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exists an order of nodes from D, so that D{ is isomorphic with D! for ali
Jo Vg <p. Let A, A, Al 4} be the adjacency matrices of digraphs
D, D,, Di, Di respectively.

We now give o necessary and sufficient condition. so that the digraphs
D, and D, are isomorphic.

Theorem 2. The digraphs D, and D, are isomorphicif and only if there
exists a permutation matrie P so that for all §,1 < § < p,

AP = PAj.

Proof. If D, and D, arc isomorphic, then by arranging the nodes
of digraph D, with respect to their isomorphism it follows that 47 — 4/
for all 5, 1< j< p. and hence, we can consider the matrix

1 6..0 %

as asked permutation matrix.
Conversely, if there exists a permutation matrix P so that 4P =
PA%, it results that

AAPOAPD.. AP =PAL @ PAL D ... & P2,
and hence
(A ®AD.. QAN =PA QA D ... ® A7)
and according to main lemma 4,P = P4, and now, according to Theorem
1, D, and D, are isomorphic. -
This theorem allows us to establish if two digraphs D, and D, are
isomorphie when we know that the digraphs D! and Dj are isomorphic;
it follows that the system

AiIX =Xdl, =1, 2,..p

where A;‘ and A} are adjacency matrices of the digraphs D;‘ and Dj respec-

tively and X is a permutation matrix, is compatible if and only if the di-
graphs D), and D, are isomorphic.

ASUPRA IZOMORFISMULUI DIGRAFURILOR
Rezumat
In aceasta Noti se aratda ca doua digrafuri D, si D, sint izomorfe
daci si numai daci sistemul de ecuatii matriciale 47X = XA (1 <5< p)
este compatibil, .} si i fiind matricele de incidenta ale grafurilor I¥—
obtinute din D, prin inlaturarea muchiilor incidente cu virful v,.
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INOW s j g hat two graphs are 1so-
The well known Ulam’s conjecture states t VO g e lso-
nmrphigcif‘;nd only i the subgraphs obtained by removing 0?(_:‘a.ft01_ cci?;?c
ther a vertex are isomorphic. P.J. Kelly [2] proved t.hat.t H'Sh (_Of‘l]d fure
is true for trces. Frank Harary and Ed. Palmer [3] showe
it is true for tournements which are not §tr0ng connexe., 1 .
In this paper we deal with the following Harary’s }l:rolb 1[_:;ejnlll, [}];
i aphs : let GF = (V/, U7) be p graphs, wit T =p
t('(_)jrzmlldte‘:idcféﬁp;f them having at least an isolated vcrtex‘; \?e‘ ,“-lbll
to establish if there exists a graph G = (V, U), such that fo}x) every Jir:r
=1,..,p, the graph ¢’ = (1, U%), in which U gets from U 3% &em_ov‘qot:
all the ,ed’ges linking the vertex v; € V7 with the other vertices of G, 15 1¢
morphic to the given graph G'. ‘ o
! Let G = (V:D L)) bz a graph without loops, with | V| =p, LU | —t ‘g;
and denote by p(v) the degree of a vertex v € V. Consider the square matm
4 = (a,;) given by:

a o 1 ill (Up UJ) € U’ (i’j =1 yaren p)-
'” 0 otherwise,

(1)

Obviously, we have a,; = a;, and

2“!1‘ = p(v;), (i,7 =1, P)
7

Let a, be the number of vertices having the degree i in G, J(() <4 4 p Tl -]';]g:
and .:cff be the number of vertices having the degree v in G'. We ean sta

the relationship between these numbers as
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Theorem 1. If v, € V and o(v;) =k then :

0 =
x—1 _
Bo= S =) 10 for Vs <k
ad = d=i)

= |

A Z(-f':f = i"i) =0, for ks < p— 2.

