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Teoremd. Sirul (20} este un siv de semine normal in sens Paseal.
Demonstratie. Fie X v namar natural arbitrar, Exista un b asa fel i

N, X < X,

Avem
AR ETRT e LT VT T
RY Ry N X,
Totodati
- . ok ST
i Xy _ (1) 2ty
X f2i=t I8
Tinind cont de (2. (30) i (31), obtinem
— N, i
lim =& (4) < 1
PR 8 Fhat .+ Byt
$i conform primei tcoreme demonstrate avem
. Ny(A 1
lim =& (4) = :
Yow X 28+t .t 8T

ceea ce dovedeste normalitatea sirului (20), in sens Pascal.
Metoda folositi poate fi extinsa si pentru p numar rational diferit
de 1/2,
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SEQUENCES OF NORMAL SIGNS IN PASCAL’S SENSE
Abstract

In this paper we give an extension of the notion of normal
sequence or normal sequence in Bernoulli sense. A sequence of natural

numbers which meets condition (6) is said to be a normal sequence in Pas-

cal’s sense. The criterion of Pjateckij is extended, and an example of nor-
mal sequence in Paseal’s sense is built up.
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ar bisimple semigroups
_ . {or 1‘(3(?[11..1! ])lhll’ﬂ]) .
. o structure theorem 10 U at a regular 0-bi
o] b5 egalat “obisimpe semigroupy. We shoxt, W BTNy o where
1 (= c v .t : -._ ctermin A o § rl\'he
i g S with zero. 0, 18 ¢ R L is a group.
simple semigroup » oo} of S such that _ STOM -
: - @-class (£-cluss) , o aihed mod two pa
}i(L)tlllsc aé?}re%\l({qr ()(_hiqimplc s(‘nug‘rr}uE 01:“:‘ n((:c:;l (;h[?‘;m-tions LAy
struc AU ] 3 0 and s H . | G ture
i i /ith zero, 6, B U 2 1o obtain the Rees strue
tial semigroups ¥ e heath theorem 7). We also 0 stain e s 1theorem
o o explflCIt IE::;E&SI\"‘HO(])]-Eimpl(- semigroups by specializing
theorenmy for ¢ : ‘
7 ) 0 initi and noiation
‘ (thtOl”Tm lg)erv« ise specified. we employ the Elcfm1}:011:1‘131(;“‘;! TR,
TUnless othl ise spearlied. B A1l denote ireen’s rels $ ¢ Ay,
tieulur, &, € 9 and 0wl CIf e € E(S). the collection
Of [11. 1]] D(lrtl(«ll : ' e ntill“l"” e ,S_ { g : . tl]c
vl dcno'(? t};e o?-‘-(;'lnﬁ (()({:2 )bwﬂ;] dcnotchlhc vight umtb subsemigroup {
of idempotents of 5. I AR 7 .
left unit subsemigroup) of ¢5¢. o fivsl establish six lemmas.
To prove our structurc theorem, we Hyst €30 o ith sero. O,
- 1. Let S beoa reaular  O-bisimple m'””;‘m”}} ! (e, c€ L
a l. Lot AR i = ed (i, ¢ € Ly
LefnmE SYN\(0;, Then. §=LRYoIE 1"‘,?"). z.“ly?f [f”G JI =chere t18
und l}ft ‘t ¢ R() if (:n:i only f;‘ ¢ = at~t and d = th for sot .
and , ! € v} L A B S . )
PR i M, o sinee
the group neerst (21; ’-,::d Wk, G, £) €2 for some P ej,r(b)r\L{:J}. t?::::rcm
OI'x::?‘Oiol{:l.pg a'tﬁ-u‘:'rc‘ cxists pe R, NAL, By tjhilcl::(o:] “0 o a,{_; = {ap’}p-
s fbe ' € R () L such that p'p = £ 1o oy € & such that
2] ():'\IEE‘;?%PE'EI({G Iri\ i E 1. and b e K, there exlh't; d ,tf{ 5; SOFE P
] . [ - . s 4y e
Howe\bfjl ,"aif lfence if ab =0, ’fheln ¢ I; ‘[“6 b-’;{ ') 05.1‘::,6’ a4 ,E 1., there
G = LI I ’ : ; b, . : 0
" t ab = cd(u, ¢ € lapy U t
Next, suppose tha
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exists as " ¢ B osuch that ¢'v = ' = ¢, Henee, b = ¢ = (@d'a)b= a’ (cd) =
Aa'eyd and. simibaelyve d = (il Por brevity, let s = @’'e¢ and { = ¢ a.'Thus,
s = s 5o de et 00 b sd and o - th, Since there exists a, ye S

