ON THE THEORY OF LINEAR AUTONOMOUS SEQUENTIAL
NETWORKS
BY

V. FELEA

A linear autonomous network contains the following three elements :
) The elements of delay,

) The summators over GF(p),

) The elements, which perform the scalar multiplication by mo-
dulus p.

Let us consider a linear autonomous sequential network with n ele-
ments of delay. The network works at diserete moments. In any monient
of time the internal state of the network ean be determined by the state
(X1, X5,.... X)) of inputs of the delay elements. The values (X, &, X))
of inputs of the delay elements become — after a unit of time — the values
of their outputs. The values of inputs X can be represented by lincar com-
binations with the coefficients over GF(p) of various values of outputs
of delay elements at the present moment. Thercfore the state (X, X5 s X0)
at the following moment can be expressed through the state at the present
moment by means of the lincar system :

1
2
3

n
[ e " . o
X: = E :a“.‘\j, t= 1.2 L0,
=1

with a,; ¢ GF(p), 1 <i. j < n.

X X,

Let us denote X' = | : 1, X =| : j. T = (ay,).
X X,
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We have X' = P I X is an initial state of the nelwork, then the sequ-
cnce  of the peiwork stades e the followines moments of time is:

TN, TN, THX ...

If the mateix 7" is nonsingubar, then to a given stade. it corresponds n unique
preccding state, In this case the nebwork is said to be undegenerated. The
hehaviour of networks alome the sequence of the stales can be deseribed
by the diagram {vraph) of the slates, where the cirelets will vepresent. the
states, while an arvow will lead from X to ¥V, whenever V TX. The
mumnber of dislinet states i the dingeame for the networks over G1(p) with
woclements of delay is p" The considered networks are determined 1 the
sense Lhat the state ab the present moment determines uniquely the state
atb the next moment. The behaviour of networks can be investigated by
means of the matvix . K l1spas [1] studied the behaviour of the unde-
generated networks, Our aim is to study the networks in the general case,
including both the undegenerated and degenerated casc.

I. Case of the undegenerated networks. Let 4 (), i,{2),..., {,(x) be the
invariant factors of the matrix 7" corresponding to the given undegenerated
network. We have:

(@) = [ [a)] 2 oo [,
i) = [Yn@]m (L)) ... [,

() = [hi@)]n [he(w)]'en ... [pi@)] s,

where ¢1; = ey = ... 2 e, withj =1, 2 ..., k and [¥,(x)]% are the clemen-
Lary divisors of 7.

Lemma 1. [2] If T and T' are similar, their state graphs areisomorphic.

Because the network is undegenerated, all the irreducible polyno-
mials @), with j =1, 2 ,... k, are different from the polynomial {(z) = «.

Let 7T be the linear operator corresponding to the matrix 7' in any
basis of the lncar space ¥, (p).It is known from linear algebra that the linear
space V,(p) is decomposable in a direct sum of cyvclie spaces :

Viipy=Tona Tt o dludt e+ dnddoi oo 4 Lo

The minimal polyvnomial of the cyelic subspaces I,; is [ (x)])%y, for i =1,
2, b, =1, 2.,k The subspace I, is the zero space of the operator
(4 T)J s, I,; is invariant under the operator “C. Let k, be the degree of the
polynomial 4, i =1, 2,.., k. The space I; has the dimension k. The
restriction of the operator on the subspace I,; will have — as characteristic
polynonual — just [¢,(a)].

Definition. The cycle structure of [4;(x)]o is the cycle structure induced
by the companion matriz M. The cycle structure of M,, is denoted by
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Tea(R1) 5oees (R ),
if M, induces g, cycles of length i i =1, 2 ... s.

Difinition [2]. Let [ (k) o o 8D and [n(0) om0 be eyele
structieres, The cross operation is defined by -
Fafen) cooe BN X000 s (ld] = Ty (1) s 2 (0],

where (1) = pp X, X Ry B,) X [Fpe 1) e 8,1 85 the least common -
tiple of kL, and h, and (k,. },) is their greafesi common divisor,

Sinee the space Vo (p) is the dircet sign of the evelie spaces [, his
eycle strueture is the eross operation of the evele struclures of {5 ()]s,
3=1L2 .. ki=1,2,.. 1L

