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Remarque. Le fait quela torsion gaussicnne de 14 est nulle est un
cas spleial de la propri¢té suivanl laquelle a torsion saussienne de chaque
variété K, de codimension 2 est nulle.
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PINDEXNUL UNEDL VARY ETAT
Hezumat

Fie w: P o P2 o fmersie izometrici a unei varictati ¥* cu n di-
mensiuni intr-un spatiu eliptic (r + N)-dimensional Py, sp-indexul i
V4 este numarul de tangente douit cite doui ortogonale in fiecare punct
din V" astfel ca, pentru fiecare din aceste tangente, existi o variclale
normala ¢ind punctul tangent variazi pe varietate,

Fie acumn K, o vavietate V* cu curburd riemanniand constanti avind
conexiune normala triviala i pentru care a doua forma fundamentals
corespunzatoare punctulni de curburi medie H posedd valori proprii con-
stante in raport cu ds In prezenta lucrare se studiaza p-indexul unei ase-
menca varietati Ky, In particular, in eazul unui spatiu cliptic P4, sintem
condusi la o configuratie de suprafete Ko, a cirei existenta cste demon-
strata.

ON SOME SPECIAL CURVES ON THE SURFACE OF REFERENCI
OF A RECTILINEAR CONGRULRNCE. 11

BY

i, K. N, TRIVEDD & 8, C, RASTOGL

T the previous paper [9] ol this series we |1:n'c:l.~;lu'tiiv(l |n'np)0rli0>.
of a curve €' 0 — a'(s) (i == 1. 2, 3), on the stuface of relerence S :.r:".-‘
=0l ) (= =1, 2) of a rectilinear congrucnce represented by the unit
veelor with conlravariant  compouents 7' = 3 (ur) which Ey such that
27 /ds is perpendicular to X7 {the contravariant components ol the normal
to &), The purpose of this paper is to study some more properties of this
curve. '

1. Preliminaries. Atany point Pef). of 8, 27 may he expressed as

(1.1} A= prrt 4 X,

where p* and ¢ are Lhe paramcters, _ ‘
Differentiating (1.1) with respeel to s and using the cquations of
Guauss and Weingarlen

{1.2) u dag = dpg X¢,

and

(1.2) b Xfﬁ’ = —dg, gv¥ 'y,

and the fact that dr'/ds is perpendicular to X' we get
(1.3) drds = (PTa — qdy, 2°9%) al u't = pY ‘",‘-{ u's
and

(1.4) (72 + PPdop)u’™ = 0,

primes having been used for differentiation with respect to s.

1Y the numbers in square brackets refer to the references in end.
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Further differentintion of (1.3) and use of (1.2) in the result:
tion yiclds (1.3) and use of (1.2) in the resulling  equa-

(1.5 [0 fds® = MYai. + NX
) =37 [dy Ml + N '

where

(].;i} i AT AR Jl:_au"'rl-'*" + urer

an

(1.6} b Nt wid e

and we have put w'* = 54,
LE kAl H
Spi il:u notinllunIs:[ that we have used here are the same as used hy
Springer - However for the vector product we s 5 in-
. . . : g et we shall use Cross in-
stead of epsiton system, ' S
2. Properties of the j. Si i
2. curve C. Since the vector w ontravari
components d2'(ds is perpendicular to 7. ¢ e 1t e in ohgrevarint
o b ol perpendicular to XY, therclore it lies in the tangent
L;n(]'c Ol 5. In rVicw of this properiy we may express the unit tangent
0 Ly whose conbravariant components are daflds, as o li inati
 C, ] L nks A'fds, as a lincar combing
of dX'[ds and drfds > X¢ Thus : s ( S

{2.1) da'lds == adyifes - bdd Jds X,

\\'llel'e\ftlund b are to be determined.
Multiplyi Wi ) Ran T
A Plylng (2.1) by A and making usc of %. dnifds = 0 and (1.3)

(2.2) b = pou'vle,, Py u'h,
Multiplication of (2.1) by dxfds yiclds

(2.3) a = QB2

where

(2.4) a D = pogte/*u’?

and

(2.4) b B=|| didsi.

