CONNECTIONS COMPATIBLES WITH FREDHOLM
STRUCTURES ON BANACI MANIFOLDS

BY

L. MAXIM

A. Introduction. Vector bundies which admit a reduction to Fred-
holin group have been much studied last vears. We will give here a neces-
sary and sufficient condition of compatibility of a linear connection on
a vector bundle with a G-structure on it, and we will apply this result to
Fredholm reductions.

So we shall extend holonomy group notion to linear connections on
vector bundles with a Banach space as type Ffibre.

In what follows E, F, G .... will always denote the elements of a real,
infinite-dimensional Banach spaces elass &: L{F, I} will he  the space
of linear continuous maps from E to /' with the norn topology. We shall
denote L(E, E) by L{E). Let GL{E) he the group of the bijeclive isomor-
phisms in L(L).

We will use the following notation and nomenclature (see Li [13]) :

1) P(E, F) — class of perturbations on & (see in [6] and [16], p. 32.)

2} P(E, E) = P(E).

Particularly, if & is the class of all Banach spaces, then cxamples
of such perturbation classes are:

C(E, F) — compact operators in L{F. F),

SC(E, F) — semicompact operators in Lk, F),

CSC(E, F) — cosemicompact operalors in L&, I),

F(E, F) — finite-dimensional operators in L{E. I),

3) GP(E) = GL(E) O\ (I, + P(E)); GP(L) is a normal closed sub-
group in GL(E); GC(E) is called Fredholm group ol E.



390 . MANIM 2

BDefinition 1. Let E be « Banach spave. A flag in ¥ is a donble se-
quence of closed linear spaces :

EECh,C..CE ..CE: EDE Y 5 Ee s . DE=1y |
sueh that

U dim I, — n. eoding K= — p,

2) We have dsaorphisms 1, @E= # o [,

3) U, is dense in E,

Clearlve o separable Banach space with a Schauder basis admits a
agr,

For o Banach space with a flag there are the obvious inelusion maps :

GL(E,) — GP(E).

If we denote by GL(x) = ind lim GL(E,). it Tesulls: [4]. [6)
Theovem 1.3. The natural inclusion map

i:GL{w) = GP(E)
18 a homotopy equivalence.

Let now M he an infinite-dimensional manifold of ¢lass (.

Definition 2. .{ filtration of M is a sequence of closed submanifolds
M, C M{i = n,) such that

1) M, C M, :

2} dimn M, = n;:

B Ma = U{M, 0 =n,} is the union of the M L8 with the direct
timit topology. the natural map :

Pt My — M

is a homotopy equivalence,

Evample : A flag in E is a filtration of E.

We consider =: I == M a vector bundie of class €"(r = 1) with Ba-
nach space 22 as type fibre.

Definition 3. = is ¢ P-vector bundle if it admils a reduction of the strue-
tural - droup to GP(E); a C-vector bundle will be called Fredholm bundle.
If a tangent bundle < : TM — M is P-vector bundle, M admits a P-structure.

Partieularly when P = C, M is called a ¥redholm manifold.

Results of Elworthy and Tromba ([4] and [6]) show that
the elass of manifolds with a P-structure is sufficientlv rich to be intere-
sting ; it includes the eclass of Hilbert manifolds.

The following theorem is given by K. K. Muk herjea [13]:

Theorem 1.2. Let M be a C*, connected, paracompact manifold mo-
delled on E; we assume that E is a C*®-smooth, separable Banach space with
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a flag, If M admits a P-structure, then M admits a filtration with Mo dense
in M., ' _ . -
Moreover e can obtain a filtration for which M, is compact yn.
We shall denote by E= the dual Banach space of J and we shall con-
sider the injection :
w2 LIEY - LUE®).
A

A% heing the adjoint operntor of AL Then we have

Theorem 1.3. Lel £ be « reflevive Banach space and =@ B— M a vector
bundle with E as type fibre,

Then : o ,

a) n is Fredholm bundle if and only if its dual =* s F redholim hundle.