II. The case of the degenerated networks. Let 7' he the matrix assigned
to the given network, with n clements of delay. Let T be singnliar matrix
and r the rank of T, then » < n. We regard the columns of the matrix
T as vectors from V,(p). There are » linearly independent columns. Let
C, be these vectors (i = 1, 2 ,..., r}. Then all column vectors from the ma-
trix T will be expressed lincarly in C,:

C} = E ’l‘.lj Cj j = 1, 2 Doson in l‘-.lje G]"(-p),

i1

The state X of the network at the present moment and the state X7 at
the next moment satisfy the relation X = X',

Let X’ be a given state ; it will admit preceding states i the vector
X’ is a linear combination of the columm veetors {rom 7°:

M

(1) X'=5 b0 =
J

tel j

K Ch . by € GR(p),
=il
t=1. 2 .0 j=1.2..0

If a state X allows preceding states, then the number of these states
1s p"~". The number of the nonzero states, which admit the preceding sta-
tes is p'—1. The zero state denoted O admits p*~7 preceding states, That
is why the number of the states, which admit the preceding states is p',
It follows that a state of the network admils no preceding state or admits
the preceding states in number of p*=7. The matrix T of the network heing
singular, it follows that the chavacteristic polvnomial ¢{@) of the malrix
T will contain as irreducible factors over GF(p) the powers of the poly-
nomial 2, namely of the form . Therefore the minimal polynomial of 7,
namely ¢,(x), will contain a power of o, that is %, We consider the clemen-
tary divisors of 7', which are the power of a:

(2) ahy e, with 2 27, 2.2 0> 1.
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As in case I, the space V (p) is decomposable in the direct sum of the cycle
subspaces, corresponding to the elementary divisors of 7. We consider
the subspaces corresponding to the elementary divisors others than (2).
The direcet sum of these subspaces will give a subspace Fy. The evelie strue-
ture of the subspace £, is known from the ease of the undegenerated net-
works, Henee the evelie strueture of the subspace £, will consist of cyeles
of certain lengths.

Let /2, be the evelie sabspace corresponding 1o the elementary divi-
sor oL and X, the generating vector of the evelie subspaee K0 = 12 Lak)
We have:

VApy By i By Ey g i By

Let us denole K — FE p F, 1 o4 K. The veetors from F(p). which
are obtained by adding a vector from E; and the zero vector of every sub-
space I (for i = 1, 2 ... k), will be placed in the diagram of states in the
cyclie structure of K;. The vectors from V,(p), which are obtained by adding
the zero vector of E, and a vector from E’ will be placed in the diagram
of states in configuration of the zero state, because for all ¥ € E, TAY = 0.
The vectors X, ,TX,,... T% 71X, form abasisin the subspace E,. i =
=1, 2,...k A basis in E’ will be formed of the vectors X,, TX, ... T,
X, X, TX,,. TW"'X, ... X,, TX, ., T ' X,
A vector Y € E' will be written :

oM
(3) Y= 3 3 a;, VX,
=1 j=1
where a,; ¢ GF(p). =1, 2,..k j=1, 2,..%. The number of the non-

k

21 nll
zero veetors from K is pt ' — 1, For the vector ¥V € E’ we suppose that
there exists Z. such that T7Z =Y. We have:

I8 }‘i H h—1
A= 55 by X, TZ= 3% byTIX,
il j=1 te=] jui
It follows :
{4) ay=hy ni=2,. . 0,i=12,.ka=01i=1,2,.k%

Consequently, from all the states of the diagram of the subspace E’, only
the states for which @, =0, { =1, 2,.. k, have preceding states. Those
states for which at least «, == 0, with € {1, 2,... k} will have no preceding
state. From (1) we have:

bl’f = a”_,_l, j - l, 2 pee l{ m— 1, T: = 1, 2 yene k.

It follows from (3) that if ¥ admits preceding states, then their number
is p* 1t is known that n—r =k, therefore this number (p*) is thesame
with p"~7, which was established above,
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III. The analysis of the set of states. Definition. The set of all states

X, for which there is i, such that T'X — O Jorm the null tree.
Definition. A sfate X is said to be on the level i of a tree if i is the smal-

lest exporent, for which T'X = O. The states on the level %, are characte-
rized by the following conditions:

(5) ﬂi”‘_an) = {) fOI' {lll i = 1, g Il 1. j, =1, 2 ... 7

and at least ay, -5, 41y 550 for any i€ {1, 2,..h 1} or a,, = 0.
Indeed, let V' be the vector with a2y 520, for i fixed, We
I h

have :