sueh that b= dy o eo b= st and d = tsd hply st = Is == ¢ and, hence.
soobedd, with s = 1 0 Ttenees ¢ ve — eldy) — (edyy = {ably = at='dy
= af -,

The next g extends 20 covollary 131 o regnlar  O-hisimple
Serieron] s,
Lemma 20 Let S beoa vogidar O-bisimple semidgronp soith zero. 0, and
fel ce ELSYN WL Thene oNe w0 regular O-bisimple semigrony with iden
Hity e
Proof. et alr e eNe™_00 Henee, there exists ce8 such that asie and
efh Thus a = ewy ¢ = gy, e — wh and b w for some o paes T e S Sinee
co = edy — ay — ¢ and. similavly, e = ¢, e €eSe. Thus, a = efewe) and
e = a{ryel imply asie (eeSe) and. snnilarly. e84 € ¢Se). Thus, since (eSe)*
 ¢Seoand @ € eSe huplics there exists v e & such thal ¢ = alerela. eSe
is o regular O-bisimple semigroup,
Choose a representative  clement from each  £-class of P, (let ¢
be the representative of the £-class of P, containing ). Let P, denote
the collection of these representative elements.
Lemma 3. Let S be o regular O-bisimple semigroup with cero, 0.
and et ee K(S)NI0Y. Every non-zero element of R L may be uniquely cxpressed
i the form v = ab where a € Q, and be P Thus. if A = {(a, y)€e R >
ol vy 0yand ed=0{ec € R . d¢e L), ed = 3(c. dyp{e, d) (3(c. d)e Q.. s{e.d)e
€ 1) defines mapping 8 of R x LN into Q and gof R XL N\ intoP,.
If we define we. d)y = 3e. dy ifed 520 (ce R, |J0;de L. 0)and Me. d) =
=0ifed = 0. % is a mapping of (R.1J0) x(L.{J0)into Q. 0. If we define
Gle. d) — zle. ) if ed == 0 and e, dy = 0if ed=0. Ois a mapping of (R J0)x
s (L) 0) indo 1’; U o
Proof. Since eSe is a semigroup with identity e. P, (Q,)is the &(£)class
(L-class) of eSe conlaining . Since eS¢ is O-bisimple by lemma 2 and R L, T
CeSe, 1 e R L0} inplies z= ay where 2 ¢ @, and y € P, by lemma 1.
There exists g € 2 such that y = uy  for some v & H,. Hence = {@n)y
with wire Q. Suppose that 2 =ed = pg (e. peQ, d, g€ 1”). Hence. by
lemma 1, there exists (e H, such that p = ¢t ' and ¢ = td. Thus, ¢ =
= . and, hence. 1 = ¢ and p=ec. q.e. d. _
Let X be o partial groupoid. An element 0 € X is termed a zero of
Ny o =6 — 20 for all v e X. Let X* denote the set of non-zero clements
of X.