W If = is SC-vector bundle, then =* is CSC-vector bundle :

¢) If = is CSC-vector bundle then =* is SC-vector bundle ; B

d) If E* is subprojective space and = is a SC-vector bundle, then =
is SC-vector bundle ; ‘ B

e) If E is subprojective space and =* is a CSC-vector hindle then =
is CSC-vector bundie: B . _

Proof. From the hypothesis it results that * is a isomorphism from
GL(E) to GL(E*). so that ([16]): ‘ .

a) ¥ : GC(E) — GC(E*), d) # : GSC(E) — GSC(E ),_‘*

b) 4% : GSC(E) — GCSC(E*). ¢) ¥ 1 GCSC(E) - GCSC(E™)

¢) % : GCSC(E) — GSC(E*), l

i d i e f the con-

are isomorphisms. Then the theorem results from the theorems o co
.:truction f}f the fibre bundles by the cocyele of the tr:nmtm}l maps [2].

Corollary. The conclusions of the theorem 2.1 can be applied to = and
<% which are tangent and cotangent bundles of M. .

Let =: B — M be a vector bundle of class €7 as above, M being
modelled on F. ‘ '

Definition 4. 4 connection map K for the bundle B s « map

K:TB-- 8,
sueh that for any local trividlization {U. o. @) of =, there exists a map
Iy s o UY = LF, B E)

of class Cr1, which gives the local representation of K. Kg =@ o Ko TO"!
by the formula :

*

K (0 %00 = (oo — Do)y, ).

&

We call T, the local connector for K.
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B. Parallel displacement; the holonomy groups. We shali give
helow some vesults from the connections theory on veetor bhundles which
we shall use later.

Theorem 2.1. Let =: B — M be a wector bundle and M admils par-
tition of wunity of elass 7V fhen -
a) there evists a connection map K for =,
DY there evists a coanonic bijective map from the set of connection maps
on B o the set of covariant dericatives on B given by
{1) KeoTi=vi yiedX, (M.
where Xy (M) is the set of the sections in = The prool is siven in {7
Remarks : 1) w2 s considered as a section in L{z. =) : L(TM, B) — M.

2} The implication K —y is ¢iven by (1) and without the hypo-
theses of existence of the partition of the unity on M.

Theorem 2.2. (Sece [7]) If =;: TB » B is projection :

a) the map (=, T=, K) from the follnwing commutative diagram is
an isomorphism of vector bundles over B :

TR (ry: Tn K) =*(TM & B)
N (n*(r B ).

1

+
* B
where =*(TM @ B) is pull-back bundle over .

b} Ker T= and Ker K are subvector-bundles of =, : TB - B and the
map i

o«

Ker Tn@® Ker K — -+ TH

Tl|}(er ’P'rt@‘rllkcr.ﬁ ‘l.‘l
+ 4+
B +R

giwen by (4, B) — . + B is an isomorphism of vecior bundles.

In particular K:Ker T —n* B and Tr:Ker K > n* TM are iso-
morphisms of vector bundies,

We shall call £, € ¥x e (B) @ vertical element and Ey e Yk (B) a
horizontal elenent.

. Theorem 2.3. a) Let =: B— M be a G-vector bundle with E as type
fibre which admits a reduction to G’ (G’ C 6@ C GL (E)). To a connection K &
on G'-vector bundle = can be associated a connection K, on the G-vector
bundle = and is called ihe extension of K.
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h) Let =: B > M and =" : B — M be fwo C'-vector bundles  wehich
admit the connection maps say K_ and K_. respectively.

A connection map on L{=. @'Y L(B, B’) — M is givenin a local trivia-
lization by

r to(i) > T(F. L{E. F'y: T{E. E").

Lim, w*)
[r @)y, D] E=T_(2) (g AE) — AT _(0).yr. D)

Lir, =°)

¢) Let M and M’ be two manifolds of elass Ctmodelled on I and F' respee-
tively, =’ : B = M’ a Croveelor bundle (1 < r < k) with connection map
K and h: M > M a map of class C'. Then the pull-back W= *B — M
is a bundle of class C'. We define a connection map K, on ¥z by :

2) ioK,=K's Ti,

where 1 h*B — B is the natural iénclusion.
There follows that the covariant derivative h¥y' is given by :

(8) (h*5) (h* E') = hH(A'E).0R, £ € (M),

where ok (the tangent map to k) may be considered as a section in L{z. h*<)
giwen by dh(v) = Thiv).

