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1. Introduction. Random integral equations ave of great importance
in many branches of scienee, engineering and technology. They oceur as
models in concrete physical phenomena. Most of the resulls on random
integral equations obtained up till now, can be foundin the forth-coming
book by Bharucha-Reid [1].

Our aims in this paper is to study a stochastic integral cquations
of mixed type of the form

x(t, w) = flf, w) -+ s aft, s, w) gls. xls, w))ds -
(1.1) . ‘
-+ Sb(t, s,w) bls, z(ssw))ds, t= 0.
0

We shall prove the existence and uniqueness of wide sense and random
solutions (for the definitions see sections 2 and 8) of (1.1) under different
set of assumptions. These results are analogous to those obtained by Mil-
ler, Nohel and Wong [3]. The main tools are the theory of admis-
sibility and fixed point theovems.

We need the lollowing fixed point theorem proved by Krasno-
selskii in [2], which combines hoth the Banach contraction mapping
principle and the Schauder fixed point theorem, in our subsequent discus-
sion.
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Theorem 1.1 (Krasnosclskii). Let B be a Banach space, S be a bounded

alos‘cd convez subset of B and A, F be operators on S into B such that A +
+I1yeS for every pair @, yeES. If A is a strict contraction 1. e., i salisfies
the condition that for all x, ye&=.§

| de — Ayil< a2 —yl
for some 2, 0 < 2 < L, and F is completely continuous, then the equation
doe+Fe =
has a solution in S,

2 Existence of Solutions L In this scction. we shall obtain an exis-
tence theorem analogous to the theorem obtained by Miller, Nohel
and Wong [3] for ordinary integral equations of mixed type.

_Defmmon‘?.l. A function a(l. w) on Rt xQ is said to be a wide sense
solution of (1.1 if there exists a sel Qy sueh that P(E,) =0 and aft, w,) satis-

Jies the equation
4

(20) altas) = [t )+« {t 0 0) & s 0 (sac)ds S bit.s.20)h (5,2(s,00)ds.

¢ a

for every w,=Q — .
Theorem 2.1. Lel the following conditions hold :

(¥L,) Wath probability one,
f
(2.1) sup \ | a(t, s, w) | ds << 4, (w0) < oo,
t>0 .
and ’
{2.2) 5“13 S | b(t, s, w) | ds < By(w) < w0,
t >0 .
9]
(1) gt 0)=hit, 0)=0;
{H,) for cach ) = 0, there cxists a 3, > 0 such that
(2'3) l g(t! 1’) = g(t: ?}) <A l & — U]
for all |z, 1y <3, and uniformly in t;
(H,) for each v = 0, there exists a 3, > 0 such thal
(2.4) | it @) — it ) | < mla—y
for all 1z, |y | <3, and uniformly in t; and
(Hs) for all t,
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-}

(2.5) g | bt + =, 5. w0) — b(f, 5, w) | ds = 0
°
as | = | = O with probability one.

Then, there exists a positive random sariable = with probability one such
that if 0 < o(w) < x(w) then there eaists a 3(w) =0 such that. for f(1, w) sa-
tisfying
{2.6) sup | f(t, w} | < 3w).

£50
there exisls a unique wide sense solution. aft, w) of (1.1} on 0 1 = @ satis-
Jying
(2.7) sup | alt, w) | < olw)
t20
and 2(t. w) is continuous in i with probability onc.

Proof : In view of assumptions (H,) and (I1,), there exists a set Q,
with probability zero such that for every we&Q — &, (2.1), (2.2 and (2.5)
hold. Let us choose and fix w,€Q —Q,. :

By the existence theorem for the solutions of ordinary integral cqua-
tions of mixed type due to Miller, Nohe!l and Wong 3} there
exists a positive number ~{w,) such that if 0 < o(w,) < 2(wy,), then there
exists a 3(wy) > 0 such that, for sup | Sl wop) | < B(zwp), there cxists a unique

3

20 . . :
solution #{f, wy) on 0 < t << oo of the integral equation (2.0), continuous
in ¢t for each w,&Q — Q, and sup | a(t, wy) | < e (W)

30

Since this is true for cvery w,&€Q —Q, and P(Q,) =0, it follows
that there exists a unique wide sensc solution a(t, w) for the mixed integral
equation (1.1} satisfying the conclusions of the theorem. This completes
the proof of this theorem.