=i}

Proof. 11" the vertex v, Is incident to # vertices of degree ¢ in the
graph &, then rom the definih i i 1 :
o , b m the definition of the egraph G4 it follows :

vJ
.1-0

py -+ H 4,
(]‘-; = J't e f': + ti-rl’ [‘O]‘ 1 <l \g ]} — 2, I. :,‘: I'"’

(3} W= =t =T,
&> =0, i=T5m, p—1 T =k,
o =8 +1 >0,
which imply
& &
Z'rf = Zmi +H,,+ 1 il 0 <s=Fk
fem() f=0
(4)
5 3
E“’:IE”’!‘thH’ if kgLs—-p—2
=0 {=0
Hence
2(.:‘?—.&}— | FEC 0<Ls <R,
- i=0
{3) B, = ,
=) k<s<p—2
={

and using (3), we can write

=+ 1 >0
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p ) o §
wo—l=a — 2 (i —a)+ 1 2035 0= s <k,
P
) k=1 .
{6) Xz Ay 7 — 1=, — Z(U( —a)+1— 153205 s=k,
iy
. i—=1 i
ro— = —E(rfi—;x:f) -0 <8 = p— 2

i=0

Now, we show that we can determine the number of vertices © in & with
ofv) = i, i. ¢. the numbers @, if &7 are given.

Theorem 2. If q is the number of edges in the graph G, than the number
of vertices v in G with o(v) = i equals the member of graphs G, with g — @ eddes.

Proof. Obviously a graph G/ with g—i cdges gets from ¢ by remo-
ving the i edges which are incident to a vertex v; with ofe)) = i. and con-
versely.

The preceeding  theorem allows 2 shorter prool of the following
Harary’s thcorem :

Theorem 3. (F. Harary). If q; is the wember of cdges in the graph G/
then :
- N D)
(7) g =3 4lp— =

i

Proof. According to the preceeding theorem, we have

P p=1 . p=1 =h
(8) g = yoadg — i) =g % = =P 24
Jj=1 =0 =0 i=0

which proves the vesult (7).

This theorem 3 will be uscful later, as well as the theorems 1 and 2
will be.

We shall now assign to any vertex v, with e(v) = I in &G, a {p — 1)
-dimensional vector a = (z;), where o, equals the number of vertices
of degree i, (1 <i=<p—1) which are incident to v.

We remark that Z a,=k: 50, & well-determined system of p such

i
veetors can be assigned to any graph G.

Let us assume the graphs 7 = (V4, U%), (1 <J <Pk being given ;
we shall seck now for the graph G = (1. U), with | V| = p. solving the
already stated Tharary’s problem. 1 such a graph G exists, then we know
that the number of cdges and the number of vertices having the degree
i, for every ¢ = 0,..p— 1, could be determined by means of the theo-
rems 2 and 3. In the following we shall give a constructive procedure for fin-
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ding the graph G; the fact that such a graph doesn’t exist will be esta-
blished by the same procedure. The algorithm involves an initial phase
and two main operations, which may occur in each step.

Let us denote by s the associate system of vectors for the graph
', (1 €j < p). These graphs are given ; therefore, the system of vectors
s', and the numbers ¢/ and ] defined above. are known for every i and
SHoLiLp 1,15 p)

Initial phase. Determine ¢ = >~ ¢/[p — 2 and @,

i

According to the theorems 2 and 8, these numbers represent the number
of edges and the number of vertices v with p{v} = i, respectively, in the
searched graph G.

If ¢ > g for some j or g is not an integer number, then, obviously
the graph ¢ doesn’t exist ; otherwise, we pass the next operation.

. Determine successively by means of the formulas (5). for every j,
(= 1.,y p). the numbers £, (i =1,.,p— 1)

If we find at a certain moment a negative #7. we stop the procedure,
beeause the graph G again doesn’t exist; otherwise, we get successively
the non negative vectors

;i j i ‘Or 1 —
ot = (t i, ‘”,._1) for j=1,..p
I, ¢ the associate system of vectors
s = (2l ..., 2") of G, and initial phase is finished.

Now, a step of the algorithm involves the following operations.

Operation (A). We coustruct from a graph 6 a candidate G = (V, 0
for G, by linking an isolated vertex v in ¢/ with & vertices of degree ¢ — 1
(1 <i<p—1); then, we check il the assoclute system of vectors ¢ of
this candidate coincides with the already constructed system s.

{(a)} When's doesn’{ coincide with s, we pass to a new step, 1. e. we con-
struct a new candidate, Ly linking the isolate vertex v in 67 with a new
group of # vertices of the degrec i — 1, check for the corresponding coin-
cidence, a, s o.

Of course, our procedurc is stopped if all the alternatives are ex-
hausted ; in this case, the graph & doesn’t exist.

(b) When s coincides to s we pass 1o the second operation.