Squaring (2.1) and making use of (2.2) and (2.8) we get
=]
(2.5 B 4 (pwen) :
) OB {pu GB-""'«?P“P,:;( u'®)e =71,

Since X' is perpendicular to di'lds therefore 1ddifds x X' (= pruru’®)
fi-f;n vanish only if A’ coincides with X7, i. c.. if the congruence isﬂyuor?nal
. & = = : :

ws from (2.5), as B # 0, we obscrve that Patt’® = 0,i. e, Cis the same
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curve which has been studied by Bhattacharya (1] and later on
alled hypernormal curve by other authors it and only i ®* = B* which
with the help of (1.3) and (2.1) may be expressed as
JH L5 . r Fae ;

(2.6) TR T Hay 1 0'T) =0
Hence we have:

Theorem 2.1, A wecessary and sufficient condition for the curve C
to be a hypernormal curve is that (2.6) be satisfied. provided that the congruence

is not normal.
Squaring {2.1) and putting the value of a from (2.3} we get

h— B2 — D2 B
which along with (2.3} when used in (2.1) gives
{2.7) dvtids — ®[Bdr'ids + B2 — @By [ds < X",

Since for the curve € to he a hypernormal enrve BY — @2 therefore {rom
(2.7) we have da'[ds = + 1/ Bdn' [ds, 1. e, d)![ds coincides with the tangent
vector to C with the possibility of their directions being same or opposite.
From this we conclude:

Theorem 2.2. A4 necessary and sufficient condition for the curve €
to be « hypernormal curve Is that ditlds eoincides with the tangenl vector to
C, the directions of dr'/ds may be same or opposite to that of the tangent
vector to C, provided the congruence wnder consideration is not normal.

Differentiating (2.7) with respect to & we obtain

(2.8) d%|ds? = (O] B2Y du'[ds -+ & B2 [ds? -+ ([ BT = O B2)'d3 [dsx Xi+
(VB2 — 2 B2) (A2 ds? % X' 4 d¥i[ds xdX|ds).

Multiplving (2.8) by ' and using (1.2) h. (1.3} and (1.53). we get
(2.9) k. = O/ BMp, +~ qN) + (BT = 02 BY ey pruia’
+ (VBT — ®2BYe,, (prMB — qd,s 8% u'Yuiu'e) ,

where k(= p*s, + gk,) is the curvaturc of the congruence section of S
for the direction of C as defined by Mishra [2]. Vanishing of £, means
C' is a hyperasymptotic curve [2]. For brevity we shall use the word
hyperasymptotic curvature for L. From (2.9) we have the lollowing :

Theorem 2.3. The nccessary and sufficient condition for the curve €
to he a hyperasymplotic cwrve is thal the R.H. S, of (2.9) vanishes.

By virtue of Theorem 2.1 and the equation (2.9} we ohserve :

Theorem 2.4. The hyperasymptotic crrvature  of the curve € which
ix adso a hypernormal curce is given by k.= M*p, - qN.

For the normal congruence and in view of {1.3). (L6) b and (2.4).
the velation (2.9) reduces to
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tap dsq g9 2B’ ]2
(|'dag dso 8% w'hu 12)[(dug dsq go% 106" )-tap dys 8% w'vd,, g% '

which implies cither

== (),

(2.10) a b, = ey dsq go% 0By’
or

+)

{20¢) b Cori s oy 0% g y'vy's — ),

S . ¥ I
From (2.10) we dednee the following ;

h ] :' LT 5
Theorem 2.5. For « normal congruence, the normal curvature of the

curve L s give ) PN — ;
Cis given by (2.10) 2 provided tag s dgy @™ gre 't yinz g

. 8 i ']
‘ Theo;em 26. For a normal congruence, the curve € «
tion (2.10)b if and only if k, # [dg dsq 89T 1By
£ 4 *

Ll

alisfies the equa-

We know th s uni arvabur s
hat the union curvature k, of € ix eiven hy [3]
Lo det o d
qkﬂ = 1 — K E—s
ds  ds?

which on solving with the help of (2.7) and (2.8) becomes

(211) g, = =, 5 ey N Bt
"7 pifas ey WBEMY — DUENY A DB BT iy, s
e 4
BYRz — 2
From this equation we obtain :

The 5 Lrd : 4 - .
orem 2.7. A curve C is a union enrve of and only if

{BO' — Bo ).