Corollary 2.1: If the hypotheses of theorem 2.1 are satisfied and if for
each T >0,

.
(2.8) lim \ | aft, s, w) | ds = 0
3@ .
Li]
with probability one, and
.
(2.9) lim \ | b(t, s,w) | ds =0
[ L B

with probabilily one : further, if f(l.w) = Qas t— o with probability once
then lim a(t, w) = 0 with probability one.
i3m

2 — Matematicd, Univ.
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Proof : In view of the assumptions (I,) a : i
\ e . o) and (II;) amd the equation
(t}218t) fand (23), lafol(lows that there exists a set £ with Py =I0 suc]l:
at for weQ — Q, (2.1), (2.2), (2.5). (2.8) and (2.9) are true ‘hoos
that for mneﬁ_nﬂo. S (2.5). (2.8) (2.9) are true. Let us choose

Let § be the space of all bounded continuous functions
iy LS be s functions y{(f) on {0, co)

[ty ll = sup | #(2) |.
>0

Let 8 (o) = {yES5:lyll <p}. 2> 0.
Define

(2.10) Sy = {z&85() : him =(t) = 0) .

@

Clcarly. S, 1s a closed subspace of $(g) under the norm || || Let gt w)E 8
Let 4 == 0 be given. By hvpothesis. we can choose 7' = 0, such lh:nt '

(2.11) | flty, ) | <

0!
IJ
S

— [ (1) | <

!
m

1

for all t » T, where =z, — max (A, {w,). B, (wx By (2 : i g
can find T, > T so lzirgc that( ool Tio(itollumbits (2:8) and (2:0) v

.

(2.12) \ia(t,s, w,) [ds < 1| (£ T))
6 52 p ()

and
]

(2.13) S[b(t,s,wn} ds g —x (£, ).
; 35 ()

Then, for ¢ = T,, we observe that

]

(AP F D) (1, wy) | << | fltwg) | 4 g a(t, s,wy) | 2| Oy, w,) | ds +

(]
- =f
L S LBt s, wy) 7 D, wy) | ds K : —|—)\p(w(,)\ aft, s. wy) | ds+
2
) .
0

1
]
- ;\R all, s, 1w,) | |®(s, w0,) | ds -+ 'qp(wu)\ b(t, 5, 10,) | ds -
:r 5

[}
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L
'r,\ bl 5 wo) | d (s ) [ds < - Fhplaen) — ~—
. 5 50 lw,)
!
™
v ¢ 1
7 \ a (5, wy) | ds + npfacy) —— = 5 NP (tos we} [ds <
g, . 5 g (w,) DEpT
b )

ol () + L g Bye) <
ag, D 2%y

ot

since z, = max (hdo(iey). 7 B4(w))

by using (2.1), (2.2), (2.5), (2.8), (2.3, (2.10) and (2.13). Since v is arhitrary,
it follows that (A @4 FO) (L w,) = 0 as 1 - oo, llence ¢ € 8, implies
that Ad - Fde S, Thercfore, by Krasnoselskii theorem, there  exists
a solution of J® 4 Fb=® ¢ S, Therclore for any given uw, € Q- Q.
(2.0) has a solution in 8 i. e &l 1) = 0 as { = oo, Since this is true for
every w, e & — Q, and P(Q,) = 0, it follows that the solution of {(1.1) is
almost surcly stable.

Remark : We have shown the existence of a unique wide sense solu-
tion. We were unable to show that the solution is random in the sense that
the solution «(f, w) is a measurable process. But we note that the solution
has the property that »(t, w) is continuous in ¢ with probability one.

3. Existence of Solution IL In this section, we shall obtain a theorcin
on the existence of solution for (1.1) under a ditferent sct of conditions.
The analysis. we used in this section, is the theory of admissibility. This
study includes some results of Tsokos [4] as speeial cases.

