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DEFORMAREA BARELOR ANIZOTROPE USOR CURBATE
Rezumat

Se considera o bara marginita de catre plancle ry = 0, &y — h’ st de
suprafetcle (1). Se presupune ca s este un paranietru mic astfel incit ter-
menii in e pot fi neglijati. Domeniile %9, si °?, mirginite de cele doui plane
si de suprafetele &, & respectiv §; sint ocupate chnmterlale‘ anizotrope
diferite. Se studiaza deformarea unei astfel de bare in cazul cind incarca-
rile de pe suprafata §, sint de forma (3). in cele r]-m urmé problema este
redusi la o problema Almansi definita de (14) si (15) pe care stim sa o re-
zolvam [3].

ON THE QUASISTATIC TORSION OF VISCOELASTIC BEAMS
BY
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1. Let be an isotropic homogeneous and linear viscoelastic material
with the constitutive equations of the form [1] ch. 1, [6]

Tij(ws t) . 7\(t)e (CL‘, t)su + QP‘(’)SU('P! t) +

(1-1) + g[l(t, )0z, )3y + 2m(i. 7) ey(a. .,)] de

1]

with respect to a rectangular coordinate system Oz, 2, x,. Iere the func-
tions t(z, 1) and e,(w, ¢) are the stress tensor and the strain tensor at the
point @(z,, @, 3), at the moment ¢ and Oz, t) = ¢,,(x, ).

Latin subseripts have the range 1, 2, 8 and the usual convention of
summation over repeated subseripts is adopted.

If u,(x, t) are the components of the displacement vector at the point
@ at the moment 2, then

(1.2) 25:‘1‘(“”! t) = uy (&, 1) + uy, (2, 1).

The index i after comma indicates partial differentiation with respect to z,.
The constitutive equations (1.1) show that the viscoelastiec material
is assumed initially undisturbed.

If A(t) and p(f) are constants then (1.1) are the constitutive equations
suggested by Volterra [8]. Morcover, if it, 1) = (¢t — =), m(t, 7) =
= h(t — =), (1.1} is identical in form to the aceepted general linear visco-
elastic constitutive equations [3]. [3), [7].

We assume the clastic moduli x(#) and p(t) are continuous and bounded
functions on [0, o). We suppose also there exists positive constants 2,
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e 80 that 2(8) > 7, u(t) = g, for £ = 0. We assume the relaxation moduli
(4. =) and mfl <) ave continuous and bounded funetions on [0. o) x [O. o).
2. Let us consider an isotropic and homogeneous  viscoclastic ¢v-
indrical beam of ength 1 bounded by two eross-seetions, with ends B and B’
The rectangular cartesian svstem Ouy v,y is chosen as follows ;
0 is the centroid of B, Ow, and Or, are the principai axes of inerlia, O,
is parallel to the penerators and vy = Fis the end B, Let the foading ap-
plied to the end B be statically equivitlent 1o avesultant foree £(f) {&,(1),
R(1). Ry(8)) and o vesullant couple MY (M (0. M (0. M) so that

] R — R — R — 0,
(1) M1y Mty — 0 M) — M)

for every £ = 0. M{t) is o given conlinuous function of ¢ > 0. This system
of loading will he applied not as a concentraled system but as a distribu-
tion of tractions over the end B. We supposc the loading over the end B
and the loading over the end B’ are in cquilibrium at every moment ¢ = 0.

We assume that the body forces are absent. Therefore, the equili-
brium equations at the instant ¢ > 0 are

(2.2) Ty (@, 1) = 0.

Let ¥ be a cross-section in the beam and T its boundary with

Any.1,, 0) the unit outward normal. We suppose ¥ is simply-connected. On
the lateral surface of the beam we impose the conditions

ul{mt) ny + (2 tng, = 0,
(2.3) Tty + To(@t)n, = 0,
".'31(.1'!,1‘.) n; + Tsz(m’t)nz = f(w,,.‘rz,t),

where f(z), @y, ) is o continuous function of (a,, @,) & 1" for every { > 0and
continuous of ¢ =0 for every (x, x,) T
Assuming the beam is in equilibrium at any moment ¢ > 0, it follows

{2.4) Sf(;r.-l. Tay L)l = S.rlf(xl, &oyl) s = Smgf(wl, Ty, s = 0

r r r
for t = [0,c0).

