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The hypothesis (H,) of Theorem 4 in [8] fails. since

\. | D{t. 5, z(s)) | ds=—= gp-(f—-\‘i ds=e—! \.rf‘ ds <= N(#). for t > 1.
.l -! ]

Towever, our hypotheses (3.6}, {3.7) and (3.8) in Theorem 3.2 ean be veri-
fied casily with

K(t, 8) — e—[2, a{1) = e and M{) = ¢'.

Hence, the above two equations are asvmptotically equivalent.

REFERENCES

1. Corduncanu €. — Probitmes globaur daus la lhéorie des dquations intégrales de
= q o

I'olterra: Annali di Matematica pura ed applicata (iv), vol. LXVYII (1963)
pp. 849 — 361,

2. Lakshmikantham, V. and Lecka, 5 Differential  and Integral Inequa-
Kities, theory and applications s vols. I & 11, Academic Press, New York,
(1969).

3. Marlin, J. A, and Struble, R. A — Asymplotic equivalence of nonlinear sys-
tems. Jour. of DIff. lqs. 6, (1969} pp. 378 — 3906,

ECHIVALENTA ASIMPTOTICA SI SISTEME DIFERENTIAL-FUNCTIONALR
Rezumat

In [3] Marlin si Struble au studiat problema echivalentei
asimptotice a doua sisteme diferentiale neliniare, plecind de la formula
lui Alekseev, o varianti a formulei variatiei constantelor pentru sisteme
neliniare de ecuatii diferentiale.

In lucrare se extind rezultatele din [3] la eazul cind sistemul pertur-
bat este un sistem diferential reusind s& inlature restrictia de marginire a
solutiilor sistemului {31) care sint si solutii pentru (2.2). In vederea rea-
lizarii scopului propus se foloseste teorema de punct fix a lui Schander si
Tihonov, alegind convenabil spatiul de funetii pe care actioneaza opera-
torul definit de (31).

A GLOBAL EXISTENCE THEOREM FOR A FUNCTIONAL
DIFFERENTIAL EQUATION
BY

DAVID LOWELL LOVELADY

1. Introduction. Let ¥ be a Banach space with norm | |, let R he
the set of all real numbers, and let B* be the set of all nonnegative real
numbers. Let (Z[Y] be the Fréchet space of all continuous functions from
R* to Y, with the topology of uniform convergence on compact intervals,
and define (Z[R] analogously. We propose to obtain a slobal existence theo-
rem for a functional differential equation of the form

(1) w'(t) = AL u(t)) - Bl u]: 1{0) = p,

where 4 is a continuous function from R* =Y to ¥ and B isa con-
tinuous function from R*x (F[Y] to Y.

We will include such cases as when B is a multiple delay operator,
i, e. there are continuous functions {ry. ry.... 7,} from R* to R* such that
rt) is in [0, f}, whenever [ is in R* and § ls in {12, ..., 0} and continuous
functions {C), Cy..... C,} lrom Rt X} to ¥ such that B is given by

(2) Bit, f1 =35 CllfirdD)),

and as when B is a Volterra integral operator, i. e., there is a continuous
function K from R* «R* <Y to ¥ such that B is given by

(3) Bl S \ K(t, s, f (8))ds.

a
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Equations of these forms have been studied by several authors {sce, for

example.  C. Cordunecanu {3,S. I Grossman and R, K. Mi-
Her [ J0T Levin [6] (7], [8, Levinand J. A, Nohel [9],
and P. Palpabara [120 13 [14]).

Our hypotheses will involve a dissipativity condition on .f and Lip-
schitz and nonantictpativity conditions on . In particular, our hypotheses
are such that focal existence follows from [10, Theorem 5. and. in the ease
that 1" is Tinitedimensional. global existence Tollows from [10. Theorem
6] In the present work we shall obtain a global exisience theorem without
regard to the dimension of Y. and we shall exhibit an iterative scheme
whichi is new even in the finitedimensional case. Under additional hypothe-
ses we shall also obtain information on bounds for solutions. Our techni-
ques and results on bounds will be similar to, bul at once more and less
general than, vesuits of P. Talpalaru (see [12, Théoréme 1] and
[13, Théoréme 3.1)).