Proof. a) results from Theorem 2.2 b} and from the fact that a G'-
bundle is a G-bundle. b) and ¢), see [5].

Corollary 2.4. a) If = is a bundle of class C" with a C"™' connection there
is a C'® section R in L{<, =, m; =) such that for any sections X, Y in < and §
of class C? in = we have:

(4) viE(X, V) — E(Y, X) = R(X, V. §&).

In fact this is a generalization of the classical curvature tensor so we may
conserve this name for K

by If R is the curvature tensor of K', then the curvature R, of h*= is
given by :

(5) Ry.(v, u, E) = (R oh)(dh. v, oh. u, %).

We apply those above to define the notion of parallel displacement
along a curve.

Let ¢ € C=(I, M) be a C=-curve in M and K a connection map on
w: B — M. Then we consider the pull-back c*=, the connection map K,
given by Theorem 2.3 ¢) and the covariant derivative e*yv = v, induced
on it.

Definition 5. The section 2, € Koo (1) is called parallel along ¢ if and
only if
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(6) Vi, .0 =0,

where ¢ is the basis section of TR= R xR given by e(t) = (¢, 1).

[t results from definition that the tangent vector to the curve de-
ined by :f > (Z-¢)(t) is horizontal : we shall eall such curve an horizon-
tal one.

In {7] it is proved the existenee and the unicity of a parallel seetion
along c e C=(I. M) so that E(1,) = Z, € = Yc(f,)) = B, is fixed.

Then we obtain a topological isomorphism

Tr.l[r,,,f,] g B-'(.-,p " Br-;;,} o = Codty)

called the parallel displacement alonyg the curce e, from ¢, to {,.

The parallel displacement along any piceewise differentiable curve
of elass C! can be defined in an obvious manner as a suecession of parailel
displacements along the segments of the differentiable curves,

So we obtain a map:

T:¢->T.eL(B.y, Byg)-

ve: [z, B8] — M. a piccewise differentiable curve.

Generally, the parallel displacement from B, to B, depends on the
curve ¢ which joins the points ¢, and ¢, We can now define the holonomy
group as a global measure of curve dependence of the parallel displace-
ment. o :

For each point p of M we denote by C(p) the loop space at p, that
is, the set of all closed curves starting and ending at p; let Cy(p) be the
subset of C(p) consisting of loops which are homotopic to zero.

Definition 6. We call O(p) = T(C(p)), the holonomy group of K with
reference point p ; the following group ®yp) = T(Cy(p)) is called the restricted
holonomy group of K with reference point p.

As in the finite-dimensional case, we can realize these groups as sub-
groups of the structure group G in the following way. Let b be an arbitra-
rily fixed point of B,. Each c¢ € C(p) determines an element say, g, of G
such that T (b) = b.g. The sets of clements a € G determined by all ¢ € C{p)
and ¢ € C,(p) form two subgroups of G, denoted by ©(h) and ®y(b) respecti-
vely. If 3 is connected. the holonomy groups ®(b), b € B and the restricted
holonomy groups @,(b). b€ B are all conjugated to cach other in G and
hence isomorphic with each other. Moreover ®(b) and ®(p) are isomorphic
¥b e B,: the same ©y(b) and ®,(p) are isomorphic yb € B,. If M is a con-
nected manifold. we eall the holonomy group of M the holonomy group
of K on ~:7TM - M.

Theorem 2.5. Let M be a connected and paracompact manifold, =: B—M
a C™-vector  bundle with G structure group  for which there exists a connec-
tion map K. Then :
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ay & (b) is Lie subgronp of G.

by @ (8) s Lie subgroup of G.

¢y D (B)D(B) is countable and O (b) is the identily component of b(b).
d) the structure group G of = may be reduced to ®{h).