The problem of quasistatic torsion consists in the solving of the equa-
tions (1.1), (1.2), (2.2) with the conditions (2.1), (2.8)

The uniqueness theorems of the solution in linear theory of visco-
elasticity have been given by Volterra [8), Gurtin and Stern-
berg [5], Breucr and Onat [3].

By S. Venant’s principle we can substitute the surface tractions at
the ends by statically equivalent loads 7).
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3. We seek the solution of the torsion problem in the form
i, ) = — k(t) vy 7
(3.1) i 1) = M) vy g,
e 1) = M) oy v 1)
where o(r. 2, NEC(LY N C(E) for 1 e [0.co) and k(). the angle of (wist

per wnit of length.is a continuous function of ¢ € [0.).
The strain-components that do not vanish are

- ey (e 1) = k() (o (o, 1) — ).
(3.2) Zegolie, 1) = k) (oo 1) | it)).
The stress-components are given by

Tl 1) = 7@, 1) = gl 1) = 5 y5s 1) = 0,
(3.8) (e, £) = w(t) K(t) (o . fo. 1) —2,) + g m{t. 7)) (. (@ 7) — a,)dx,

ooty 1) = Wt (1) (sl 1) -+ ) + \ m(t, () (uafer, =) + )
0

From the equations of equilibrium (2.2} we obtain :

(3.4) w(A(K(t) @(w. 1)) + R m{t, TYA(R(z) plr, 7))~ = 0,
0
and bv (2.3), we have
zx(f)[ d(k(t) o(r. 1)) JUE) (it — ,15) l n
dn ‘
{3.5) ¢

+§ mt, )[Mﬁ
0

i

-l (=) (eany — 2pny) ”]T = fla, 1).

The conditions (2.8), and (2.8), ure satisficd. The cquations (3.4) and (3.5)
are Volterra integral cquations of the second kind for the determination
of A(k(t) o(x, )) and (d/dn)(k{t) olr. £}) |, Therefore, we have

(3.6) A 9o, 0) = 0. (. 1) € 5.

and
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d

(8.7) (h() (2, 1)) = M) (rgn, — oym,) + Koy, s, 1), (v, v ET

dn
for t & [0.0).
The function Fre,t) is the solution of the equation

i

(3.8) w(ty + g fw. 1)

ml. =)
—_— 7T l'!-. ="— .
w7 )

Flry a, £} is a continwous function of 1&[0,00) for (z,, #,) @ I'. The pro-
blem  (3.6) — (3.7) s Neumann’s problem for the harmonie function
K)oy, ry t).

Integrating (3.5) over T' we ohtain

t

d “m{t,T) [ d
3.9 — (Rt x, ds \——[S——-k‘r @, )ds {dt = 0,
(3.9) Sdn( () (o, 00+ 2| | = () ot
r 0 r
hecausc of \(a'z-n1 — @ N,)ds = 0 and (2.4},
r
Volterra integral equation (8.9} has only zero-solution

d
(8.10) N (ht) gl ) = o,
T
and therefore Neumann’s problem (8.6), (8.7) has a unique solution apart

from a constant.
From (3.10) and (8.7) we get

(3.11) gF(ml, @y, U)ds = 0

r
for 1<[0,0). The solution of the problem (3.6), (8.7) is given by
(3.12) IL) oy, g ) = (2} 9r(@1, @) + Poly, 25, 8),

where (), &,) and gy(z,, @, ?) are the solutions of the problems

Agy(zy, 2,) = 0, (2, 2,) E X,

(3.13) A9y, @)
I . = BN, — TN,
and
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Aoy @y £) = 0, (r. 1) EZ.
(3.14) Aol ., )

= F(zy, 2y, f)
in

r

lor [0 0).
From (2.2), (2.8) and (2.4) we obtain

(1) = S':;;« (x. ) do = g [oaa (00 1) 4= @atyy (o, 8)] do
I

*

(3.13) #
--S [retys(r) ] des = g raTy{a, 1) ngds = gd‘m_f(m,. oy t)dls = 0, (o = 1,2),
I r I
Ryt - \73.,(1', fyde =0, M{t) = —IRy) =0, Myt =IB,()=0.

