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DIFFERENTIAL SYSTEMS
BY
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1. Introduction : Recentlv, Marlin and Struble (3] investi-
eated the problem of asvmptotic cquivalence of two non-linear differen-
tial systems, using a variant of the non-linear variation of constants for-
mula [2, Theorem 2. 6. 3 and 2. 6. k. pp. 78|. The variant of this formula
crployed there leads to an improper non-linear integral equation and the
important aspect of the result is to prove that the solution of the improper
integral equation satisfies the relevant differential equation.

In this paper, we wish to investigatc the same problem when one
of the equations involved is a functional differential system. The signifi-
cance of this work is the solutions of the svstems as well as the solution
of the integral equation nced not be bounded. At the end, we give an example
in order to show the advantage of our hypotheses.

3 Notations and Definitions: Let R* denote the interval [0. oo},
let R* denote the n-dimensional real Kuclidean space and for <z 0, let
@ = C[[ - 0], R"| denotc the space of continuous functions with do-
main [ - <. 0] and range in B". For any element ®e€”, define the norm

i llo = suplld ()1,

—r g0
where | -] is any convenienl norm in B Supposc that veClf — <. »). R"|.
For anv ¢ = 0, we shall let », denote the element of € defined by
rls) =2t L s — T80

Let us consider the real vector space B of all continnous {functions from
[t, — =. o) into R®, the topology on B being that induced by the family
of pseudo-norms {g(x)}*_,, where for vell,
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o.l@) = sup [ D).
fo=T SR

T i .
Note that under this topology. B is a complete, locally convex, linear topo-
logical space. With this notation, we write the followine differential svstems

(2.1) V= it ) alt) — .
and
(2.2) y' =Ft, u), y,= 0,

wllu_-?-rc JeCIRY P In, R"],' FeC[R+ x &* R"]. Furthermore, we assume that
(@ox)flt. ¥} exists and is continuous for (f. x)eR* <R~
Notice that the functional differential sys 2 i
) : nal differential system (2.2) may be considered
as a perturbation of (2.1), since it may be written in the form

(2.3) y —f(t, y) + R, Y i), Y, =Dy

where R(t, y, y,) = F(¢t, y) — f(t, y). We are going to utili i
N + I ) y | y HJ. 17 t b
in our considerations Sl;bsequently. pone 7 this remark
Let a(2, 4, x,)} and y(¢, d,) (1) denote a luti
‘ s s y Dy ny solutions of {2.1) and (2.2
respectively. Let ¢ (¢, 4, #,) denote the fundamental matrix s)olutim(m ng'
the variational system

(2.4} 2= ft, alt, ty, )z
with respect to the solution of {2.1) such that
@ (&, . vy} = I (Identity matrix).
We recall that
(D(i’ tﬂ’ '110) =M’to'—lvo)’

ax,
and !
oa(t, 1,, a,)

— ¢ (l' Lys 3“'0) '.f(t()! Ll'“) _——————— ,
ot

0

3. Main Results : Here, we shall show that for a given solution a(f) =
x(t, 1,, @y) of (2.1). there exists a solution Yl @) (1) of (2.2) such that

lli_r'n [yl o) (1) — (2. 1. ) = 0,

Io achive this, we first prove that the improper functional non-linear in-
tegral equation

3.1) #(t) = al Sq»(r. 5 y(s)) Ris, y (s), y,)ds
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has a solution. Then we prove that any solution of (8.1) is also a solution
of (2.2).

We have the following existence theorem.

Theorem 3.1 : .sswme that the following conditions with respect to the
improper functional non-lincar integral equation (8.1) hold :

iy v=h8;

(i)  ®(t. s 1(s)) is defined and continuous on N = RB¥ xR xR y=B;
(i) the mapping & — R(. x(t), @) = F(l, ») — flt. a(t)) is « continuous
mapping from I3 into B;

(iv) there exists a non-negative continuouws function g defined on RY into
R* such that (t) — 0 as t — o0 ; furthermore, for 8t < T for any T 2 0
and || 2(t) — (£} | < g(t), the following inequality Is satisfied

10t 5. 260) Rls, o), =)l ds = D)
;
Then, there crists at least one solution yeB of the cyuation (3.1} such that
(t) — g < &), leB
Proof : Define
A= {zeB | alt) — ()| < g(1), te B},
It is easy to see that . is a closed and convex subset of B. Define
(Uz) (1) = z(t) —-SCD(t, s, 2(s)) R(s, 2(8), z,)ds, teR* for zeA.
¢
We will show that
(1) U4 C A, (I1) U is continuous, (IL[) U is compact. From the defini-
tion of U and in view of the hypothesis (iv), we have

LU () — o < Vo (5, 2s)) B (s, 2(8), 2| ds < glt),

e, g

which implies that Uz =1 and henee (I) is verified.