1 o Lk . P
Rrg B¢ T(BAME — ®2pN)y 4 7 VBE — 2, pract

+ B(BO' ~ B'O) VBT Z @2 — o,

Solving the sealar product dif fds scd2e s dif g 5
(2.7) wnd (2?3) - nhlalin wifds et Jdstdni fds with the help of (1.8).

(2.12) dvt[ds x d¥eifdst.diifds = k, || BZ — 0L,

If' we solv s lelt h: I . .
Loy o solve the left hand meniber of {2.12) with the use of datfds =
(2'13) (izal:i/(]-5'2 == pﬂmfﬂ_l_. ]l-"_ri’

and (1.3), then we obtain

(2.14) ku(eap prun'® — BT 02) =g,

.
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Since vanishing of the sealar product da|ds xd®o'ds® d)i[ds means the
curve C is a Oc-curve [3] and (2.14) reduces to an identity for £, =0,
therefore we consider the curevs for which &, # 0. Thus in view of Theoe-
rem {2.1), we have:

Theorem 2.8. [ necessary and sufficient condition for the curce C fo
he an Os-curve is that it be o hypernormad  cwrve provided (1) the condruence
is nol novmal and (i} Cls it an asymplotic {ine.

Far o normal congruence. {214} reduees to

I Jean dsg @9 108005 - U dyy dsg goo w'®’® — 7] = 0.

a
Henee :

Theorem 2.9. For « normal congruence, the cwrve O is an F-curce
if and only If the normal cwrvatnre T(= 0) ix given by

13— g ey g 0 20S,

[ the congruence is formed of one parameter family of cnrves in S
then (2.14) bhecomes

e ph wru® = BT b =0,

where T(= pyait's 1'8) is the tendeney of the congruenee in the direction
of the curve . From this equation we obtain the following :

Theorem 2.10. For the congruence formed of tangenls to a one pa
rameter  family of curves in 8, the curve C is an fr-curce if and only if the
tendency of the congruence in the direction of the curve C is equal fo the mag-
nitude of di'lds. provided C is not an usymptotic line.

We know that if the curve C is o Necurve [6]. daf/ds.dii[ds = D =

= 0, Henee we have:

Theorem 2.11. The cwrve C is a Ne-curve if and only if the Kummer's

second fundamental form be a null formn.
In the previous paper [9] of this sevies we have obtained that

(2.15) di![ds = ddo'[ds + Y BT — 0xda' [ds xX').
With the help of (2.13) and (2.15) we gel
d2jds*.drflds = kg | B2 = @2,
which when solved with the help of (1.3) and (2.13). becomes
pap 070’ = kg | B — 0%,

which reduces to an identity it ' is a geodesic, Since d%fldsdif|ds = 0
for a Re-curve [7], therefore in view ol Theorem (2.1) we have:
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Theorem 2.12. The necessary  and sufficient condition Jor a curve €
to be a Re-curve is that it be a hypernormal curve provided (i} the curve C
is not a geodesic and (i) the congruence is nol normal.

Next let us solve the product 20 xdi'fds. da'jds (vanishing of which
implics that €' is & z-enrve [8]} with the help of (1.1), (1.3} and (2.15)
then we have

qv(.«'mq TS AR Tt L 7 D) =,

which reduces to an identity for & congruence formed of tangents to a
one parameter family of curves in S. From this in view of Theorem (2.1)
we observe :

.

Theorem 2.13. 7he necessary and sufficient condition for a enrve €
to be an x-crrve is that it be « hypernormal curve provided, neither the con-

gruence be normal nor formed of langents to « one parameter family of
curves in S,

If we solve the product 7/ wd fds.d2ei fdst (vanishing of which means
that C is a B-curve [8]) with the usc of the sets of cquations {(1.1). (1.3),
(2.18) } and {(1.1), (2.18). (2.13) } we get

(2.16) il V(B p* — 4P7) = Dy W geP — k,pP) — kpac| B 2 —
= Ogk, — k,pu'* | BT —
where k, is the union curvature [8].

From 2.16 we have :

Theorem 2.14. 7The necessary and sufficient condition for the cvrve C
to be a B-curve is that the ratio of union curvature and normal curcaiure is
given by

kulke, = { pau'= ) ' BY — @2 1 .

