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ASUPRA UNOR CURRBE SPECIALE PE SUPRAFATA DI RIF ERINTA
A UNED CONGRUERNTE DE DREPTIE. 11

Rezumat

_ In articolul precedent din aceasti serie [9] am studiat proprictatile
unei curbe C: »f = wifs), (i =1, 2, 3), pe suprafata de referinti & af =
= vfu), (2 =1, 2) a unei congruente de drepte reprezentati prin vectorul
twitar cu componente contravariante 2! = A(u2) care este astfel ci dnfjds
este perpendicular pe X' (componentele contravariante ale normalei la S,
S('{)}[))all articolului de fatd este de a studia unele proprietati ale acestei
eurbe,

OX THE GENERAL PROBLEM OF ORTIIOTROPIC BEAMS
LOADED ON THE LATERAL SURFACE AND ON THE ENDS
BY
C. I. BORS

To the memory of professor Mendel Haimoviei

1. Introduction. The problem of loaded heams on the ends and for
which the lateral surface is free from tractions is known as Saint-Venant
problem. The problem of loaded beams on the lateral surface when the
tractions do not varie with the axial coordinate is known as Almansi-Mi
chell problem and when the Iateral surlace tractions have polinomial forms
with respect to axial coordinate Lhe problem is known as Almansi problem.

The Saint-Venant problem is well-known. Concerning the Almansi-
Michell and Almansi problem we know some papers. some of them for
the isotropic case [1]. [3], [7]- [8] and others for the anisotropic case
[2]. [31. [6]- 17).

Generally, there are finded solutions which salisly the conditions on
the lateral surface; the end conditions are puassed inlo account of Saint-
Venant problem

In this paper, we shall consider an elastic beam limited by ftwo planes
1y = 0, 2y = h(h > 0) and by a cylindrical surface (£.

We shall denote by U the domain occupicd by the beam and by
S the domain and also the area of a cross-section of the beam,

We shall take the axes of oy, x,. 25 sueh that

Sgwl do = 0, “ tods = 0, gg.‘ulnrg de = 0.

. e

s 5 s
All this means that zz-axis is the central-line of the beam and the axes
vyl w2, are the principal axes of inertia of the end gy = 0.
ITere, we shall improve the results of the paper [3], so that the
finded solution will satisfy in addition to the lateral surface conditions,
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also the end conditions although we shall utilize the same structure of
solution and the number of the unknown functions will be kept.

The solution will be given for the case when the material of the beam
is orthotropic but it can be generalized for the anisotropic materials with
one plune of clastic symmetry and also can  be particularized (or the
isotropic  case.

2. Statement of the studied problem. We suppose that there are no
body forees so that the equilibrinm equations can be written in the form

(2.1) mys =0 in @,

We supose also that the tractions applied on the lateral surface are
given by

n}y
(2.2) oy =3 TE(x,x)at on (F,

k=0

where the functions =¥ are given and n, are the direction cosines of the
exterior normal to the surface “£.

On the end »y = 0, there are given the resultant and the resultant
moment of the tractions applied on this end:

(2.3) R = R(R,. Ry, Ry), M = (M, M. My) on iy =0,
where R R, R; are the given components of the resultant and $1,, 9,

M, are the components of the resnltant moment.

On the end »; = k. there are applied tractions so that the beam
is in equilibrium.

We shall call the general problem of the beamns the problem defined
by (2.1). {2.2) and (2.3).

The material of the beam heing supposed orthotropie, the relations
between the stress componenls ¢, and the strain components v,; are
taken in the form

a1 = Ay + Hygy + Gy
(2.4) Gay = Ky + Byay + Frgs,
| Gag = Gy + Fyae + Cygg

Geg = Lag. a3y = Myy, 65 = Dy

where A, B ..., L. M, D are moduli of clasticity.

* We use the summation convention over repeated indices. The index jafter comma
indicates partial differentiation with respect to T,
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We shall express the components of strain 5 in terms of stress
components o, in the form

Y 1
C By, = v 06 A YO — Y0y
Foryy = vpon & vauGa — VaSyy
(2..;) .
Iiyss = — w18 = ViU -+ Gy,

| Lovey = Gaan My, = 03, Dy = o4y,

where the coetficients of strain £, v;, v, may be expressed in terms of
moduli of clasticity [4].