Now consider y" >y, whenever y*, yed for n=1,2 ... We will
show that Uy* — Uy for every compact interval of B*. From the defini-
tion of U, we have



334 GANGARAM 5. 1ADDE ' 4

wn

Uy (1) — (U (Ol < \:Il (1, 5, y*(s)) Ris. y"(s). 1} —

t

B2 e, 5, 4ts)) Ris, ylo), ) ds I 0t 51 R, 5705, ) =
— D1, 5, y(s)y Ris, 4(s), )|l ds - \:H(D(l‘, s, y"(s)) Ris, y"(s), yrH| ds +

-2

{1005, ) s, o)y ) s
x
Choose T so large that lor f, << ts2 T,
\]I B, s, y"(sHR(s, (), Y| ds < 2f3 and
o
\ D, s, () B, yls), gl ds = ef3 Tor any ¢ = O
-
This is possible in view of the condition {iv). By uniform continuity of @
and R the remaining term in (3.2) can be made less than e/3, whenever

y* = y. Hence U is continuous on - into B.
If ¢ > 7T, then continuity of U follows from the condition (iv) of the

theorem. Pinallv we will show that U is compact. Let
(Uy) (1) — (Uy) () = alt) — () + \(D(il, 5, y(8)) Bls. yls), y.) ds —
(38)  —\ @5, yl) Rls. yfs). y)ds = () — alt) + \ it . 469)) R, ),
1 s

y,)ds \[‘D(h- s, y(s))y — @, s, yls))] B(s, yls). y,)ds.

ty
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For anv interval [¢t,, T]. we have for any ¢ > 0 and sufficiently large T
such that T, = T.

Rn Oty 5, y(s)) Bis, y(s) gl ds < <f5,

1
-

8

1@ (1, 5, yls) Rés. ylo) )l ds < <l

LI

[~}

3
1
o

and ||aff) — {0 || < /5. whenever jf — | < 8y
This tosether with (3.3), we have

U)Wy 1] <\l 3, 09) RGs, ol )l o35 +
. t
(3.4)
-%“\ LG, 5, y(s)) — D, s, His))) Ris, yls), n)lds.
'l':
Lot M — sup | ®b s gD, 3 = sup || B(s, gis), g,
[ r<ra togs T
and choose 8, = £/3 MM such that | ¢ — ;| < 8, By mean value theorew,
the third lerm in (3.4) Decomes
r,
t—t Sll.f:(sl(é‘), a(u(s), sy(s)) @ (ls): s, y(s)) Rls, yls), g ll ds
‘)

whenever t< p(s) <t, for £, < s< T. Furthermore. by continuity  of
S @ and R, there exists a constant M* which is independent of ¢, ¢ and
y(s) as long as <t <, < 7T, [ -4 = el3 M* = 8; and | y(t) —

- 2(f) || < g(t). Therefore, we have || (Uy) @) — (Uyr ()| < s, whenever
| t—i,1<8, where S=min (3,, 8, §;). Hence, (Uy)?) is uniformly continuous
on every compact subinterval of R+, which implies that U is equicol.
tinuous on [f, 7' Therefore, by Ascoli-Arzeld Theorem Ul is compact
in B. Then, by the application of Schauder-Tychonov fixed point Theorem
the result follows immediately.

Now. our aim is to show that any solution of the improper non-linecar
functional integral cquation (3.1) is also a solution of the functional dif-
ferential system (2.2). As before, a(t) = a{t. {,, x,) denotes a given solution
of (2.1). Define
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(3.3) M(T)=sup {p. T, ), LT oy —y(T) ] = T
This together with the Theorem 2, 6. 4. in [2]. we have the following lemma,
which is used later on.