II. The main results. Let « be a continuous function from R* to R
{note that o may have negative values), and let A and B be continuous
functions as in the introduction. Let A be the function from (Fl Y] to (£[R]
having the property that if (¢, f) is in R* #CE[Y] then A[f] (¢) is theleast

number ¢ such that | f(s) | < ¢ whenever s is in [0, t]. We shall need con-
ditions

C1:1If (2 p, g)isin R* xY XY and ¢ is a positive number then
[P —q] — c[4(t. p) — At ][> [L — ea(t)] | p ~ ¢ |.

C2:If b is a positive number then there is a positive number ¢ ha-
ving the property that if (, f, g) is in [0, b] X(E[Y] X(Z[Y] then

| B[t, f1 — B[t, g] | < cALf — g)(2).

Theorem 1 : Suppose that each of C1 and C2 is true, and let p be in
Y. Suppose that (h)2  is a sequence into (F[Y] such that h, (0) =p and

R (1) = A(t, b (1)) + Bt, hi1]

whenever k is a positive integer and 1 is a positive number. Then there is a number
w of CGE[Y| such that im b, = u and such that (1) is true whencver tis a posi-
tive number, o

Theorem 2: Suppose thut each of C1 and C2 is true. Suppose also
that B is a continuous function from R+ X(E[R] to R such that each of (1), (ii),
and (iii) s frue.

(i} B is Lipschitz continuous in the sense of C 2.

(ii)} I (f. @) is in(E[YIx (F[Y] and P in (F[R] is given by P(1) = f{t) —
gty ! then
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| Blt, f1— Bt gil< B[t.F]

whenever | is in R*. .

(1) If (o, =) is in (F[R)XE[R] and o(8) L (1) wohencuer { s in BY, then
B[f. o] < B[t <| whenever 1 is in RY.

Lel (p. q) be in Y XY, del o in GE[Y | solve (1) weith respect to . and
let v in CE| Y] solve (1) with respect to g, Let o be that member of GE[ R such
that af) =1t p — q | and sweh that

&'(t) = (1) st} -+ PIL. o]
whenever 1 s a positive number. Then
L ult) —vt) | < oft)

whenever t @ in Rt
If each of p and ¢ is in ¥ then

alixgl_(lle“;) {(Ilp+3ql—1ph

exists and 1s sup {(1/8) (| p + 3¢ | — [ p 1} : 3 is a negative number} (sce
[1, p. 3]). Let m— he that function from ¥ xY to R given by

n-[p, g] =1lim (1/8)(|p + 8¢ |= | p |).

The above comments make it clear that condition C 1 is equivalent to re-
quiring that

m_[p—gq At p) — AL, @)l < o) | p — ¢ |

whenever (¢, p, g} 1s In R* XY xXY. Note [10, Lchlma 6] that
m_[p,g+r]<m_[p, g]+ir| whenever (p, g, r)is in ¥ x ¥ X V. Note also that if
1 is a function from a subset of B* to Y, if ¢ is in the domain of u, if u=He)
(the left derivative of u at ¢) exists, and if P is given on the domain of
i by P(t) = | u(t) |, then P—{c) exists and P—¢) = m_fu {c),u-Ye}] (com-
pare [1, p. 3]).