The components y,; are given in terms of the displacement compo-
nents w, by

(2.6) ! =My
- vt g, ({# )

{(not summed),

3. Solution of the stated problem. Weshall try to solve the problem
defined by (2.1}, (2.2) and (2.3). To that purpose lel us suppose that
the component of displicements n; are of the form

43 ) = 3
O + al T ]la; S

n-2
2 CESTIT

k=0 T
(5-1) l nt2 ( o ) { ) kil + 'g\l x
By = — (! w1+ dy vy — oy g Wy Ty .
2y &
where

1
-2 : 2 ' | v [, 5 H
0, = = al® (v, @ — v a7 ) aP v e, +(=1)7c, 2y A, v, 2,

(2. 3=1,2; a # B; not summed),

Y (@, L) @, (apox,) are unknown functions and «{® . A, ¢, are con-
stants which must be determined.

If we denote by % the stresses corresponding to the displacements
wWh — gial o uf = 0 then. laken into account (2.6) and (2.4) we find
that the stresses of the displacements (8.1) are given by
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n

(K ] il
— -l o ad » .k
Gnn Z =i 4+ G z e kT,
k=0 f
i i n+1
622 = E Izz) ‘?] + I’ Z l ). |f1
k=0
5 atl w2z
Gyz = Z ey 4 C 2 hagi™ —E 2 (g -, — A, )k,
(3'2} k=0 k() L=l
n 1 n n+T
5 =
1 toy LS hdiagde RO
N k= k=
a1 n R
= L F—
]I: Oy, 1 Ly - Z: VI E " ROM e | ,
Ry} =0 k=0 l
"
T S
L=

By introducing the stresses (3.2) into ihe cquilibrinm . equations (2.1)
and cquating with zero the coeflicients of @y, al the same power we olitian

3.3y [ T )G Moy, + MU 2)(342, + O] =0,
it e (D + Loy, + LU+ 2) (U408 = 0 in s,

and
(3.4) Scop A (hf 1) MR, A 08 - L, - OE)., +
+_'§3§+”" C("““}“ )w,{,+J—IJ((’k+1'! 1+ak+11 _41* +1)'[-—U ]ll b
where
A= JI-—- - L e
ft-'% Cura

By the same way from the boundary conditions (2.2) we get

&
(3.5) [+ = 0 = G Do,
~(k = A
5y = o - P+ 1) w0, on T
and

(3:6) Doy =< — (k + DMWY, + OW,) ny + L(GE, + OF,)n,] on T,
where the operator @ is given by

@D = I‘lnl < . Ln.g_
34r1 33:2
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Now, let us determine the constants f o a® and e

The condition of existence of the {unction o, requires that
S Deay, ds — \S Aw, da = 0.
l1 .I‘.

From this equation, by using (3.4) and (3.6), it is casily lo oblain

1 Cos
ESA 4 = _'“"'"R'.!"’da'"s Y 4 Gl 4 2) wg)da,
- K+ K ] S[r { ) o ulds
(3.7) f &

(k= 0.1, 200+ 1}

The constant ., is not contained i (3.7). It will be determined from the
cnd-conditions  (2.3).

The equations (3.3) and (3.3) define o plane problem with body Tor-
ces for the sleesses <8 (2 B =1.2; k=0.1 ..., ni. The solution of this
planc problem gives the stress components <% wnd also the functions
P heeause these functions are the components of displacements in Uhis

plane problem.
In order to examine the existence of solution of the mentioned planc

problem let us consider a particular solution -'” of the equation (3.3)
and Jet us pul down

(k) _u:) -(H
C +

The new components =B will satisfy the cquations
T

(3.8) "i’;) =0 in &,

and the boundary conditions

(3.9 7;’:,;1 Ny = piEoon I' (=, B = 1. 2).
where

P == — Gk + Doy, 1 — :Eg) ftg -

pé“:':;k' — Pk + 1w )ﬂ

Dy ™ ‘2;3
The equations (3.8) and (3.9) define an orthotropic plane problem
without body forces.
The necessary and sufficient conditions for the existence ol the so-
iution of the problem (3.8}, (8.9) are given by
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(3.10) Spi“ ds = 0 (x =1, 2),&(.‘:.} P = ypitds = 0,
= =

These conditions allow to determine The constanls al= | ¢

5 ..y before lo

know the linction o, .
For that purpose we shall take into aceount the faet thal for anv

function ¢ which satisfiv the cquation Ad = 0 we have

S o, Dds = S Doy el SS YA, ds
r 1" ..\'

and from this equation we can deduce the following formulac

S Meangds = S @y Deels — SS x; Awylo,

r r
(3.11) S Leyngtls = S LyDwyds — SS suidade,
r v s

S(J.La.'znl — L) dy =§ oFw s — SS oo, do,
r I &
where ¢ is Lhe function of lorsion defined by [4]:
Ap=0 in &,
Do = Mayn, — Lam, on I

If we take into account (3.4) and (3.6) the formulac {3.11) become
SM’mHlnld.s- = SS May4p,,do = \ H$40 ds — (k - 2)EI a0, +
r s T
E(h 2){55 [&4% - Ok + 3)oy 45]2,do — \\ M@, 4 OW,)de }
s s

