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ASUPRA TLEORIEL RETELELOR LINIARE SECVENTIALL AUTONOME
Rezumnat

Se studiazit comportarea vetelelor linare scc.\_'cnl_‘iul_(: m‘ltn;lome(alft‘o-
mate liniare autonome) cu ajutorul descompunern s|‘):u‘:m]ul. l-,,(*p) :al vee-
torilor din cimpul finit GF(p) in subspatii cicliee, Se :.;l‘u?]]u'iz,_u shﬁgtu]la
arborelui nul prin numiral de stiri de pe diferite niveluri. Se (Iu](_) alta ( ¢-
monstratic a propozitici 5 din [2]. Se dan 2 exemple de retele liniare au-
tonome, reprezentindu-se arborii nuli

ON THE DEFORMATION OF THE ANISOTROPIC SLIGIITLY
CURVED BEAMS

BY

G M, KHATIASIHVILT and C. 1. BORS

Let us consider an anisotropic beam limited by two planes .y = 0,
¥y = h{h > 0) and by two surfaces § and . withoul comnnon points,
given by the equations

1 g
(1) Sl - o erf, w@,) =0 {i = 0,1,

g, being an external surface and &, an internal one.

In the above equations z is a small parameter so that the sfquare and
higher powers of < can be neglected and n is a natural number.

Let the cavity bounded by the surface 8, be filled by another ani-
sotropic material. We obtain in this way an anisotropic composite bean.
We shall call such beams slightly curved composite beams of the n-th degree.

We shall study the deformation for such a beam when the tractions
applied on the lateral surface &, are polinomials of X5

Denote by ¢, the domain of the beam between Jy and §;, by ¥, the
domain bounded by #, and ¥ = To + ¥5.

Suppose there are no body forces.

1. Under these assumptions the stress components o,; must satisfy
the equilibrium equations

(2) Gy =0 n Y,

We take into account the case when the tractions applied on the lateral
surface are such that
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(3) o, 0, = Ty, L)k on &,

where n, arc the direction cosines of the exterior normal Lo the surface §,
and <z, «x,) are given functions of », and @, having continuous first
order derivatives and & is a positive integer.

On the surface of separation we must have

(4) { {o; 131y = {84 Nj}o

' fugd, = )y on &,
where w, are the components of displacement and  {...},, {...}; mean the
values of the bracketed functions for the region ¥ and %, respectively.

At the ends we shall apply tractions such as to cquilibrate the loads
(3).

In the above formulac we used the summation convention over re-
peated indices. The index j after comma indicates partial differentiation
with respect to r.

We shall find here o solution of the stated problem which satisfies
the equations (2) and the boundary conditions (3) and (4). After that we
have still to find & solution in order to satisfy the end conditions but this
is another problem and we know how to solve it.

2. The malerials of the beam are supposed to be anisotropic such
that the planes parallel with the planc r, = 0 are planes of elastic symme-
try. In this case the relations between the stress components s;; and the
strain components ;. arve given by [1, ch. 1; +, ch. 1]

S S Y T S Yer S Yas T S Yo
Foz = Sy Yir o+ S22 Yoz -+ Y23 Va3 + S 12
[ —_ - . O Log s
(5) Gaz = 13 Y+ Sz Yoo + 833 Yoz + Sw Tra
Oag = Sa3 Yea T 845 Yo Tap = 84 Yaz + S Yo
Gys = $16 Y11 T S3 Yoo T 86 Yas + Sus Tro
where s, are moduli of elasticity and they are different in different dom-
ains ¥, ) ) ) ‘
The components of the strain y,; are given in terms of displacements
u; by
Yo = g, (not summed). v; =, ; 4w, (£ =)

The components +,; must satisfy the conditions of compatibility
of Saint-Venant

Yii,22 T Teza1 = Yizaweees

N T
[ Yoz1 -+ Y10 + Yle,a),l = 2Y11,23 s-r
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3. If we make the transformuation

1 .
{6 a) E, = w, + . arh . =, & =ua.
(6b) s E —Ligk,  wimE, ek
! - h == fy = Sp by = Gy

then the surfaces (1) become
(7) G &) =0,

which are cylindrical surfaces (F*, in the space Z,. %, .
‘>

With an accuracy up to < it is casy to prove the following formulae
(1, eh. X; 2.

SR S D SR N I
dr, @&, or, 9%, dry 9%, 0%,
(" no=an;, n,=n;, n, =k n,

where »] are the dircction cosines of the exterior normal to the cylindrical
surface (7).
With the samme accuracy we have

.. [ S
10 T, ») =%, %) gin _ 1,
(10) AR LI NI %2 n o 3E,

where <} have on obvious meaning.

& Now let us come back to our problem defined by (2), (3) and (4).
We shall try to find the solution in the form

(11} e = (&, &,) + =,

where u are additional unknown displacements and #! are the displace-

ments of the Almansi problem, for the cylindrical composite beam (7},
defined by

e g *
[ oy, = 0 in ¥

(12 11) 1 . e P I *
Gyl = {5 L)E on §;
[ {G:j N::l - {G:j n;,'“,

| {u}, = {uJ, on .