A partial groupoid B with zero, 0, containing a subsemigroup P is
termed a gencralized RP-system (R, P) with zero if the following condi-
tions are valid: b e P> and ¢ ¢ R* imply be is defined and bee R* and, if
further, « e P, (ab)e = «{be). ac = be(a, be P and ¢ € R*) implies a = b.
R has a left identity 1 contained in P. A partial groupoid L with zero con-
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taining a subsemigroup @ is termed 2 gcncmllzcd* LQ-ls..\’Mm(n i(l{:,)‘(\‘.l)(:;; I
'z"(:ro ii: the following conditions arc valid: a € L7 :u?; ' ;e.”,)_‘_ ;f],(,} A
(i(‘fin(td and ab e L* and, if further. t"E Q_.t ((ri})c' =1a._i::g(.l (!_n _;,) .
impli has @ bl identity 1 containe .
e L*) implies @ = b.L has a right identit; : Qo
el )\'ntr" Generalized R P-svstems {L&-lqystcms) with  zero  ineludd
(rener:.llizc{] RP-(L&-) systems introduced in [3]. e
) Let 8 be a regular semigroup with zero, 0. Ij(zi‘. R{L) u‘: _ .aln o “.‘:H.l
(£-cl :f; ' ti)f‘ S'l Then. R U 0 (LY 0y may be considered a p;u_im lgtf'm(lll .
e « . in t olowing manner @ .0 is et
wi { 0. (L 1L 10..)) in the Tollowing man : A
‘I’.{IB ;C:? S(%Jif i)l,l(}((l Hlv if ab (product in S)€ R}u o (Lo, Then,
« lh ~ ah. For simplicity. we replace ¢ by juxtaposition. e
. Lemma 4. Let S be a regudar semigroup with zero, 0. and let e e I,((. ~. l;'q,)(;
(R U 0, F) is a generalized RP - system with =ero and (L,J)0. &)
weralized LQ-systemn with zero. - -
.‘-‘f’m’mIl:ze(f [Qet'ln eL, and be Q. Hence, there exists @y € .Sﬁ_qu(h 1’ha_t.
yzm P "i‘hus' y;‘ab — yeb = yb = ¢ and, hence. e € Sab. Since ab
ra = yb = e. S, ¥ 1 1
—abe e Se. abeL,. N - o
‘ Eemma 5. Let 8§ be a regular O-bisimple sem*eggoupdmflh ;F?‘?},c i
and I € € ELSNIO 7 0 €Ll b€ e Yana. b, e € B
=} ; ' ? AV, ¢ : .
0. If be 5= 0. (ab) (ed) = ar(b, )0(h. o) w et
o i ; S = dy = e. Hence, 1T ao6
2roof. There exists ¥, y € S such that za 1 :
0, be I_N;%i;{ l_lérl:a.bcdr; — 0. The remainder-of the lemma 1s a consequence