This author and R. II. Mavrtin, Je [11] have shown that if C1
is frue and (g, g) is in Y xE[V] then there is exactiv one member vof
(FY ] such that ©(0) = ¢ and such that

v'(E) = ) + A(t, v{1))

whenever ¢ is a positive number. In particular, the existence of a sequence
{hr.oas in Theorem 1 is known, and Theorem 1 truly is an iteratively
obtained global existence. It should be noted that C 2 forces I): to be non-
anticipative in the sense that if (¢, f, g} is in R*XZ[V]x I'JF[}" ] ;_mdf(‘.s) —
4(s) whenever ¢ is in [0, ?] then B[t, f]= B[t, g]. It follows from [10, Theo-
rem 5] that C1 and C 2 together imply local existence for (1), and that
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solutions, as far as they can be continued, are unique. P. Talpalaru
[18, Théoréme 3.1] has proved a vesult related to Theorem 2. In particular,
Talpalaru obtained a similar inequality assuming that ¥ has uniformly
convex dual space. and B has domain K* xY. but not assuming that A
is continuous. Note that. although the continuity of A is used heavily in
‘Theorem 1. it can be dispensed with in Theorem 2 if we assume the exi-
stence of « and =,

Proof of theorem I: Let p be in V. Let 7', be that funetion from (7[Y]
to (F| ¥ such that ¢ =T [ f] only in case g(0) = p, g is differentiable, and

‘.‘.f’(f-) = A1, .‘.;(t)) -+ B“o f]

whenever ¢ is a positive number, (It follows from [11] that T, exists). Our
method of proof is to construct a family {¢,, ¢ ....} of scminorms on F Y]
such that {¢/,, ¢/, ....} determines the topology on (Z[Y] and such that

FL L) — Toigll < (U2lf — &)

whenever (f,g) is in (Z[Y|X(F[Y} and n is a positive integer. The theorem
will then follow from a result of G.L. Cain, Jr.and M. Z. Nashed
[1. Theorem 2.2].

If n is a positive integer, let ¢, be a positive number such that aft) <
<c, wheneyer ¢ is in [0,n] and such that | B[t, f]— B[/, g e AL f— 2l1)
whenever (t, f, g)is in [0,n] X F{Y] x E[Y]. Also, if » isa positive integer,
let b, = exp (ne,), let a, = b,c,, and let ¢, from F{Y] to R* be given by

. f] = sup {A[f] () exp(— 2a,8) : tis in [0, 7]}
Now clearly each ¢J, is a seminorm, and the family (4. ¢, s} determines
the topology on Z[ Y]

Let n be a positive integer, and let (f.g) be in (F Y] xFE[Y] Let u=
T,[f] and let v =T [g]. Let @ = A[f — gl, and let P in (GE[R] be given
by P(t) = |n(t) — o(t) |. Now, if I is in (0, ),

P—(t) = m_[u(t) — o(t), w'(t) — o'(8)] = m-[u(t) — o(l), AL, w(l)) —

— A{t, o(t)) + Blt. fl— Bt gl < 2P0 + Q1) < e,P(t) + ¢, Q).
Hence [5. Theorem 1.41, p. 13].
. : :
PIt) < (en) | @Iexplent — 0 < (eub) | @us = (a) | @yis
o 0 0

whenever { is in [0, n]. But since @ has only nonnegative values this says
that if ¢ is in [0, n] then
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Afr — v]{t) < (1) g Q(s)¥ds = (a,) E Q(s) exp(— 2a,5)exp (2a,s8)ds
< auf/u [.f L:] \. (‘XI](Q(L_,‘S)(I.N' = [1'IQ)CX[){“‘)”:;{){IH[.[' - f‘-ﬂ

and

A — vltexp(— 2a,0< (LIS — gl
Thus

FATAf] — TN = Galne — v] < (2)7,L — gl

With an application of the aforementioned result of Cain and Nashed
|1, Theorem 2.2], the proof is now complete.

Before proving Theorem 2 we need a lemma. Note that the lemma
is related to. but neither contains nor is contained by [12. Théoreme 1].
Lemma 1: Let B be as in Theorem 2, and It (g, &) be in (F| RIXFLR).