Lemma 3.1: Let y(t) be « solution of the improper non-linear funetional
integral equation (3.1) on [4,, ) and ye.d as in Theorem 3.1, Then,

Lalt, T, g(T)) — 2@l < MUTYHT) — (T Jor ty< 1< T,

Proof : The proof of this lemma follows, as wn application of (3.3)
to the integral equation 2. 6. 8. in [2]| together with the unigqueness of the
solution of (2.1), with appropriate notations.

Theorem 3.2 : Suppose that the hypotheses of the Theorem 3.1 hold and
in addition, assume that

(3.6) TSl 7l 8 5(5)) — it (DL, 5, (5N | < Kt 9),
where () is a solution of (2.1) and z€B, such that

{zeB | alt) — alt, s, 2s)]| < M(s) gls), for 1, < E< s}
and  f.(1, 2} = f(4, @) as 2= @ wniformly in ;5 furthermore,

o

(3.7) RK(t, sds < 0 - 1,

i

Sfor sufficiently large s, and
(8.8) 2(s) M(s) -0, as s — oo.

Then, there exists a solution y(1) of the functional differential system
(2.2) on [t,. ) satisfying the property

| 2(t) — y(&))} = 0 as t — co.

Proof : From the hypotheses of the Theorem 3.1, there exists a solu-
tion y(t) of the integral equation (8.1) on [t, — =. o). and clearly [ a(t)
— y(f}| >0 as t— oo.

Now, we will show that y(f) also satislics the functional differentinl
system (2.2) on [£,, o). Lemma 3.1 and the hypotheses in the theorem yield

(8.9) | a(t) — @t 5, gDl < M(s) gls), for 1, < T s

Hence, y(t) is admissible in (3.6).
(i) First, we shall show that y'(f) exists for = 4, Differentia-
ting (3.1) with respect to ¢, we have
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i) = fUE () - R i) y) —
(3.10) : ,
— \f.rft, vE syl s y(s) Ris, yls), y)ds.

[
.

From the continuity of f,(f, 2(1)), (8.8). (3.9) and togcther with the hypo
theses of the Theorem 3.1, the last two terms of the following equation
exist and from the smoothness of f,, ¢ and R, the inteeral in the second
ferm of the right hand side exists ;

YO = S, o) + Rt y(b), y,)—

[./.‘r[t! "'(t! 8. U(‘?))) _f:r(i- -J‘(f))](l)(t_ 8. f[(S’)) I{(S‘, I/(S‘) If.h]d.s‘

T

Lfdts alt, s, yls))) — fult, @) (2 5, y(s)) R(s, yls), y.)ds —

e a } ]

- \'f;(t, A s, y(s)) Rs, y(s), yo)s.
:
Hence y'{(t) exists.

(ii) Now, we shall show that /(1) is continuous on [4,, o). Let
t,€{ty, @) be a given point. Consider A

YL} — ¥y = flt, a(t)) — flt, r()) + Rt y(iy), ¥,

—_— R, (1), y,) Sfx (& a(t, s, YN 5 1(8)) Rls, yls), y,)ds—

\fx(tn ot 8 Y)) [t 5 y(s)) Rs, yls). yo)ds.

.
For. any ¢ = 0, the first two terms of the right hand side can be made
arbitrarily small, whenever |t — ¢, | < §,(¢, g).

Consider the last two terms of (3.11). For t, < t, <t < ¢

23 = Marematel, Univ.
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2

(At 2t 5. o) 5, o)) Rs, o), s -

L

(3.12)

\[fz(t,»v(t 5, y(81) Dt 5, y(s))—Leltys 8, Y8 Dlty, 5 Y& Bls, yls), y,)ds.