P'roof. a) The prool will be given in two steps,

Step 1. We shall show that every clement of @, (h) can be joined
to the identity clement by a piecewise differentiable curve of elass €% in
G which lies in @ (b). By the factorization lemma [11], which remains true
in case of infinite-dimensional manifolds, it is suffieient to show that the
clement g € d(b) defined by the differentiable loop ¢ can be jomed to the
identity element in @, (&) by a differentiable curve of ¢ which lics in W (4).
If ¢ is locally defined through t— e(f) we define:

f:IxI—=M, T=Jo1].
(1. 8) ~> f(t, 8) = sa + (1L — 8)e(t). (a fixed in E),

which is a differentiable mapping of ctass C* such that f(t, 0) is the curve
¢ and f(1, 1) is the trivial curve. For eachlixed s let g(s) be the element
of @o(b) obtained from the loop flf,5), 0 <1< 1, so that g(0) = g apd
#(1) = identity. The fact that g(s) is of class C¥ in s (as a mapping of [
into G) follows (rom the existence theorem of parallel sections along ¢ € C®
(I, M) and from the fact that the solution of an ordinary linear diffgrentml
equation y = A(2, 8)y + B(r, s) with parameter s is differentiable 1n s as
many times as A(x, s)y + Bla, s) 15,

Step 2. We prove for Lie-Banach groups the following result regar-
ding the arcwise connected Lie subgroups. The similar result in finite-di-
mensional case is given by Yamabe in [18] and Frecudenthal
in |[8].

Lemma. Let G be a Lie- Banach group and H a subgroup such that ecery
element of H can be joined to the identity by a piecewise differentiable curve
of class CV which is contained in H. Then H 48 a Lie-subgroup of G (in M ais-
sen’s sense [12]).

Proof. We identify T(G) with Lie algebra g of . and we consider
h = {X ¢ T(G) so that X is tangent to a differentiable curve of class !
contained in I} .

It results that b is a closed Lie subalgebra of ¢: we shall denote
bv H the arcwise connected Lie subgroup. corresponding to the subalgebra
h by [12]. We show that H = H. 'The inclusion If C H is obvious from
the definition of H. We note that the exponential map is a local diffeomor-
phism from UC hC g T.G onto an open subset exp (1) of fand
e € exp (U). But {rom the exponential definition there results that a neigh-
bourhood of e in H is contained in FI. Since [ is conuected. Jf ¢ H.
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b) Applyving the above lemma 1o the identity component of e in O (b)
say, ©9(b), it results that it is a Lie subgroup in ¢ and clearlv gy, C @, Tt
follows that & is Lic subgroup in .

¢} We define o homomorphism like in the classical case

(7] St (M) — (b)Y b, ().

Since M is conneeled and paracompaet. it satisfics the second axiom of counta-
bility. 1t follows easily that =, (M) is countable. 1lence Q(b) B (b)
is alse countable and morcover ©9 @ .

We suppose that b, C®° in the sune manner as for the demon-
stration of the same result in the finite-dimensional manifolds theory, it
results that " is o set of lirst eategory. This is an absurdity because every
infinite-dimensional manifold is a Baire space ([2]). It results b, = d*

' d) results substituting the trivialisation atlas of = by a new atlas
o’ = {U,, ¢ lthe maps of which are given by the parallel displacement
So that p, p’ € U’ if and only if 3Jb¢ B, and b ¢ B, C>(I, M) such that
T (b= by.

Cc:rollary 2.6. Let =: B —> M be a vector bundle with the connection
map K and D the holonomy group of K. Then ®—¢ is a necessary and
sufficient condition that = be trivial. If = is =: TM — M we oblain q neces-
sary and sufficient condition for M to be parallelizable.

Theorem 2.7. Let = : B — M be a vector bundle as above. The Jollowing
three conditions are equivalent :

1) The parallel displacement depends only on  the homotopy  classes
of curves in M.

2) Oyb)=c¢, beB.

3) The curvature tensor R given by (1) is zero.