B
From the condition Myl) = M(f) we obtain

t

' i Cmt 1), M(t) — M*(1)
3.16 ety -\ 29 T gy — 20 — HFG,
(3.16) b w0 (v)dx DY
where
(8.17) D) = (1) S(ml ?1,2(21 By) — Z29y,1 (21, @) + 2 + ad)do,
(3.18) M) = w(H P + Sm(t, )P () dr,
and ’
(8.19) D) = g [Z1 Pa 2@y, @5 1) — 2, P, 1{2y, &y, ) Jdr.
>

D(t) is called the torsional rigidity at the moment /. Tt is a positive
function of &[0, co).

Remark 1. M*(t) is a continuous function of te[o0, o). Indeed, if
fD(t). is continuous then M*(#) is continuous. By transforming @(f}, and
taking into account that (af 4 23) gu(my, 2, £) is a single valued function
for every tg[0, ») we get

dt?2’ (”vl!-]—zat) (Ls
iy

b

-

I

(8.20) 0 = IS (ot +
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Let £, =~ 0 he arbitrary. We have

do, (@), 2y §) . A, (y, 24 1) ds.
ds dse

(1) — () < {51

Since (dfdn)pu(iey, vy, 1) is continuous of { for every (r, 7)1 it fo-
Hows Lhat (dfds)e,(r,. 2y, t) is a continuous function of # for (x,, a, )& 1),
and  therefore lim [ () — ®(f) | = 0 — i. c. ®(7) is a continuous function

t 1,
of 1[0, ). The bwist angle k(f} is the solution of the Volterra integral
equation (3.16). This equation has a unique continuous solution on [0, o).
Therefore. the problem of viscoelastic torsion of the heam has the following
solution

(3.21) wy(p, 8) = — Kft) wamy, wo{x, 1) = E()a, @,
g, 1) = k(t) po@y, @) + @olay, 2, 1),

where k(t) is the solution of the equation (3.16) and ¢,(z,, @,), @@, @5t)
are the solutions of the problems (3.18), (3.14), respcctively.
Remarl; 2. If we suppose that
a) flax, i, t) is continuous and bounded of t&[0, ») for (z,, z,) T,
b) M(t) 1s continuous and bounded on [0, w),
c) m(t, v} is continuous on [0, c0)}x[0, o) and

i

(1m0 1de < b tlo, o)
.
then k(¢) is continuous and bounded on [0, co).
Indeed, from the condition ¢) we obtain

3

(8.22) R m(t, t)
0

ey

dr <1

and taking into account a}, it follows [4] (ch. 6) that the solution F(r,, x,, i)
of the equation (8.8) is continuous and bounded on [0, o) for every {z,,
xo) &Sl — 1. e. (dfdn)py{xy, 2, 1) [r and, therefore, (dfds)p,(z,, @, t) |r are
continuous and bounded on [0, oo) for (z,, x,) I

By (3.20) it follows ®(f) is continuous and bounded on [0, o). Final-
ly, from (3.18) we obtain that M*(¢) is continuous and bounded on [0, o).

Now, because [M({1) — M*(#)]/D(t) is continuous and bounded on
[0, o) and taking into account (3.22) it follows A{l), the solution of the
equation (8.16), is continuous and bounded on [0, o){({4]ch.6).
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4. The displacement (8.21) may be decomposed in

(4.1) ‘H:(-'“ t) = k(t)zyrg, g(x, 1) = k(t)aye,. ug(z, 1)
= (1) o(ay, )

and

(+.2) 1 (,8) = 0, wd (,t) = 0, wg' (2,0} = @ (0, 0, ).

We ean easily observe thal M*(1) is just the Oupcomponent of the
resultant couple ealeulated on B, corresponding Lo the displacement (4,2),

I the Iateral surface of the beam is free of applied forees i. e,
Sy, @y, 1) = 0. it follows that Fi{a,, w,, 1) = 0 and, therefore o,(r, o, 1) 0,
M*(t) = 0.