WY = T'apg-rgsny T X)) = aip, sy TH X = 0

TY =T (apery+ny T X,) = At THOMFY,
for 1= 1 = i,. If it exists ipgr,+1y F 0, then T'Y == 0, for1 <l <1,
because the vectors T*-»+X, are linearly independent for I < 2,. We
denote by d,, the number of states, helonging to the level 7,. According
to the characterization (5) of these stales, we obtain that :

&
x }s[--(ll—lk"‘lg—}.h*l-...-l—lh_]—}.h)—h o
d?.h — (p?l . 1)pi-l

k
= (p" — l)p""‘n-”ﬂ_fﬂh for1 < h < E
We willdenote by d;w number of the states, which are on the level »,

and admit anterior states, and by d;h the number of states on level

A, which do not admit an anterior state. For the first ones we have :

ttyy #F 0 or d(n+|)|-§-"’ Oor..ora,=%0

T E Ay=l=Ag ot Ay 1= (A—1)2y)
(IM = (p — 1)pi=t +

k
T N k=Bl —(h—1)— (g +hg obhy 1= (=Tl

+ (P — ) (ot — g

k
— phlh-l-nfllf—k(?jk_ ph—l_ pl.-.-h_i_'] )

) k
o A=)+ £ A 3 - . X oa—k
= (p* — N)pttiH T —(pF — i pEmh Lyt TRk

k
= (p*! - I)PMHA);‘-]A‘_*. :
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Similarly, we find :

k
~ Bhy+ N AgL(F- A1),
dl,,+j = (Pn S 1)]) LA

f()r 1 <j -.< )‘h-l - )\kq P4 -!é h g Ii', )fl = l?, 1
k-. T 3 e
d Ly (T = T) (et L e e

for 1<i <Ay~ 2y 2<hLl, S-S Y

k
o . Bt DAL= (k=R 1),
d"nH = (p T — D)ptat M ’

fOI‘ lg-jg}‘h—l_')‘h’ 2-§h..§k, }\h> )\.h_],

P
JEidy=(p" — 1) (1 & pt L pReDE) = pf —

- k
S= 5 do= (P NN e pt It =
Ap+l

k i
- —1— Bhp+ T A (B=Ddp_4+ £ 2
(p—D~1 Ah)—-l]p st M =p Mgy M

&
hhp+ I A
L t=n+1 ‘.

- P

A k Ah—'l k k k )
b B e i)

Fy S| h=2 e h=2

k
T

=p=! —p

Ky .

Therefore the number of states of the null tree is:
& k

Z Z A
2id L= (p= — p) () 1= i

-

This is exactly the number of vectors from I’
a) When
}'h = )"h—l = .. = )\h—j+13 \Vith 1 ‘-:j '~< h,

one obtains :
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k
d;,n = (pF — AT ptTh ])?’h""*‘:u‘ﬁnh y
It follows that :
L3
dy = (pri = et D N (et Tt E L et

A
b) 1" When
M=l then M\ >22 =..2 2, > 1

Let ¥ be the vector, which admits anterior states. Let Z,. Z, be two
anterior states of ¥, i. ¢. T2, =Y, T%4,— Y.

Lemma 2. If Z, admits anierior stales, then Z, admits anterior states.

Proof. We have:

k. Ad=1 1

Z=3 3 g T X, 4 33 b, T X,
(=] jml B=1
k =1 4 . k

Zy=3 G T X, 4 30 8, TH1 X,
f=] jul h=1

Since A, > 1, itfollows that A, > 1, fori = 1, 2,... k — 1. Then in Z, and
Z, the coefficients for X, are the same, namely a,, for all { =1, 2,... k
If a;, = 0 for i =1, 2,... &, then the states Z, and Z, admit anterior sta-
tes. If a,, =0 for at least one 7¢ {1,2 ... &}, Z, and Z, do not admit the per-
ceding states,

=N, =w =gy =1 X, >1 where 1<j=k

Lemma 3. If the state Y admits anterior states, then from these p* ante-
rior states of its, a number of (¥ — L)p*~! do not admit anterior siate, while
a number of p*~' admit preceding states.

Thus, the configuration of the null tree is completely elucidated,
up to an isomorphism ([2], p. 176).