o thi ]e‘::::“; SL:;;MS *I‘)e a regular O-bisimple semigroup with -:‘cr;o.‘ i)_
and Ietel;le E(S.)\{O}. (a) 1t Mub, cvt) = Mb, e)t! aml. Aﬁér;b,(:;} ):)_
e T A
G . N 21 ¢ ‘there éa‘f.sts i G,E such ihat,()(b, b
afu: C—’%(i;Li}'f)o-Ti}w; p Jtr,e ﬁiz:('g)egisiseb?g Iti}te;uch that O(b', B) = ¢ = (b b).
o I’a'\oo}. (:1), By lemma 3, uber .1 = 0 if and onh 1.f lg = E()tﬂligf_le;tz:l{;r
s B R 1]f‘ bfl ¢t{);1«;by(al)er?0lﬁgws, i'llfom Jemma 1.
s CU—lg =ifl7\(£_h_f;)?l§b::)ﬂz 0(1‘)‘:1(:), - })(Hb cv Yy = 0.(b) Suppose bedg
g .ffol,)c)\(—f(; ué;‘(b) &y2(b, e)dg = 0 and, hence. 0(b. c)dg = O \Jlf.h! 0(1;) 9
d_E R, hy Ie_;m;us 3 and 4 I be =0, O(be) = 0. lhu.s,'in( 1( .n.:(();,”)._z :
B0(b. c)d,g) = 0. If dg 0, be 3(d, geld. &) = 0 and. hence. )((;'} =0
with ex{d,g) € L,. H dg=0. wd, g) = 0. Henee. b, er(d. gh) — (;O(tf/ d‘__
=0. '.\'cxtj suppose that bedg = 0. Hence. hedg — (bedg - 1.(?43 U();r )d)b:
— w(b, )N(B(b, e)d, &)V (0(h, ¢)d, g) and hedy — be(dy) - b¢'7‘.(rl, &) .r.{, (:)
=nb, en(d,g))0(b, end,g))0(d.g) and {(h) s a cuns(ﬂuom-c of .c;)m}\:lﬂ_b. .
It b e R,, there exists b € L, such that b’ = ‘Ihua. = /( ).]))( ,]“
and, hence, 0{b, b") = n(b, ') = e by our choice of representative elements.
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We are now in a position to state our structure theorem. Let (R. P)
be a weneralized RP-svstem  with zero and let (L. @) be a generalized
LQ-svstem with zero. such that the gronp of units of I = group of units
of @ = 17 and such that £ and £, have a common zero. 0, Choose a repre-
centative clement from each £ - cluss of P and choose 1 to e the repre-
centative of the €-elass conituning V.. Denote the collection of these re-
presentative clements by P Leb § be aomagpmg of 2% into P10 and
let 7 be a mapping of R XL into @ 0 subject to the conditions :

Lo alwbeew VY = wn(b, e)™Vs O, co by = 10(b. cye ' where b e R¥,
ce L and n.oe U for some Le U, I (b, ¢) € (R 0) (0 X L), U ES
O(h. ) = 0.

1. (b, )(O0(b. e)d. g) = Wb, enfd, g))=71 0 HO0(b, e}, g) = ~0(b, er(d. )
0(d, &) where b,d e R%, ¢, g e L* lov some = ¢ l.

1. It b e B% there cxists & ¢ L¥ such that (b, b') = 0(b, ') =
=1; if beL* there exists b’ € B* such that (b, b) = 0(4', b) = 1.

Define an equivalence relation 7 on L xR by the rle {a, b)n(e, d)
it (a, b), (¢, d) e L* xR* and d = ih and ¢ = at"! for some £ € U or (a, b).
(e.ye ({0y x R) U (L x {03). 1et (L, Q. B, P, 3, 0}, denote L xR/x under the
multiplication (a, b),(c. d), = (@b, ¢). 0, e)d)..

Theorem 7. S is « regular O-bisimple semigroup if and onty if S
= (L, Q, R, P, % 0), for some collection L, @, R, P, », 0.

Proof. We first show that (L, @, B, P, %, 8), is a regular O-bisimple
semigroup. Clearly, (0, 0), is the zero. Closure (associativity) is a conse-
quence of I (II) and the definition of generalized RIP-(LQ-) system
with zero. If (@,b). (c.d) € L* XR*, (a,b), (¥, d), = (a4, d),. (4, d}s, {d', b)y =
= (a,b),, (c.a'), (a,d), = (¢, d)y, and (& '), ¢, d)y = (a, d), by III, and,
hence O-bisimplicity is established. Since (b, )y (b, b))y = (b, b')y {bel*)
by I, regularity is established [1, thcorem 2.11]. Conversely, let § be a
regular O-bisimple semigroup with zero, 0 and let e E(SYN\ {0}. By lemma
4, (R,J0. P,)is a generalized RP-system with zero, 0, and (L,\J0,
Q,) is a peneralized LQ-system  with  zero, 0. Clearly, H, = group of
units of P, = group of units of . The mappings 7 and 0 are given by lemma
3 and lemmas 6 and 3 establish the validity of I—IIL. By lenunas 1 and
5, {abyp = (@, D), (e e L, b € B) and 0p = (0, 0), defines an isomorphism
of § onto (L, O, Q.. B )0, P. & 0)y

We next obtain the Rees structure theorem for completely O —
simple semigroups as a corollary of Theorem 7. We first nced two lemmas.

