ¢ > 0 with V(2(f)) > 2¢°p7* §* we have — p(Vz(E)N?2 +
3¢ < (1 — 1'2)8¢ and, by (5) -
V((6)) < (VO — pOEON' -+ 8¢ | < V2gp™ 81 —112) 3¢ =
= — (2 — | 2)g°p 18 _
"Therelore, setting G=2¢*p~ 28 and H=(2—1 2)¢"p7 18" we have V(z()) < — H
at all points 7 2 0 with F(z() > 6. From this it is not hard to sce that
there is a £, = 0 with V(7)) <G and V(z() <G for all £ 4y, conse-
quently either F(z(t}) < ¢ for all £ 0 or there is o unique f3 = 0
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with ¥(z(#)) > & when ¢ < £ and with T(z(#)) < & when ¢ > #,. 1{ the second
casc occurs then #y 2 . for {; < #; vields 1{z(t)) > G when ¢ & |0, {,]. hence

G < V(=() < V(z(0)) — Ity < bm2h — HE = 0,

which is a contradiction. Therefore, for all ¢ 3= ¢, we alwavs have «| 2(f) |2
< Viz(t)) < G, thus

[a(f 4 =) — w(t) | = =) | L a2 (VO o0 @ Y2 G10
= V2a U2 qp B = 2 < .
(iii) The asymptotic almost periodic solution a(f) may be  uniguely

expressed in the form a(f) = =(1) + w(?), where ={t) is an almost periodic
function and (f) -0 as { = -} 5o, thus

#(f) = X1, (1)) = X, alf) -+ o)) = X(h ) + o),

where
w{f) 60‘ NG alh) - 0) wf{t)) e(t), 0 < O() < 1.

But | a(t) 4 0() o) | < my and 9X(La)/2r ts bounded on [0, + o [ =5,
where S) = {e € B, (& | < myl 5o w){f) > 0as {-> L oo. Since X(f, aft))
is almost periodic. the derivative »(t) is asvmptotically almost  periodie
and () = x(t) + oft). According to the uniqueness of the representation
of aymptotic almost periodic functions. it is necessary to have x(f)=X(¢, (),
i e. «ft) is a solution of (1). By Remark of Section 1, this is the unique
almost periodic solution.

(iv) Finally, by (i) and (iii), for any other solution () we
derive x(f) = w(t) + w(t), where, in view of (2), | o) | =) — «t) | <
< L o(0)] e, t 0. Since i’(t) =Et(t)—|—c;.)(t) is asymptotically almost periodic,

we have o(t) = 0 as ¢ — + oo. This completes the proof of Theorem B.

Remark 1. In more gencral conditions a related result of existence
of almost periedic solutions has been given by W. A. Coppel ([1], Theo-
rem 5). Under our conditions. which are expressed directly on the right
hand of (1) and do not involve any data on the solutions of (1), we esta-
blish at the same time the existence and uniqueness of the almost. periodic
solution and the form and behaviour at + oo of all solutions of (1).

Eemari: 2. 1f the system (1) has the particular form considered by
A M Fink

(1) & = et) + Y(x),
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where o(f) is almost periodic and Y{r) is continuous together with their
partial derivatives of the first order. the following corollary ean he stated :

Corollary. If the hypotheses of Theorem A hold. then the solutions of
(1) possess ot properties in Theorem B
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SOLUTIH APROAPE PERIODICE CU CONVERGENTA EXPONENTIALA
Rezumal
Pentru sistemul de ecuatii diferentiale o = X{I, @), cu X({f, &) aproape
periodici in ¢ pentru fiecare @, se dan conditii care asigurd existenta $1 uni-

citatea unei solutii aproape peviodice si se stabileste forma g1 comportarca
la -+ ooa tuturor solutitlor acestui sistem,