We shall consider the random solution w(f, ) and the stochastic
frec term f{f, w) to be the functions of the real argument ¢ with values
in the space Ly(Q, 4, p) where Q is an abstract space, A is a o-field of
subscts of € and w is a probability measure on Q. The functions gif, &(i, w))
and Rt 2(2, w)), under convenient conditions, will also be functions of
{ with values in L, (Q, .1, p). The stochastic kernels «(t, s, @) and b(t, s, w)
are cssentially bounded functions for every ¢ and s such that 0 < s < <o,
The values of the stochastic kernels for flixed ¢ and s will be Le (4,
A4, ), so that the products of {1, s, w) gls, a(s, w)) and b1, s, w) ils. als, w))
will alwavs be in LyQ, 4, u). We shall assume that the mappings

{t, ) — all, s w) 5 (4,8) = bli, s 0)

t_'rom the set A = {(t,5): 0 < s <1 < 0} into Le (Q, . ) are continuous
i. e.,

@ — esssup | alty, s, «) — a(l, s, w) | = 0
and v
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po—esssup | bf,. s..ow) — bt s, w) =0

as n — oo whenever {7, 5,) = (1. 5] as n = o0,

Let C. = C(R*, L,(Q. -1, p)) be the space of all continuous fune-
tions from R into L,(Q. 4. w) with the topology of uniform convergence
on every interval [0, 8] for 6 = 0. The space C, is a loeally convex space
whose topology is delined by the following family of semi-norms :

. 12
| a(t, w) |, = sup {\| aft, w) |* dp (w)} , o= 1,2,3, ...

Ogtan
Let B and D be a pair o Banach spaces such that B C C, and D C

C C, and Iet T be a lincar operator from C, into itself. Then with respect:
to these objects, we introduce the following definitions.

Definition 3.1. The pair of spaces (B, D) will be called admissible with
respect to the operator
T:CARY, Lo (Q, A, p)) = CAR*, Ly(Q, A. p))
if and only if TBC D.
Definition 3.2. We call xft, w) « rundom solution of the Integral equa-

tion (1.1) If for every fized t belonging to R*, a(l, wYyeLy (Q, A. ) and (i, w)
satisfies the equation (1.1) p a. e

Lemma 3.1. Let 7' be « continnous operator from €. (RY, L, (Q, A, w)
into itself. If B and D are Banach spaces stronger than C. and if the parr
(B, D) is admissible with respect to T. then T is a continnous operator from
B to D.

The proof of this lemma can be obtained by using closed graph theorem.

Remark 3.1, Since T is a continuous operator, it is also bounded.
Hence there cxists a constant & = 0 such that

1 {T2) (&, w)lp < k2, w) s .

We shall now state the main existence theorenm.

Theorem 3.1. Assume that the following conditions are satisfied :
(1) Let B and D be Banach spaces stronger than C, such that (B, D)
is admissible with respect to the operators T and U defined by
(8.1) {Ta) (f. w) = \ ail, s, w) (s, w)ds
v
and

(3.2) (D) (1 w) = \ bit, s, w) 2(s, w) ds
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(1) r(t, ) = glt. w(t.we)) and wft. w) = h(f, w(t, w)) are operators on I)
with values in B salisfying

{3.3) | att. ot w)) — glt. ylt. w)) [ p<< 2l alt w) gyl w)p,
i
{(3.4) | h(r. 2t w0y — Bl ylt e} e <ol adt ) — ylt, @)y,
Sor et w). y(t. ) € D, where & and 1 are positive econstunis.
(3.3) (iii) g(t, 0) = h(f. 0) = 0.
{3.6) (iv) Ju o wy e
(v) The pair (B, D)} is admissible with respect to the operalors
(0., w2 0} defined by )
(3.7) (U») (t, w) = \ bt 4 =, 5. 0} afs, w) ds
o

and {U., 1> 0y satisfy
(3.8) (U 2) (8, w) — (U2) (1 0) o < @) | all w) o

where @ (x) — 0 as = — 0. .