Proof. 1) - 2) is obvious,

1) = 3) Let H:f xI— MI=10, 1]) be a diffcrential homotopy
so that H(0,1) = p and H(,1)=p'. Let veB, and En € Xy (I = 1)
be parallel along the curve Fy:t— H(t, s) (where sel is fixed) and
Eul0,8) =v, ys el

Consequently vy, &, (1. 5) (¢,) = 0, y, £y (0, s){e;) = 0, where H,y: 5 —
> H(L, s). Tt results V‘-’i_,,(l, s). (&1 ) =0 and from R =0, it results
viEL(L, 5) {ey, €,) = 0. So the section t— 8, (I, s).e, is parallel along
H, and as it is zero in £ = 0. it is zero yt. In particular Vol (1, 8)., =0
and %, (1,s) does not depend on s. i

8) == 1} results getting over the inverse reasoning.

‘ In the assumptions of Theorem 2.7 the homonmorphism f by (7) is an
Isomorphism ‘

Fimt (M) = .
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We oblain :

Theorem 2.8, If =: B — M wdwits « connection K having R = 0
and R ois simple connected then = s equizalend Io the trivial vector nmdle.

Particularly « simple connected imanifold M with a connection K having
I = 0 is parallelizabic,

We will now see how ik hehaves under putl-backs.

Theorem 2.0, Lot e M —- M be the siwme ws in Theorenr 2.3, ¢),
2 B M (Teveclor bundle with o connection K and K, the connection
induced on bz Then

a) hoinduces a howmomarphism

. ko o -t oy
g, 2 O = D hqm — h e

Qg °
where O and & are the holonomy group of K, and K.

b) @ — ¢ if and only if @, =e.

c) if his a homatopy equivalence and &, = ¢, then ho ls « isomorphism.

Proof. 1) The map 2« = b~ 2 defines, aceording definition 6. the wan-
ted homomorphism,

b) results from Theorem 2.7 noticing that B, =0 — R = 0.

¢) 1sobvious from Theorem 2.7.

Corollary 2.10. If i is un inclusion map then ' C O,

Finally we shall prove a result which  generalizes that one given
in [1].

Theoremn 2.11. Let =: B = M be ¢ Crzector bundle with M connec-
fed which admits a reduction = : B - M to the group G. Let K be « connec-
tion map on =. Then OC G is a necessary and sufficient condition that K s
an ervtension of a conncction K, on mg.

Proof. From the unicity of a parallel section alonp a curve it results
that the holonomy group of the two connections are isomorphe and con-
sequently @ G.

Reciprocally, let K be a connection on = and let us suppose that
i C 6. We obtain fromr Theorem 2.5, d} a G-vector bundle and a G-con-
nection for which A is evidently the extension.

C. Compatible connections with Fredhelm structures on Banach
manifolds.

We shiall fiestly prove the following result :

Theorem 3.1. Let M be « C=-manifold modelled ona C=-smooth separable
with a flag Banach space say E : we usswme what M admils a P-structure.
Then My determined by the Theorem 1.2 s« C® -manifold on the locally
convexr metrizable lopological ceclor space 1, — div, lim E, where [ E, ), =1

i oa flag for E with E, compact yn.
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Proof. Let B — U FE, be the real vectori subspace of # with linite
uml

topology of countable dimension. Then E' = dir, lim E, = Lo (as a lopo-
logical space) and moreover is a locally convex  topologiceal vector space
(sec [15]): being paracomcpal space there results that it is metrizable.
By our assumptions M admits a filtration {M,}, ., (Theorem 1.2). Let
I, .‘l;_!h - M, and i, : K, = E, be the natural inclusion maps, We show
that if of* — (I ant Panlgngqu 15 AN atlas of differential structure on M,

then

S FT
d S L A (P:ﬂ)}uugaﬂ-ﬂg\

given by U2, {,(U). oty i, e em o tis an atlas of differential

structure. on My, (in P Ver Keeke way [3]). In order to prove
this, we consider U;,,ﬂ { ;, =+ @ and henee U;;ﬂ l";,: = @ and we show

o~

. e N o It i o | . g o "t
that the maps Pt (9';#) Lo o I" [":('?: w) ! OI,." P9 n'(U;u ﬂUZ "
= (UL N UL, ) is of class C® (in Ver Feckes sense [3]).