Suppose that o is left differentiable and that < is differentiable. Suppose also
that

9(0) < ¢(0),

o—'(1) < «(t)e(f) + BlL ol
and

Y8 = «(typ(t) + Blt, ¥
whenever 1 is a positive number. Then o(t) < (t) whenever t i in R*.
Proof : Let % in (F[R| be given by

2{t) = U(0) exp] g o(s)ds] + S Bls, @} exp] \ afr)drlds.

Now ¢(0) == ${(0) = X0) and
2(t) = alt)rt) + 8t @]

whenever ¢ is a positive number. Thus [3, Theorem 1. .. 1, p. 15], 9ft) <
< Mty whenever ¢ is in B*. Let {y,}>  be an (F[R]-valued scquence such

that v, = » and v,+(0) = ¢(0) and
e ni(t) = a(t)y+() + B, i)

whenever ¢ is a positive number and % is a positive integer. Now, since
(iii} of Theorem 2 holds, and since
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fenlf) = o(0) exp | \ efs)ds| - k Bls, vi]exp [ \ w(r)drds

whenever £is in R and v is a positive infeger, an easy induetion argument
shows that o) < v,(0) < Yeu o () whenever £is in B and 4 s positive
mteger, But Theorem 1 tells us that () = Y (1) whenever £is in R°
so the proof is complete. e

Proof of theorem 2 Let 8, P: g 4, v, and ¢ he as in Theorem 2. Let
P in (7| R| be given by P(t) = |u () —o(f) | . Now, il f is a positive number,

Pty = mfa(t) — v(t), /() — O] = w_[uft) — v(t),
At )y — A2, o(t)) + Blt, «| — B, v]| < o{t)P(1) -+ | B[,
u] — B[t, v]| << a(t) Pty + plt, P|.

Theorem 2 now follows directly from Lemima 1.

II. Examples. We shall show how our results apply to the two
examples mentioned in the intreduction. '

Ezample 1: Let n be a positive integer, let {C,,..., C,} be a set of
continuous funetions fromy B* %V to Y, and let cach of {r,,.. 7.} and
¥15.5 v4} be a set of continuous functions from R* to R*. Suppose that
7{?) is in [0, {] whenever ¢ is in {1,..,n and ¢ is in RB*, and suppose that

[Cft,p) — Cilt.g¢) | < T p —q]
whenever (i, 1, p, ¢) is in, {1 ..., n} XR* XY % ¥. Now, if we let R he siven
according to (2) and letjB be given by '
i

Blt ol =2 o (n(0),

then both of Theorem 1 and Theorem 2 apply.
. Ezample 2: Let K be a continuous Function from Rt xR* XY to
¥, and let % be a continuous function from R+x R* to R*. Suppose that

| K(t; 5. P) - I{(t’ g, 9) \< )f.(t, '5') § P—4q i
whencver (ts, p, g} is in B* xR* XY xV and s is in [0, t]. Now, if we
let B be given according to (3) and let B be siven by
3

Blte] = \ x(t, shols)ds,

o
then both of Theorem 1 and Theorem 2 apply.
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0 TEOREMA DE EXISTENTA GLOBALA PENTRU O ECUATIE
DIFERENTIALA FUNCTIONALA

Rezumat

In luerare se demonstrcaza o teorems de existenti globala pentru
ccuatia diferentiali functionala (1), unde A4 este o functic continua de la
R* XY la Y(R* =[0,%), ¥ un spatiu Banach) iar B estc o functic con-
tinua de la R*xX(F[Y]la Y. {(£{Y] fiind spatiul Fréchet al functiilor con
tinue pe B+ cu valori in ¥). In vederea acestui scop se utilizeaza o con-
ditie de disipativitate relativ la .1 si o conditie de nonanticipativitate rela-
tiv la B.

Added in proof: The author has learned that the results of {11], on which the
present work 15 hased, were obtained independently by N. Pavel, ,Sur certaines équ-
ations différentietles abstraites®, Boll. Un. Mat. Ftal., to appear.