In this case the solution of viscoclastic torsion is given by {4.1) where
o1 (@), @) is the solution of the problem (3.13) and k{f} is the solution of
the equation

!

(4.3) km+P%§wm=mr

Remark 3. If the lateral surface of the beam is free of applied forees
and if we have the conditions

a) M(t) is continuous and bounded on [0, w),

b) m(t, =) is continuous on [0, ®) X [0, o) and

[
g|m(t, 2| de < ey 1€ [0, o),
0
then the solution of viscoelastic torsion is hounded on [0, ).

If the cylindrical lateral surfaces of the beam is free of applied forces
and A(f). u(f) are constants, we obtain the case treated bv G. Berti

[3]. Tn this case wi'(r, £) = 0 and k(t) results as in [3].
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ASUPRA TORSIUNII CVASISTATICE A BARELOR VISCOELASTICI:
Rezumat

Se consideri problema torsiunii pentru bare viseoelastice, ecuatiile
constitutive pentru mediul viscoclastic fiind date de (1.1). Solutia este
data de (8.21).

T

HENR! LEBESGUE : Qeutres scientifigues, vol. [ Gendve, Instilut de Matlhé
matiques, Université de Geneve, 1972, 340 p.

Cele cinci volume in care apuare opera completd o lul Lebesgue adue in Faa
speciulistilor probleme s§i rezultate in cea mal mare parte considerale sioazi cla-
sive, idei asupra carora marele analist a reflectal mult clarificind concepte de
bazd si motivind metode. Scrierile 1lui Lebesgue prezintd interes nu numai pentru
matematician, ei si pentru cercctatorul care, cu ochi de istoric, urmareste sa
cuncascd modul In ecare s-gu nascut $1 au evoluat anumitc concepte, cum s-au
impus anumite idei si metode, cum au fost influcniate i cum au influeniat ele
in ecadrul larg si complex pe care-l oferd cercetarea matematica si invatamintul
matematic. Pentru ldmurirea unor asemenea aspecte sint deosebil de utile manu
scrisele inedite, notele de curs $i vbservaiiile in carc Lebesgue insusi se referi
la formatia sa, la influentele pe care le-a suferil, la dificullatile intimpinate,
Ia problemele cdrora nu le-a pulul gasi o rezolvare care sa-1 salisfaca, ‘Foale
dstea se gasesc In opera completd, aldturi de lucrdrile publicate anterior.

Volumul pe care-l prezentim contine doud capitole; in primul, se afla:
lista luerdrilor (in prezentare cronologicd), unele note inedite, sumarul cursurilor
tinute la Collége de France, un articol al lui A. Denjoy cu privire la viata 31
opera lui H. Lebesgue si necrologul scris de P. Montel la moartea lui Lchesguc,
Cap. IT cuprinde lucrdri carc trateazi probleme de tcoria integrarii $i derivarii,
precum s§i unele rezultate cu privire la struetura funcliilor masurabile,

La aparitia primului volum din opera completd a lui H. Lebesgue, se cuvine
un gind de muliumire pentru cei carora le datordm conturarca si editarca deestei
tucrdri de amploare: F, Chaételet, G. Choquet, P. Belgodére, P. Monltel, J. Kara-
mata si J. Lebesgue.

Olga Costinescu

AL-FARADI : Matematiteskie traktaty. Alma-Ata, lzd, Kazahskoj SS.IR.
1972. 218 p.

Al-Farabi (870—950), originar din Kazahstan, este unul dintre marii gindi-
tori si enciclopedisti de la inceputul evului mediu. El a lisat 0 mosgtenire stiin-
lificd foarte bogatd. care a exercitat o influenid deosebild asupra dezvoltarii sti-
intei, atit in orient, ecit $i in occident, Cu toate acestea nu Loate Jucrarile lui
Al-Farabi sint studiate si mai cu seama cele matematice.

Carlca pe care o recenzam contine toale lucrdrile de matematica ale lui
Al-Farabi cunoscute pina in prezent, Ele permit sd ne dim seama de creatia lui
Al-Farabi si s& vedem in el un mare matematician al! epocii sale. Cartea incepe
cu o prefatd din partes coleelivului de redactic si este urmulda de o introducere,