Butf, and /! . coincides on O, 00 and sinee Lhe maps o (gt )7k
¢ 20 are ol class €% the statement resalts,

Morcover the maps 1, : M, = M, ure of class €= with respect to
the differential structure above introduced.

Corollary 3.2, 1) M, is orientuble manifold if and only if M is comple-
ety orientable.

2) =2 B = M s completely arienlable {f and only if its dual bundle =%
is completely vricniable,

Proof results using the fact that ip: M, — M is a homotopy cqui-
valence.

In the assumptions of Theorem 3.0, let w: B — M be a P-vector
bundle of class €7 with £ as type fibre and K a4 connection map on = We
denote by K, the connection map induced by K on the pull-back % =.

. x

Theorem 3.3, ) [f the connection K on = is an ertension of a connec-
tton K, on the reduced vector bundle wepgy 1 B — M (K is compatible with
a  P-structure on =) then K, is the cxtension of a K%-connection on the
reduced vector bundle ¥ wepy, ri, B— M.

b) If K is compaiible with a P—structure on o and its restricied
holonomy group say, by s {e} then K is compatible with a P-structure
on noand ¢, = e.

. Proof. a) results by Theorem 2.11 and Corotlary 2.10. b) results by
Theorem 2.9.c¢). )
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Remarks. 1) It the connection K is compatible with a & -structure on
= then it is compatible with a P-structure on =, The same thing results
then for the conncction A on %,

o
2} Because @ is o homotopy equivalence it results that it admits o re-
duction to GL{w). Conscquently if K, is the extension of a connection
on the reduced bundle ¢ vi B = M itiscompatible with every

P-structure on & = \I()!'(‘.:‘J:\'((t’l{‘(ﬁ) we add @ ® == ¢ it vesults that A is com-
patible with every P-structure on =,

We can  particularize the above results for <@ TM — M with P-
structure induced by that one on M (see [6]).
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CONEXIUNI COMPATIBILE CU STRUCTUR]I FREDHOLM PE VARIETATI
MODELATE DE SPATII BANACIL

Rezumat

Fibratele vectoriale care admit o reducere la grupul Fredholm au
fost mult studiate in ultimii ani. Dam aici o conditie necesara si suficienti
de compatibilitate a unei conexiuni liniare pe un fibrat vectorial eu o G-
structurd pe acesta (Teorema 2.11) si aplicam acest rezultat la reducerile
Fredholm (Teorema 3.3). Pentru aceasta extindem notiunea de grup de
olonoinie la conexiuni liniare pe fibrate vectoriale cu fibre spatii Banach.

GROUPES DE LIE-BANACH ET ESPACES LOCALEMEXNT
SYMETRIQUES
AR

AUREL BEJANCU

Soit M une C=-variété différenticlle modelée par des espaces de Banach
et v une connexion linéaire sur M([2]). On désigne par T' et R la torsion
et la courbure de v.

Définition 1. La variété M est un espuace local symétrique si T =0 «l
Vel =0 pour tout X e%(M).

Soit G un groupe de Lie-Banach de classe C* et o sa forme lindaire
banachique. On désigne par ¢ Punité de G et par C(G; T.G) le module
des applications de classe C* sur G a valeurs dans T.G. Nous avons démon-
tré dans {[2]) que

(1) V:V =0l X <o ¥V =) VX, Y ¢ %G)

est une connexion lindaire invariante sur G. De plus nous avons démontré
les relations :

(2) T =w1edo; R =0
A Paide de cette connexion nous définissons la connexion v par la formule
= 1

(8) VeV =V V — = T(X, Y}
Tl est ais¢ de voir que T = 0.

Proposition 1. La forsion T uérifie la relation
(4) T(X. T(Y. 7)) + T(Y, T(% X)) + T(Z T(X, ¥)) = 0

VX, Y, Z e %G).

L *laremarici, Univ.