£y

In (8.12), the first term can be made arbitrarily small, whenever | — ¢ | <
< 3,(t;, £). The last term in (3.12) can be written as

T
g[fz(t, a(t, 5, Y(sN)—Leltys (1 5, YN BL, 5, y(s)) Bls, yls). y s+

T

+\ fultyy @ty 5, Y() DL 5, y(8))— Dty 5, Y(s)] B3, yls) y)ds -+

[ A, @ft, s, y(s))) — fult, @(@)] ®l, s, y(s)) Bls, y(s), y)ds +

'-3._.——""08

(8.13)

- S[fz(is 2(8)) — folts 2())] (s s, ¥(s)) Ris, yls), ) ds +
+ R[fz(tl’ m(tl))_‘fx(tlsm!(tli &, y(s)) ] q)(tl, L J(S))R(S’ IR/ Yds 4

+ \-fz(tn (1)) [ Bt 5, y(s)) — Plty, 55 Yls)] Rls, yls)s s )ds.

From the continuity of f.{t 2), (D(t s, y(s )) Ris. yls,, y.). the f{irst term
can be made arbitrarily small for [t — # 63 From the hypotheses (3.8)
and (3.9), together with the umtmult\ of f(t x), the third. fifth and sixth
terms can be niade arbitearily small. [wna]h, thc fourth and second terms
can be made arbitrarily small. in view of the continuity of f..the hypothe-
ses  of the 'l‘hemom 3.2 and the mean value Theorem. Thus, the con-
tinuity of y'(1) for ¢ = ¢, follows by choosing appropriate & and combining
the relations (8.11), (3.1‘.’) and (3.13).

9 \ YMPTOTIC EQUINALENCS o

Now, using the fact that
dr ,
— (&, 5, y(s)) = QL 5, ys)) Ly (s) — fls, ys)H)s

s

we obtain the following equality in view of the Lemma 3.1 and the equation
(3.8) 3

{

yo) — oft) = lim [y(t) — oft, T> (1) - r!im\.d.l‘.d‘s‘(i. 5. y(s))ds -

=}

\. O, a0 y(sPLfls, y(s)) — y'(s)]ds, b=l

This together with (3.1). gives

0 -—S D1, 5. 9(5)) [RGs, y(s) 1) -+ fis. y(5)) — y'(s)1ds,

which unplics that
®
\ Bt s, yls)) [F(sy 1) — y'(8))ds.
t

Set w(s) = (s, y.) — y'(5). Then,

(3.14) S O, 5, yls)) wls) ds, > b

From {3.10), we have

E(t, 3 — /() = fits y(e) — fit, a(t) +
- ﬂfr(t, ally 5. Y(s)) Ot 5, y(s)) B(s, y(s), yo)ds,

.
i

which can be written as

(RS () =S ) S i) '\"If,(f..r{l..s-._f,r(.w)))‘ll(f..s-.y(.v))li’(.v,;,r(.\'),_r/,,)d.s'.

!
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Our aim is to show that w(t) is bounded. For this purpose (3.13) ean he
written as

wlt) = {fl6, y(0) — (6 a0} — Lot (8 [alt) — )]t -

(3.16) ’ .
+ \ [falt, 2t 5. 3(8))) — S0 ()] P s, yls)) Ris, yls). u,) ds.
-t

From the hypotheses on f, and the reiations (8.8} and (3.9). there exists
a number T > 0 such that, for s =7 = T. the last term in (3.16) can be
made small enough. In view of the imean value Theovem, the fivst term ean
also be made arbitrarily small. Tence, w(f) is arbitravily small for ¢ = T.

This together with the continuity of w implies that e () is bounded. ()n
the other hand

ff (1, @l s, y(s)) = fults 2lt, 5, y(s)) (2. s, () [y's) — (s, plo))}

ds
Integrating, we have

S, 2(t)) — flt, y(1) = \.fx(tr vty 8, y(s))) ®(L s, y(s)) [y'(s) — fis, wls))] ds.
This together with (3.15), gives

wlt) = \ £t ot 5, 9(6)) V(e 5, 4(6)) [P, 0.) — /)] d,
’t
which implies that

o

(3.17) w(t) =\ £t alt, s, y(s)) DL, s, y(s)) wls) ds.

£

Upon multiplying (3.14) by f,(f, 2(f)) and subfracting the result from
(8.17), we have

318 w(t) = \[f,(t 2t 5, 9($) — Lt 2(B)] D, s, y(s) w(s) ds.
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This together with the Lemma 3.1, (1.6) and (3.9) vields

(3.1 [ we(t) )| < sup | we(s)]| \ K(i. 5) ds.