Under these assumptions, there cxists a number =4 = 0 }s"m'h t’hm’ fm"(t) <

] = for far there exisls a
< &< g, if St w)|n < 8c for some fived 8 & (0. 1). then 1he s
unique random  solulion wfl.w) of (1.1 ), aft,w) e D and in  addition
aft,w) |, < = N

et P?'go}\: Let /: and A be the norms of the operators 7 andl_U respec-
tively. Let n > 0 such that 74" < 1. By (3.4) and (3.5}, we can find 8, >0
such that

(3-9) ” h(ts 31’“’! '{U)) “B < L llll 3:(!5 'flﬁ) IEn

whenever |[ia{t, w)|p < 8;. Let 2> 0 such that 7k < 3 where 8 = (1 —
— 4k))/2. Choose 8, > 0 such that

(3.10) | alt. alts w) — glt, gt ) 1w < 2l alh w) — ylt w) |y

whenever || a(f, w)l|, < 8, and §y(f, w)il < 8, Let g = min {3,, 8,). For
any ¢ in (0, g, define

(3.11) S(e) = {v &= Dl w)il, = 2t

and define the operators .f and I* from S(c) into [} by the relations
t

(8.12) (Aa) (1, ) = f(t.w) \a{t. soa0) Hs. (s, w)) ds

and



358 B. 1. 5, PRAKASARAD and RAMA MOHANA RAD ' 3

(3.13) (Rip) (1, w6 \ Wi, 5. 2 h(s. yls. ) ds.
[}
1'(31" vt w). it w) = S(zh
Using (3.1). (3.2). (3.9 —(3.13) and the assumplion (iii) of the hypothesis,

one obtains That

(A (ore) 2= (b (e s [ LA ) L -

t =
ie [ \ 1 { \ .
(3.14) \a(!. s} (s (s, )y ds }“, - ”\ bli. s, ) Bt y(s, w) ds ||,
P i i '
u

< It |, - ak a4 ok || gt w)|lp << Be + Mee 4 e =

This shows that ¥ < 5(z), ¢ (2) i
: < 8(e), y=5(e) imply that de + FyaS(s). O :
hand, using (3.1), (3.2). (8.10) and (3.12), we ohtair%jr LA

(3.15) | (A2) (1, 1) — (Ay) (1, 0} llp < Meljah, ) — glt, w) Y

{'{(‘w ;t1lny‘.r5 S(z) and y E.:s‘(.e). Hencee o1 is a contraction on S(e) since M < 1.
urther, the operator F is equi-continuous on S(g) since

| (F2) (1 + 7, w) — (Fa) (4, w)ilp

{b(f + =, 5 w) — b(t, s. w)} h(s, a(s, w)) ds

D

(3.16) = f

e §

L o)k [l alt, w)lp € @lr) nh's,

by assumption (v} in the hypothesis and the terms on the right hand side

of {3.16) tends to zero as = — 0. Clear rator F'i i
S e . Clearly the operator F' is uniformly hounded

[(Fa) (1, ) o < 0" [ 2(t, 1) flp < ok,

‘%):glccl ?h(.‘ operator F is ?qui-continuous and uniformly bounded, it is com-
{P hext }\(i otntmuou;; on .‘;(:). Hence, by theorem 1.1 duc to Krasnoselskii
here exists a random solution to the i g i 1 1. wyeD
e Arndo o the integral equation {1.1) with a(t, w)= D
We shall now prove the uni i
| g queness of the random solution. Let 2 !
and @yt zi'),l,le two random solutions of (1.1) and let v{3, w) = a,(! 1zg) u_)
ay(f, w). Then, it is clear that , o

{3.17) o(t, w)lly, < Mellv(t, w)lp - 0k || v(t, w)ilp

which in turn implies that
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(3.18) I eft, )il (1 — 2 — k') <0

Sinee 1 — 2k — 7h" = 0, from (8.18). we have j(t. w)|p = 0. This com-
pletes the proof of the theorem.
Indian Institute of Technology

Kanpur (ndia)
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KCUATIL INTEGRALE STOCASTICE DE TP MINT

Rezumat

In prima parte a lueririi sint extinse rezultatele obtinute de Mil-
ler, Nohel si Wong [3] la ecuatii integrale stocastice de tip mixt,
obtinindu-se o teoremi de existenti (teorema 2.1) si unicitate a unei so-
lutii in sens larg (definitia 1.1).

in partea a doua, folosind teoria admisibilitatii pentru astfel de ecu-
atii (C. P. Tsokos [4]). sc demonstreazi teorema 3.1 de existenth si
unjeitate @ unei solutii intimplatoare (random solution — definitia 3.2).

Peste tot este utilizatd teorema de punct fix a lui Krasnoselski.