IV. The general case. We have V, (p) = E, + E’. The vectors from
F’ form the nuil tree. The nonzero vectors from E, are placed in the eveles
[1]. Let us study the diagramof state vectorsfrom V,(p), which are obtai-
ned as the sum of a nonzero vector from E, and a nonzero veetor from £,

Definition. X will be said to be on level h with respeet to Y, if h is the
feast integer such that T" X =Y. Let X ¢ E,, X % 0. The vector X be-
longs to a eycle Cy of length £, that is T% X = X, k being the least one witl
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this property. Let ¥ ¢ E', ¥ == 0. Assume that Y is on level k& in the null
tree. We obviously have the followmo' Lemmas :
Lemma 4. The vector X + ¥V is on Hz(' level h, with respect to T" X ¢ Cy,
Lemma 5. There is 7€ Cy, such that 7 - Y is on level I, with respect

o X.
L —@
o] 3 A
.,D ™ -H— D
Y i
§ 4
FanW
5
@J
Fig. 1
fevel 2
Q Q o oo Q QOG0 IQQOVTHTD 4
'\_ ."l ”,‘
: |+ .
() - (- BT O I g R . Y -7 T

NH----reveiy
Tne null tree
Fig. 2

Lemma 6. Let Z be on level h, with respect to X. If Z = X, 4 Y', where
X, €E, Y ek, then Y’ is on level b in the null trec and X,eCy. If Y’
admits anterior states, then Z admits preceding states.

Lemma 7. If Y has not anterior state, then X + Y has not anterior
state.
From Lemmas +—7 it results :

Theorem [2]. The state diagram of the given network is obtatned, up

o an isomorphism, by ataching the null trec (without the state 0} to each state
in the state diagram for k,.

g v
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Let us consider two {\'unplos For the network of Fig. 1. we have:
ole) = ad, {(x) = a¥, t,(x) = a2, 33(3”) W) =1, =r, =2 k=2 )=
=3, n=4, dy

-1, d, =8, dy =172

Fig. 3

°9 S0 3 512 513 5w 315 S5 57 S 519 520521 522523 54 525526 _ e 5

The nuil tree

Fig. 4

The null tree is described by the specification [1, 8, 72] i. e. one state
at level 0,8 states at level 1.72 states at level 2. This network has no cycle.
The state graph (the null tree) of the net“ork is indicated in Fig. 2. For
the network of Fig. 3. we have : ofe) = a¥a* + 1), 4)(2)= a¥a* + 1) Ja)=
= @, i{a) = 54(4') =4{t) =1, =2, r1,=1, k=2, p=8, n=235, d, =
=1, d, =8, d, = 18.

The null tree is thus deseribed [1, 8, 18] and it is indicated in Fig. 4.
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Theory,

ASUPRA TEORIEL RETELELOR LINIARE SECVENTIALLE  AUTONOME

Rezumat

Se studiazi comportarea retelelor lintare sc(;_\:vnl_iul_(‘ :u‘ltozlom('(au.t‘o‘-
mate liniare autonome) cu ajutorul descompuneril .'~|‘):11,:|u]111. l-",,(p) f]l N
torilor din cimpul finit GF(p) in subspatii cicliee. Se ",’“'f]"‘i"_“ m]lift“)m
arborelui nul prin numérul de stiri de pe diferite niveluri. S( (131 l(') alta ‘co-
monstratic a propozitici 5 din [2]. Se dan 2 exemple de retele linlare au-
tonome, reprezentindu-se arborii nuli.

ON TIIE DEFORMATION OF THE ANISOTROPIC SLIGIITLY
CURVED BEAMS

BY
G. M, KHATIASHVILI and €. I. BORS

Let ns consider an anisotropic beam limited by Lwo planes vy, = 0,
ty = h{h = 0) and by two surfaces §, and &, without conunon points,
given by the equations

1 .
(1) Sl A - sl @,) = 0 (i = 0,1),

&, being an external surface and §, an internal one.

In the above equations ¢ is a small parameter so that the square and
higher powers of = can be neglected and » is a natural number.

Let the cavity bounded by the surface 8, be filled by another ani-
sotropic material. We obtain in this way an anisotropic composite bean.
We shall call such beams slightly curved composite beams of the n-th degree.

We shall study the deformation for such a beam when the tractions
applied on the lateral surface &, are polinomials of X3,

Denote by %, the domain of the beam between dy and 8§, by ¥, the
domain bounded by #, and ¥ = To + ¥y

Suppose there are no body forces.

T. Under these assuinptions the stress components 6,; must satisfy
the equilibrium equations

) Gy = 0 In .

We take into account the case when the tractions applied on the lateral
surface are such that