S Loy, yds = SS Loy, odo = S A pds — (k + 2)ET a2, +

' s T
- +2){§j [0 4 €U + Boyslrado ~ {f Lt mda}
£ S
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3 (Magn, — L.::,Hz)tok-nd-\' = 55 (Mgt 1 — Layosgy,q) e =

.
_ \-(Hn wds -1 ( S R S 3) wedg —
I s
— B, b dPary — ol ) s —

— (k- '_’)RR[;U(Q‘JL OV o, 4 LB 4+ O g, .l do.
By using the above formulac, from the conditions (3.10) we ablain
pmmedialely
L \ - : =k |l
g P ———— R S VS o B |5
Bly 4= (i + Dk +2) ) :

-
\\ [+ L C(k + 3) Wiy platlo.
s

1

(k4 1)

(3.12) D, ey = .(/ &[.‘1.‘2 AR — (1) Q¥+ ds

“ [<g+¥ + C(h + 3) @iy — Eldlya, + ¢ — Miys)] gdo

5

g& Mo, — 2y) (U + ®k+2) 4+ Li{p, o+ @ 1)(Uk+2 I ®k+2)1d69

S
where
I = SS a2de (a0, 3=1,2; a # B; not summed),
ax B

S

D= SR(LJ;% + Mak + Lz, ., — Mayp,)ds > 0 (see [4]),

©@® is obtained from @ by droping out the term of ¢,
From the end- (,ondl’rlom we still must determine thc constants
Ay, der, gl and ey The constant ¢, may be taken as zcro.
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From the end conditions {2.3) we have

Il’z - T \\ Gaadﬁ. ll';j = - \\ 533 dG:
(3.13) . E
My =(—1) \\ Gyglads, S, — \\ (#1653 — 2, 64)da,
5 s

the stresses oy being taken for 4, — ¢

r 1 2 e ] .
By using (3.2). from the aboyve lormulae,  we wel
i f=)

SEAy, — — R, — \\ (3 + Coy) do,
5
Lol gy afv = R +\ e ds + \S (=40 ++ 2Caw, )0 ds

1 e
I
l) L —_-—Cﬂ ‘, - N i o 4
1 ](J+) 5 s - “ [ =34 4- -’(1(0’2—'1‘4((41'0.’1 + e, — A ) eds

r 5

S

WOt 0+ 60§ g+ e 4 B0

El a0 —(_ 1y
ap G4 (- 1) M, + “ (<8 + Caw,) @ ds.

Ewer . :
werywhere, in this paper, we must remember that |see Eq. (3 1}]

3.14 = gl
( ) m"+1+11 ‘1}:?-{'-11 = TE;.H’) = 7:_ﬂ+p)= Y (P =12, “')-

. lttllsk?r::)l ltlcg see that w(c must perforn the caleyl
: taking 0 account (3.14) we can determine t

o ‘ . ¢ ermine the constant

a;‘H, ;n-.z from the formulae (3.7) and (8.12) ; the fun((::i"btmts A’Hr
ving the problem (3.4), (3.6) e i .

3.4), (3. or k=n 4 1; the functj solvi

X ' e 34) ; the functions d@

.1e ploblm'n (3.8), (8.5) for & = n. After that we determine 1'1’" e
Copys 0, - 9@ and so on, o

We point o {

_ ut that fr i ; i
ations e ut om the given solution,
oD, can obtam the solution for
'].m _problem. As an example let us »
classical problem of torsion, 1y this

us i the following

. el
17 a4l

3
‘ by adequate particulari-
any component of the Saint-Ve-
cecover, in the given solution, the
ase we have ’
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My 0, =0 ({=1,2,8; & =0.1....n)
R, =R, = Ry = fli; =My = O,

11 is casy fo sce thal. in these conditions. all functions and constanls
are zero exeepling w, and ¢, From the equations (3.4) and (8.6) we gel

Aw, =0 in b,
D = ¢ (Mg, — Layn,) on I

and this means thal the function e, coincides with the function 9. By
the same way we can obtain all the other problems.
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ASUPRA PROBLEME] GENERALE A BARELOR ORTOTROPL INCARCATE
PE SUPRAFATA LATERALA SI PE CAPETE

Rezumat

fu articol se dit o metoda pentru a rezolva problema definita de (2.1)
(2.2), (2.3). Rezultatele obtinute pot [i generalizate penlru bare anizo-
Llrope cu un plan de simetric clasticd s1 de asemenea pot fi particularizate
pentru a obtine cazul izotrop. Metoda dati este o generalizare naturala
& metodei lui Saint-Venaut pentru problema clasici a torsiunii.