Operation (B). We construet successively the associate systems of

vectors s*, corresponding to the graphs Gr = (7, T, (h =1 ..... p). where
U* gets from T by vemoving the incident cdges of a vertex z, ; then. we
check if the sct of systems {Vs"} coincides lo the set of systems {87} correspon-
ding to the given graphs G/, (1 = j < p).
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(13,) When this doesn’t happen, we pass to the next step; of course,
our procedure is stopped if all the alternatives ocenring in the operation
(A) are exhausted; i this case, the graph  doesn’t exist.

(B,) When {s*} coincides with s’ the candidate G is the desired graphG.

Remarks. 1. Let us denote by A’ the incidence matrix of the given
graph G# and suppose that in this matrix o(v,) = eryu) (P =i p — 1)

We have s{z,) = 0, so that the first row of A’ has only 7ero’s, Now,
replace these entrics by the zero-one \'al'iﬂJ)IC‘i E1 qens Spe

The incidence matrix of a candidate G gets rom this matrix when
we put for the %’s a solution of the system

2.1 = 05
2
() =
2 — 4F 1 REPETRRYY B
L= t; k=2 and
=ty
1~2 ,
K i )
I..r =14+ 2"‘1— : (I = 2).
k=0
-1
‘,‘1 = 21.‘1_.

In this wav, the different candidates G to be cheeked by the steps
of the algorithlri correspond to the different solutions of the syvstem (9).

2 Let us remark that the starting graph &7 can be chosen arbitra-
rilv among the p given graphs. For instance, we can choose the graph &7
for which the number.

AvE Xy
(10 N =
gL G

is minimal.
The author expresses his gratitude to Dr. Irinel Dragan for his kind
advice and help in the preparation of this Note.
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ASUPRA UNEI PROBLEME A LUI FRANK HARARY
Rezumat

in aceasta Nota sint expuse citeva rezultate privitoare la urmatoarea
problema pusi de Frank Harary : fie p grafuri G =V, U) 1<j<p
cu cite p virfuri, ficcare avind cel putin un virf izolat. Sa se dctermine un
graf G = (V. U), eu p virfuri, astfel incit graful (V. obtinut din & prin inla-
turarea muchiilor incidente cu virful @, sa lie izomorf cu araful G, (1 =
=j = p) '

Se arata cum sc poate determina numarul de virfuri de ordin ¢, ¥,
ale grafului G. Se ataseazd oricarui graf un sistem de vectori (p 1)-dimen-
sionali s se expune un algoritm pentru constructia unui graf care are acelasi
sistem de vectori pentru grafurile G/ ca si pentru grafurile G7, date initial.

e —

ALGEBRA SPINORILOR PESTE UN CORP OARECARL
DE

AGNETA VESCAN

Pina in prezent algebra spinorilor a fost definita numai peste corpul
numerelor reale si complexe. In aceasti luerare vom extinde definifia pentru
un corp de baza oarecarc, comutativ. de caracteristicii diferita de 2. {(Veri
(1] st [2)).

Fie deci R, un spatiu vectorial n-dimensional peste un corp comu-
tativ K (de caracteristica = 2) si flaw g} 0 formi biliniard simetrici, de-
finita pe B, < R,. Fie ¢, ¢t = 1.2 . 0. 0 baza ortogonala relativ la forma
biliniara f(, ). Mai considerim spatiul liniar % 7R, al tensorilor de p orl
contravarianti. Vom numi multivector un tensor de p ori contravariant
antisimetric in toti indicii. Un multivector s¢ nuneste simplu daca este
produsul exterior al unui numar de veetorl dali intr-o anumitd ordine.

Se stic (vezi [4], [5]) ¢ un spinor ¢ este un sistem format dintr-un
scalar, un vector, un bivector ...., un n-veector si ca poate i seris descom-
pus dupa multivectorii de bazi in felul urméator:

¢ =o'+ Vohe, + Tehhey, +
(2
o 4 Eghtr e ey Tt CIULY:
(k) (n)

sumele s¢ extind la toate combinarile numerelor 1. 2,..., n luate cite Fh,
I fiind numirul de indici. Deci i) <1, < ... <. T aceasta descompunere
1 2 I

g este sealarul, o' (i = T, 2., ) componentele vectorului ... g com-
ponenta a-vectorului, formind in acelasi timp componentele spinorului.
Observam ¢ spinorul poate {i definit ca suma directd dintre un scalar,
un vector, un bivector ..., un n-vector.

Aceasti definitie poate fi pastratd si in cazul general, componentele
spinorului ¢ fiind elemente din corpul K.

Matemancd, Univ,