)

t
for sufficiently favee e 2 02 T and in view of (3.7}, we el

| ee(h) || < sup || wls) |-
s

This amplies that () = 0 for t 2 . Thus (3.17) reduces to
7
(3.20) w(l) = \fx(t, a{d, s, yls))y D s, y(o) (s )ds.

t

Now, it is easy to show by using a standard argnment that this linear inte-
gral equation has only the trivial solution w(t) =0 on {1, 7). Henee,
w(t) = 0 for all ¢ > ¢,. This proves that y(#) satisfies the funectional diffe-
rential system (2.2) and the proof is complete.

Remark 3.1: In proving that y'{f) exists for ¢ = {,, we onlv used
the continuity of f (¢, w) and the hvpothesis (3.8). Furthermore, contrary
to the case in [3], boundedness of solutions is not needed in the proof of
the theorem.

To show that w(f) in (3.13) is bounded, we have used the hypotheses
on f,(t, @) and the hypothesis (3.8). The hypotheses (L) and (iii} in Theorem
i of [3] are unnecessary in our paper.

Remark 3.2: In general, we have very few systems whiclh have
bounded solutions and also satisfy the hypothesis lH ) in [8]. Moreover.
(I1,) does not allow the svstems whose teivial solution is stable or asymptoti-
callv stable. But our hypnlhuls (8.4) does allow such a systen.

The other hall of the asymplotic equivalenee theorent has been trea-
ted in [2].
b Ervample: In the following, we give a simple example, in order

to show the fruitfullness ol our h\pnh:csts (3.6) and justification of the
remark 3.2.

Consider the system,

€ — o) =,
y' =yt e ylt) =
Thus,

a(t, 1y, ) = e =" and O, 4, @) = e—lU—h,
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The hypothesis (H,} of Theorem 4 in [8] fails. since

vmu&:M)dw&?ﬂﬂhhﬂdxﬁﬁ<:Nm. for ¢ > 1,.
.l -l ¢

However, our hypotheses (3.6). (3.7) and (3.8) in Theorem 3.2 ean be veri-
fied ensily with

Rt &) = e /2 o) — e ™ and M{l) = ¢'.

Hence, the above two equations are asyvmptotically equivalent.
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FECHIVALENTA ASIMPTOTICA ST SISTEME DIFERENTIAL-FUNCTIONALRE
Rezumat

In {3) Marlin si Struble au studiat problema echivalentei
asimptotice a doua sisteme diferentiale neliniare, plecind de la formula
lui Alekseev, o varianti a formulei variatiei constantelor pentru sisteme
neliniare de ecuatii diferentiale.

In lucrare se extind rezuitatele din 3] la eazul cind sistemul pertur-
bat este un sistem diferential reusind sit inlature restrietia de mirginire a
solutiilor sistemului {31) care sint si solutii pentru (2.2). In vederea rea-
lizarii scopului propus se foloseste teorema de punct fix a lui Schauder si
Tihonov, alegind convenabil spatiut de functii pe care actioneazi opera-
torul definit de (31).

A GLOBAL EXISTENCE THEOREM FOR A FUNCTIONAL
DIFFERENTIAL EQUATION
BY

DAVID LOWELL LOVELADY

1. Introduction. Let ¥ be a Banach space with norm | |, let B be
the set of all real numbers, and let R* be the set of all nonnegative real
numbers. Let (Z[Y] be the Fréchet space of all continuous functions from
R+ to Y, withthe topology of uniform convergence on compact intervals,
and define (Z[R)] analogously. We propose to obtain a global existence theo-
rem for a functional differential equation of the form

(1 W) = At u(t) -+ Bt u]: w(0) = p,

where 4 is a continuwous function from R* »Y to Y and B isa con-
tinuous function from R*':< F[Y] to V.

We will include such cases as when B is o multiple delay operator,
i, e. there are continuous functions {r,. ry ..., r,} from R* to R~ such that
rdt) is in [0, t], whenever  is in R* and i ls in {1.2,..., »} and continuous
functions {C,, Cy...., C,} from R* XY to } such that B is given by

(2) Bt f1= 35 Clbflrd))

and as when B is a Volterra integral operator, i. c., there isa continuous
function K from R* «R' Y to Y such that B is given by

(8) Blt, f] \KmmeM&

3
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