For a normal congruence (2.16) reduces to

exptly, 850 w'rpr = by kg,
which reduces to an identity if €' be geodesic. Ience :

Theorem 2.15. For « normal congruence, the eurve C is a B-curre if

and only If it is an asymptotic curce.

If the congruence is formed of tangents lo a one parameter family
of curves in 8, (2.16) reduces to

Feleag PP_w'pe — o= | B2 T4 =0,
which reduces to an identity il I, =0 i e, Cisan asymptolic line,
Thus :

Theorem 2.16. If the congruence is formed of tangents to a ome pa-
rameter family of curves in 8, the cwve O iy o B-curve if and only if either
i is a hypernormal curve or the magnitude of dri|ds is  equal to the lendency
of the congruence along the direction of the curve.
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Solving the product {de'fds xd*x'[ds*). (3¢ xd * [ds) (vanishing of which
means that € is a v-eurve) with the application of the two sets of equa-
tions { (T.1). (1.3), (2.13)} and {(1.1), (2.13), (2.13)}} we obtain

(2.17) g W P’ — ka'®) — paek, Y BT =0 — kb,

From this equation we have: - .
Theorem 2.17. The necessary and sufficient condition for a curve (
to be a y-ewrve is that its hyperasymptotic curvature be yiven by

1 —
n = ‘a f. 2 _ (h2
ko= o pawek, Y BE =02,

Cancelling the identical terms on the two sides of (2.17) we get

Uopp®tt® = I, VB — @2
which gives - e
ky = W 2B BE @2 |
i. e, an expression of geodesic curvature of C. ) _ _
For a normal congruence (2.17) reduces to an identity and for th'c
congruence formed of tangents to a one parameter family of curves in 8,
{2.17) becomes

Pap, 251 pe’) = pau'a ke, Y BE = T2,

If pa’y £ 0, the last equation gives

/B ( Pagp"” )

ig ) .
which is an expression for the tendency of the congr_ucnce"in t_lfefd}rectilor}
of the curve provided the congreunce under consideration is formed o
tangents to a one parameter family of curves,

T =
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ASUPRA UNOR CURRBE SPECIALLE PE SUPRAFATA DI REFEIRINT A
A UNED CONGRUENTE DE DREPTE. 11

Rezumat

_ In articolul precedent din aceasti serie [9] am studial proprictatile
unei curbe C: »f = wis), (i =1, 2, 3), pe suprafata de referinta & : af —
= ¥(u), {2 =1, 2) a unei congruenic de drepte reprezentata prin vectorul
wnitar cu componente contravariante 2! = A'(1) care este astfel ca dii/ds
este perpendicular pe X* (componentele contravariante ale normalei la S,
S('{)}L}ul articoltlui de fata este de a studia unele proprietati ale acestei
eurbe,

e

ON TIHF GENERAL PROBLEM OF ORTIIOTROPIC BEAMS
LOADED ON THE LATERAL SURFACE AND ON TIHE ENDS
BY
C. I. BORS

To the memory of professor Mendel Haimoviei

1. Introduction. The problem of loaded beams on the ends and for
which the lateral surface is free from tractions is known as Saint-Venant
problem. The problem of loaded beams on the lateral surface when the
tractions do not varie with the axial coordinate is known as Almansi-Mi-
chell problem and when the Iateral surlace tractions have polinomial forms
with respect to axial coordinate the problem is known as Almansi problem.

The Saint-Venant problem is well-known. Concerning the Almansi-
Michell and Almansi problem we know some papers. some of them for
the isotropic case [1[. [3], [7]. [8] and others for the anisotropic case
[2]. (81. [6]- |7].

Generally, there are finded soluttons which satisfy the conditions on
the lateral surface; the end conditions are puassed inlo account of Saint-
Venant problem

In this paper. we shall consider an elastic beam limited by two planes
¥y = 0, 1y = Alh = 0) and by a cylindrical surface (.

We shall denote by U the domain occupied by the beam and by
S the domain and also the area of a cross-section of the beam.

We shall take the axes of @y, @, 23 such that

Sgwl do = 0, gg tyde = 0, gSiUl(l.'z de = 0.

. e

s 5 s
All this means that zz-axis is the central-line of the bheam and the axes
vy ey are the principal axes of inertia of the end a; = 0.
ITere, we shall improve the results of the paper [3], so that the
finded solution will satisfy in addition to the lateral surface conditions,



