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=bw;, ¢ where w0, — f((e,7). (&) (e is the identity of ¢ ‘e hav i

(b, 3))° ((e, k). (d. ) if uﬂd onl; i(l‘ ab = ed, i = I, and )j 1‘3 T;I&“&ff’ 3
(B )b (e B, (. 5))g = (b, €0), (d, 5)), i wy, 5 05 = (0, 0), if w0 -~ 0,
Utilizing I11, the condition on the w,’s is cstablished. ’l‘hus:. "(1::. 1) (lb 7')).
b = {ab),; and (0. 0),p = 0 defines an isomorphism of S onto jl[“i(.-’ ’1 J.
ll-) where J = 4| B and = C 1Y D. Conversciy, we employ theorern
i tn1 show that MYG, I, J, W) is a completely O-simple scmiéroup. We
}na} assume ¢y =0 let R={a)y:jed. ac Gy YO, I’={{a),: ¢ el}
L= {(a)y R I. aeGyU0, Q= {{a),: ae Gy Then, (R, P)is a gene-
'rnl‘lzed RI} system with zero, (L, Q) is a gencralized L@-system “with
zero, and [ R = U. Let 2{a)y;, (b)) = (aze;,b)y il w;, £ 0: = 0if 10, =
0 and let 0(((:).,__,. (”}n)_(wn')u ifze;, =0 =0 ifw, =0 1 {g h)e(R % 0)
U (0xL), definc (g, h) = 0(g, b) = 0. TL 1s casy fo cheek the  validity
?i dl 111 Hence, (L. Q. R, P, 5. 0), is a regular O - bisimple semiwmui)
c(ljl,} Q((f}%mp(b)l%(b - (awuu)by- and {0, 0}, ® = 0 defines an isomorphigm of
fo‘;wa,rd ,Cal-CI?;‘l at)i?) I(:f]t() MG, 1. J, W). The proof is completed by a straight
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ASUPRA STRUCTURII SEMIGRUPURILOR O-BISIMPLE REGULATE
Rezumat

01 llr)l llgr,}_ll'a.re se foloE;esc notatiile si definitiile din [1]. In particular prin
a‘,l T s1 H se noteaza relatiile lui Green si prin R, se noteazi o R-clasi
tenl’:c- K ciup SL"m}tme a€ §. Daci E(S) este multimea elementelor idempo-
unit-‘ntilgl ulll, d.s! e etb((b), s¢ ;!oteaza prin P, (respectiv ,) subsemigrupul
itatilor la dreapta (respectiv subsemigrupul — unita lor stinga) ¢
i e p grup unitatilor la stinga} al
qimplgllel:c}m::m[ ;](. 1extmde teorema de structura pentru semigrupuri bi-
: regulate [3], la semigr i O - bisj f ot

7) e “anc;“i"r ; (‘) fp?}élupurl 0 lusa{nple regulate. Se arata (teorema
PN semi up O - bisimplu regulat $ cu zero. 0, este determinat de
kU rl lS‘U Of unde B (resp. L) este o R-clasi (resp. L-elasi) oare-
e Ol;ﬁnlélt.wdsllcl Ical .:t‘ [']tL este un grup. Particularizind acest rezultat
E t qorema de structurda a lui Rees pentr igr i i

S 1 u semigrupuri O-simple

ON B-MONOID
BY

HESLINA KUMAR SRIVASTAVA

Introduetion. In this paper we shall study some propertics ol Lhe
aroupoids which satisfy one more axion, which s a wencralization ol asso-
Cintive and conunulutive propertics. We shall et sueh w syslem o B-
monoid ov BM,

Definition. Let M be @ scl with an operation (.} salisfying the following
(ATEINS

(A) for every a, be M, w.bhe M

(B} for cvery «, b, ¢ e M, a{b.c) = clb. a)

Then the sct M is called « B-monoid.

It can be easily scen that the associative and the cummmtativelaws
together imply (B}, hut it neither implies nor is implicd by the associative
and the commutative laws individually.

\With lhe above delinition of the BM we shall now prove the follo-
wing theovems.

Theorem L. [f the identity element (say ¢) belongs to M, then the caiom
(B) implics both the assoviative and commutalive propertics.

The proof is ohvious.

[ wiy be noted that (B} is interesting in as much as it requires the
existenee of a left identity only to imply associative and commutative
properlics.

Corollary. | groupold with « left wnit element satisfies (B) if and only
if it is commaudative and associalive,

Corollary. .1 loop salisfies (B) if and only if 4 is an .1belian Group. For,
a loop is a quasi-group with identity element.
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Theorem 2. If « and b are any two clements of Moand 1 >0 o any
integer then

{1 {a.b)" — ar . b,

The proof of this theorem can be obtained by induction with re-
gard to n.

The index laws. The index laws:

(1) oot s o and

(“) (l!.ﬂ)m :,[: L i

does not, in general, hold goud in the cuse of  B-monoids as is shown hy
the following example.

Evample 1. Let (4, ) be an Abelian group and for a, b e A, define
a¥b —a— b, Then (L% ) is a D-monoid. I we define

! a and gl (@ A
then in gencval

] "

@t et = agat and (any S e

However ()" = («")". o formmla that holds in all B-monoids.