This problem was solved by Khatiashvili in [8] and we suppose
here that its solution is known. In |3 it is shown that the solution of the
above Almansi problem is of the form

2 — Matemarick, Univ.
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-

where f‘,}”(i., ) and £n (I, 3,0 are known functions.
The stresses oy; corresponding to the displacements (11} are wiven I

e
——— -S| 30 .- T I ;
a = 0+ 28,3, e (¢ o2, 30 nol summed).
-

) 1 o du
— -~ f— “ 3 -
Oy = Gya - 56y Sy 6:1 +'54ﬁd ;l + i
13 ) )
05 N 1 on; du;
== - She- § 85 £
Gy = Gy + €5 BYE ‘aa()al + 2y,
— ry SR— 0 -
Gry = Oy + &854 83 3%, T T

where r;:j are the stresses of the mentioned Almansi problem and ’-:; are
the stresses corresponding to the unkunown displacements 19,
It is easy to prove that the stresses o, will sakisfy the compalibility
8 1 i . &
=

conditions if the stresses =; verify them in the space &), Z,. o
Taking into account (2) and (13) we find that the stresses <, must

satisly the equations

(14 <+ X, 0 in ¥EIY,
where
Y du, ou; ) dzu,; . 0%u;
A= (n -~ 1)(‘915 —; + Sssd z oy Tk Sis 5:5%; w "’esap_'__l Z, =
i 62n; do-;l) o
t SISa“?—i-SSS E_lc)ig_{__‘f, 3

]
. ous dul') . ( 8% ' dm,‘
X, = (n— 1)(8“6?14_3453?1 Es e 6‘4455‘.6&3'}'3455&10&3‘}'

d”u-; Ozw; 60';3)
T S AL 5= En—l
HICTETERRIL R

3 raos duy oy P o'
~ Wagy, 87 s m T s gy o gren TiesT ey t

& 08,
(321&; dcs;a)
$3E, 0%, T 3E,

£

+ 3 )

) IIere and in (12) the indices T, 2, 3 after comma indicate partial  differentiation
with respect to E,, &, &,

9

b
]
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Making use of the equations (18). (12). (11), (10}, from the boun-
dary conditions (3). (#) we obtain for the determination of the stresses
7y and displacements wy the Tollowing houndary conditions:

- =3
- =N S
' \i on &
3 - | il R — A"
{15) Tt — gl = AL, — (A%
0 — 1 Pedd
{”‘f}ﬂ = {(Hj}, on J.

where

1 o<
- 3

\.I e '.\t — a.';"H',
n o E, ’

A . 1 ()H:; dHJ .

. n— g T ~
o ‘Es l'sz.w :1”1 Y16 ;1”2 Tl |
5 =

I 1 ( :; * dlN'I
AT En fon —o My + 8, —m* + gt nti;
; -3 2 = 2 p - 3
2 3 d 2 46 d e 1 2 1

A Eaed . . LI *
hy i ¥ "550 £ By mie Gglty

dut (du,: du; ) du;'
. S4s e

= - *
— N 5% M-
HoE ¢ ae 2

21

The probiem def*ned by (1:4) and (15) which is Just found for the de-
termination of the stresses = and displacements 12, is an Almansi problem

of the cylindrical composite beam (7) with viven jumps for the body forees
X, and for = n7 on the surface g7,

This problem was solved in the paper [3] too.
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DEFORMAREA BARELOR ANIZOTROPE USOR CURBATHE
Rezumat

Se considera o bara marginiti de catre plancle vy = 0, &y — hﬂ st de
suprafetcle (1). Se presupune ca e este un paranetri mic astfel incit ter-
menii in €2 pot fi neglijati. Domeniile ¥, si ¥, marginite de cele doui plane
si de suprafetele §, & respectiv §; sint ocupate dc‘mnterlale‘ anizotrope
diferite. Se studiazd deformarea unei astfel de bare in cazul cind incirca-
rile de pe suprafata §, sint de forma (3). in cele d_in urma pro-blelrza este
redusi la o problema Almansi definita de (14) si (15) pe care stim sa o re-
zolvam [3].

e — .

ON THE QUASISTATIC TORSION OF VISCOELASTIC BEAMS
BY

GH. CIOBANU

1. Let be an isotropic homogeneous and linear viscoelastic material
with the constitutive equations of the form [1] ch. 1, [6]}

T”(.'E, t) = 7\(t)e (m’t)sﬂ + 2“‘(?)5{1(‘1‘! t) +

(1.1) + g[i(t, )0z, )3y + 2mt. =) ey, ")J d=

[}

with respect to a rectangular coordinate system Ox, 2, v, Iere the funec-
tions t(z, t) and e, (w, t) are the stress tensor and the strain tensor at the
point x(x,, @, #3), at the moment ¢ and 0(z, &) = ¢,,(z, 1).

Latin subseripts have the range 1, 2, 83 and the usual convention of
summation over repeated subsecripts is adopted.

If u, (2, t} are the components of the displacement vector at the point
x at the moment {, then

(1.2) 25!}("3! t) = wy, (&, 1) + uy, (2, 1).

The index ¢ after comma indicates partial differentiation with respect to z,.
The constitutive equations (1.1) show that the viscoelastic material
is assumed initially undisturbed.

If A(t) and w(t) are constants then (1.1) are the constitutive equations
suggested by Volterra [8]. Morcover, if I{t, 1) = 9(t — ), m(t, 1) =
= h(t — =), (1.1} is identical in form to the aceepted general linear visco-
elastic constitutive equations [3]. [8], [7].

We assume the elastic moduli #{2) and p(t) are continuous and bounded
functions on [0, o). We supposc also there exists positive constants 2,