Lemma 8. Let S be « completely O-simple semigroup and let e €
E(S)NJO}. Then, R AJO =e8 and L {J0 = Se. FEach -class X of S
is @ group or I \J 0 is a zero semigroup.

Proof. 10 aeeS,, a=ca and, since & s O-simple, there exists
reeSe and ye Se such that e = eay. I f = ayx, [ = ay(eay)e = aye = [,
of = fe = foand [ =£ 0 (if f = 0, ¢ = r{ayr)ay = 0). Henee, e = | = ayx € al,
and thus, a e £, and R, 0 = e8. Similarly, L, |J 0 = Se. Since S is
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recular [1. theorem w51, =R, N Lje fe E(S). W ae R N L, a*¢
eS [ Sf and. hence. o* € B, N L, and M is a group by [1. theorem 2.16)
or @t — 0. Hat=0 let r.yeB. N1, Hence. there cxists w. @ €5 such
that wae = 2 and e = gy Thus, ay = nav = 0.

Note. The second statement of lemma 8 also follows from [1. theorem
2,52 (1}].

Lemma 9. Lel S be a completely O simple semigroup (m.d lel ¢, €
E(S)N{0}. Theno R U0 = R = (G xi-0 U D) Yo. schere G s a droup
and A and B are disjoint sets wnder the madtiplication (g. i) (h. s) = [uh. «)
or 0 according 1o whether 1€ A or B amd Oz —= 20 = o for (rH.:.e i, Further-
more, L, U0 =L = (Gx(CYDHU, where C and D are disjoint sels. under
the it plication (g, i) (h, s) = (gh, i) or o according to whether seC or D
and 0y = y0 = for all yeL. We may asswme 1ednC

Proof. let {L;:je€J} denote the collection of non-zero  £-classes
of 8§ and let ¢; € B(L;). Since § s O-bisimple by |1, theorem "_’.:)17[. Rk
N L, 5= for all jed. Scleet g, € R N1L; Tor cach j€.J. 'H R, NI
is a group. let g, be its identity. Otherwise, g2 = 0 by lenima 8. Let .l -
={jet|¢: = q, and BB = {jed | ¢ =0} By the prool of |1. theorem 2. 18]
there cxists ¢; € K N L,, such that ¢4, = ¢ and g, = ¢ IHere R, NI
ay, e, = a8, and n‘q;fciq; = ¢ .8y Thus, il we let RnﬂLﬁs G.rg, = ge
and, hence, » = (vq))¢; = €9, It g€G and jed, gqdge, Reg and gg, £e,q,%e,
and, hence, gq, € Re. N L, Henee, it gg, = hg, (¢. heG; j.seld), =32
and g = (gq,)q; = g a;, =" Thus. every element of B~ may be uniquely
expressed in the form dq; (g € G; j e J). Hence, (gq4;)p = {g.7) and 0@ = 0
defines a 1 — 1 mapping of K, ) 0 onto BRI jed (d9;) (he) = {gh)g,
Since hRq,, h = q; n for some n € S. Henee. if j e B. (g9)) (hqy) = 4ny, =
—0. Thus. » is an isomorphism. q. €. d.

Nofation. Let G be a group with appended zero, 0: let. £ and J be
cels with 1 €I ; and let w be a function for J xI into GJO qu‘(-h that
for cach i€ f. there exists j €J such that w,, = w(j, i} = 0 and for cach
j e J, there exists i € I such that w;, == 0. Let MG, I J, W) (.i(‘znut'c Y=
"=(G xI xJ) YO under the multiplication (@) {d). = (aze; bY,. Moy, == 02
=0 if w;, =0 and O = 20 = 0 for all @€ X. ) )

Theovem 10 (Rees {1, chapter 3]). S s @ completely O :.smrph* semi-
group if and only if S = MG, 1, J, W) for some collection G 1 o400 ‘