If the complex of all nth powers of elements of a complex A in M is
denoted by 11| then 1 is also a B-monoid and  the nappig @ = o
of M into .1* is a homomorphism. viz.

Evample 2. Let (1. 3] be a B-mouoid, s a sequence such that s, = 0
or &, = 1. For «e . deline

ERAPPE-L £ Y R
. a .
@ =g and N = | f\w .]l ot
| a¥%a il s, = 1.

Then :
(1) (a#b)*" = @3 for all « be.l, n>1;
(i1) (@SSt & (@300 for general m. noand 3 {
(iil) @™ = @Tom for all B-monoids ., and all @e . d, and all |
n=1if and onlv il s, = ¢, for all n = 1.
Further. it is easy Lo verity that the mapping e —» a0 is a homo-
morphism for all s.

In the next scction we shall extend the notion ol ideals to B-monoids
as it has been done in the case of semigroups.

I 4 and B are subscts of a B-monoid M. then by /B we shall mean
the set of all clements ab of M with a in o and b in B

3 I ON E-MONOI HT

By a left (right) ideal of & B Cmonoid M we mean a4 nop emply suli-
sot of .1 of M such that M C 1 [4H C 1], By a two-sided deal or st
ply ideal we mean a subset of M which is botlt a lefL and right ideal of 33
We shall call a B-monoid M. left {right) sinuple if 3 itself bs the onhy left
{right) ideal of M. In a similar way M will be called simple if it contams
no proper (two-sided) ideal.

The left ideal generated by in 3. is uot in general Ma U and
the set M = {ma s we Mj is nol o left ideal, as i is so in the case of semt
aroups. This is shown by the exwmple given al the end of the paper.

Examples of B-monoids. Since (13} holds if the ;lh‘--.‘i(‘i:ll'i\'c and t'im
commutative properties are hoti present, any system \\.xrh an operation
that is both associative and comnubative s a B-}nmmui. Henee  every
abelian group and every commutalive scmizroup is o B-onoid,

Evample 3. Let us consider the abietian semigroup . f = @ Q. ()
the rational numbers) wheve (e, b)st(e. dy = (ac. i), ala. b = (b, a) s
a homomorphisni with efa(x)) — & Thus (@, b} {e. &) = (0. D) Fal{e. D)
=(ad, be) gives ns a B-monoid {,.).

For @€ A, let < @ > be the left ideal of (L1..) generated by o Then

(1) < (0, 0) = = {{0. 0}

{ii) < (0, &) = == < {y, 0) > lor all o e @ withoaw == 0 55 4 s

(i1} in partienlar < (0, 1) > = < (0. 2) > but 4(0. 1) = 10.%)
and 30, 2) == (0, 1) for all r. ye A

(iv)  =l{0, 1) is not a left ideal of (L1..). noy is JHOo 1)U (0.1}

1 am wrateful Lo Dr. Hari Molan srivastava of Lucknow University, for s gui-
dance in the preparation of this Note.
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ASUPRA B-MONOIZILOR

Rezumat

Definind B-monoidul ca acea multime M inzestrati cu o operatie
(.) satisfacind proprietatile (A) si (B), autorul aratd ca dacd elementul ne
utrue ¢ € M, atunci (B} implica proprietatile de asoctativitate si de comu-
tativitate, iar daci a, b e M. atunei are loe (1} De asemenea se extinde
notiunea de ideal la B-monoizi, aga cum sc¢ [ace in cazul semigrupurilor.

ASUPRA IMPARTIRII CU REST IN INEKLUL
CUATERNIONILOR INTREGI
DE

CRORGE C. OPAIT

in accasta Nota ne propunem s studiem posibilitutea determinarii
citului si restului impartirii la stinga sau la dreapta a doi cuaternioni in-
tregi si ajungem la concluzia ci acest lnern este totdeauna posibil in semi-
erupul multiplicativ al cuaternionilor intregi de norme impare. Acest vezul-
tat permite definirea si construirca celui mai mare divizor comun sting
sau drept a doi cuaternioni intregi de norme impare si, in cele din urma,
o caracterizare completi a cuaternionilor irecductibili.

1. Impirtirea unui cuaternion intreg la un numir intreg
Definitia 1. Un cualernion
«=a- bl + ¢ + dk

se numesle :
— cuaternion intreg, dacé a, b, ¢, d sint nnnere intregi,
cuaternion primiliv, dacd (a, b, ¢, d) =1 yi
cuaternion primitiv in raport cu numdrul intreg m, dacd (a, b, ¢,
d,m) = 1.

Teorema 1. Fiind dat un cuaternion intreg o = a + bi + ¢j + di 51
un numdr intreg m eu |m | > 2 se poate determina un cuaternion inireg &
asa ca N{ox — m.§) <2 m*

Pentru a fixa ideile putem presupune m > 0, cici daca am determinat
un cuaternion intreg £ asa ca N(a — m.Z) <m* cu m < 0, atunci avem
si N(a — (—m).{ — E) < (—mp eu —m> 0.

Va fi suficient si ne ocupim numai de cuaternionii primilivi in ra-
port cu m, deoarece daci (a, b, ¢, d, m) = I £ 1 s} avem un cuaternion
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