Proof. Let $ be a completely O-simple  semigroup.  Henee. S s
a vegular O-bisimple semigroup by {1. theorem 2,51 We now ciploy
theorem 7 and its notation. B and L are given by lerama # while 2 = @ =
U — G 1. Define f((b, j)y (ed)) = py(W{{h. j)- (d]) i 24(b. J)- [e.i)} =0
and f((b, 5). (¢, 1)) = 010 (b, j), (e i) = 0. We note that b, g)- e N F0
il and only if 8{(D, j), («, ©)) 0 by [—1TE Henee ntilizing L fifd ). (e 1)) =
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==bw;; ¢ where wy, = fl{e,7). (&) (e is the identlity of &). We hav i

(b, _?))-'- {(e, &), (d. ) if and only if ab = ed, i = i, and )7' -—\g :1111‘:(\10(55:‘!. 3’
(b, 7)) (e, k), (d. 8))y = ((abre,, ed), (d, 8)), il w;, =03 — (0, 0), if w,, = 0.
| i’llll:ll];_" 11, the condition on the zo,s s established. 'l‘hus:. :(:l,_ i) (Lb j)).
b = {ab),; and (0. 0),p = 0 delines an isomorphism o .S onto :11“’((1'. ,I ;'r
~H) where J = 1| B and I = C Y D. Conversely, we cniploy theorem
7 to show that NG, I, J, W) is u completely O-simple semiigroup. We
may assume ;== 0. Let K- {a)y: jed. ae Gy YO, P = {(a?,,: a €6},
L—={(a),:iel a«eGrUO0, @ ={(a),: «¢¢€ G5, Then, (R, P} is a gene
'rul.lzcd Rli system  with zervo, (L, Q) is a generalized L@-system “with
210, :md P = Q = U. Let 1{{a);, (h)n) = (aze;,b)yy il w0y, 5 0 = 0 il w,;, =
0 and lel 0{((:)‘!j. (b}n)=(w;l")n|{' w;, == 0: =0 if w; = 0.0 (g b)Y e (R . 0)
Q(() x L), define 3{g, h) = 0(g, k) = 0. 1t is casy fo cheek the  validity
?fdl ~11I. ence, (L. Q. R, P, % 6), is o regular O - bisimple scmin*mu?p
2111) Q((t}%a,l)(b)”) O - -(awnu)b”- and (0, 0),, ® = 0 defines an isomorphigm of
fOJI:“'a’l‘d ,cal’cz;,la(i;)it:) Ic:lto MY G, I, J, W). The proof is completed by a straight
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s t reorema de structura a lui Rees pentr i i i

somplate. g 1 u semigrupuri O-simple

ON  B-MOXNOID
BY

WRISIHENA LKUMALR SRIVAS AVA

Introduction. In this papur we shall study some properties of the
gronpoids which salisfy one pore axiont, which is a gencralization ol asso-
vintive and conmutative propertics. We shall eall such o system a B-
monoid or BM.

Definition. Lot M be a st with an operation () satisfying the following
QXHNNS

(A) for cvery @, b€ M, abe M;

(B) for cvery @, b. c€ M, afb.c) = c.(b. @).

"Ihen the set M is called o B-monoid.

It can be easily scen that the associative and the commutativelaws
together imply (B), hut it neither implies nor is implied by the associative
and the commutative laws individually.

With the above delinition of the BM we shall now prove the follo-
wing theorems.

Theorem L. [f the identity element (sav ¢) belongs to M, then the amiom
(B) implics both the ussociative and commulalive properlics.

The proof is obvious.

[t way be noted that (B} is intercsting in as much as it requires the
existenee of a left identity only to imply associative and commutative
properlics.

Corollary. I growpoid with « loft unit element satisfics (B) if und only
if it is commulative and associative.

Corollary. .4 loop satisfics (B) if and only if it is an 1 belian Group. Ifor,

a loop is « quasi-group with identily elenent.



