18 V. DIACONITA I2

Cela prouve que Topérateur & est slriclement  monolone.

2. Puisque afwo, w) — (G, w), selon le théortme 3.2 1l résullc

(Gw, w) = % |w -
W)
d'ou

(e, w
(3.29) i, ) w0 quand | w e s - o,

(Y W'.f.-“:'

c-esb-a-dive Fopéraleur ¢ est coercilif.

3. 51 Fon tienl comple de (8.04) ¢f (3.15) il adésulte que Popératear
G cst borné, Pour montrer que Vopérateur ost denncondinng, on démontre
gque pour chaque suite w, convergente vors w dans WHQ} il existe une
sous-suite de Gw, convergente faiblement a Guw.

De ce théoreme el aussi du théoreme de Browder [1] 1 vésulle le

Théoréme 3.4, Si la fonction du matériel [ satisfait any conditions u),
b), ¢}, alors le probléeme de la déformation plastigue plane pour les corps ortho-
lropes avee consolidation admet une solution unique, faible, appartenant a
B . i
Pespuce WHQ,).
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ASUPRA DEFORMARIT PLASTICE PLANE A CORPURILOR ORTOTROPE
CU CONSOLIDARE

Rezumat

In aceasta lucrare se considera problema cxistentei si unicitatii so-
lutiei problemei stirii de deformare plastici plani pentru corpuri orto-
trope cu consolidare. Se cousidera acel tip de consolidare in care limitele
de curgere cresc proportional cu un parametru ce depinde de istoria de
deformare. Tcorema 8.1 arata existenta si unicitatea solutiei slabe a pro-
blemei puse.

ON THE EXISTENCE AND UNIQUENESS OF TIIE SOLUTION
OF A BOUNDARY-VALULK PROBLEM INTHE THEORY
OF INCOMPRESSIBLE MICROPOLAR  IFLUIDS

By

VALLRIT 5AVA

1. Introduction. Theories of Chuids with deformable microstructure
were given by Eringen [1]and ATen. De Silva and Kline
[3]. A subeclass of these fluids is that of the micropolar fluids defined by
EKringen [2] . ) .

The purpose of the present paper is lo define the weak solution of
the boundary-value problem in the stationary casc and homogeneous boun-
dary conditions, for the incompressible micropolar fluids. as they were
defined in 2], and to prove the existence and the uniqueness of the so-
lution. In Sec. 2 we give the basic equations and the boundary condition
for the theory of incompressible micropolar fluids. The functional spaces
are introduced and the weak solution for the boundary-value problem is
defined in Sec. 3. In Sec. 4, the existence and uniquencss of the solution
is proved.

2. Basie Equations. Throughout this paper we employ a rectangular
coordinate system w,, @, &5. All vectors are referred to this system. A
comma represents partial differentiation with respect to space variable
2, and a superposed dot indicates material differentiation.

Now we list the basic equations in the linear theory of incompres-
sible micropolar fluids.

(z.1) U, = 0,
(2.2) tai + oy —v) =0,
(2.3 My + Subi + oty — az'q)!) =0,

)
(2.4) bty = =78y 4+ wlog; + v+ ko — sgn 90 -
|2'5) 7":‘] = a(Pr,rSif + B(?nI + TCPJ,.' .
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In these relations we have used Uhe following  notations : {;— com-
ponents of the stress tensor, ;= components of the couple stress ten-
S0r., = undeternined pressurce. ©; — components ol the veloeity vecetor,
@; — components of the microrotation veclor, J; = components of the body
force. I, — components of the body couple, ¢ = mass density, 3, — Ko
necker’s delta, g, ~ alternating tensor, o - viseosily, & = vorlex  visco
sity and «, B, v — malerial cocfficients.

Throughout this paper repeated indices denote summalion over 1, 2, 3,

We suppose that the flow takes place in o hounded domain © with
a smooth boundary (Q.

The differential equations satisfied by z,. o, and = in Q arc “iven
by (2.1) and combinations of (2.4) and (2.5) with (2.2) and (2.3), i. c.,

- =% e b D+ g, + 8l - &) = o,

VRhi 4 (a0t BY @y + hepuvy, — 2ho, + o/, - atp,)= 0.
For the steady flows the differential equations (2.6} become
(2.7) Al (T ol 5 TP S Pre T oy — =0,
(Phii + {2+ B) @i+ gy ; 2hpy + ol - @ t)= U,
llere we consider the homogeneous, boundary conditions
(2.5) U'aq == (), (rljag = {),

3. Functional Spaces. Let us consider a bounded region . with a
simoolh boundary ¢Q. We first introduce the following real Functional
spaces © LQ) — the Hilbert space of the veelor-funetions

() = (wu,(@), wy{w), ug(a),
with the norm induced by the inner product
{1, 0)100) = Sui(a.‘) va) du
@
WHQ) — the vector-functions space with (i = 1. 2. 8), square summable
functions and having square summuble dertvatives in Q ;

D(Q) — the set of vector-functions having continuous partial deri-
vatives of all orders and compact support in £ ;

Iﬁi"g(Q) — the closure in WHQ) of the set Q). H}(Q) is a Hilbert
space with the porn
1

Yo e e

Q

i3].lf N ﬁlﬂ%(ﬂ! =

3
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i e noidal. such
J(Q) ~ the set of tunctions u(x) € D(Q) wich are solenoidal. i e, s

that w 0 in Q: in J(Q) we introduce the inner producl
‘ i1 :

{1.0) g = Su,,’(.r)z',_j(.r) dr,

e
(3.2) )
j(Q) the Milbert space obtained by completion of J{€) in ihe norm
(3.3) e fls g, | \1:(_‘3;(.:'))2 dr] l’ ,

. L - P .-'1 'lt}
V(Q) — the Hilbert space ol all pairs {u, o). nwedd(§2). o« WiQ) with
the norm
{3.4) (1. 0) |2 = o+ | o li*s Lo
induced by the inner product '
(3.3) el (v, = (e)soy + \(Qu (@) 3. L) due.
e ARRER & T .
Now. we recall some lenumas which we shall need Tater @ the veferen-
s indicated supply the proofs. ) - s
- mId(]:(i-:I?,i(;’-((Q;uu: the closure of J{Q) in the norm of L,Q). o
. a 3.1 ([4] ch. Ty The orthogonal complement of F{Ld) in [ 3 7
1 Hu'Ls%lfn l:;; all vectors of the form wrad p. where pos singlevalued. locally
is sel ) _

square summable and has first derivatives in I“g(?l)-' Lt Soboley,
Here. as elsewhere, the derivatives are 1n the sens

Lemma 3.2. (Friedrichs inequality, sce for cxample {61 ch. 1V). If

w e W), then there is a positive constani d such that

(3.6) o {Pzgen < dfiw[Pwhan-

Lemma 3.3. ([4] ch. VY If 1, v € L{Q) «nd ¢ € W3(Q). then

T . , ol rers -
guf (&) v; (@) @, (@) do | < V3 | u | 2y NP I ey I @ llwiem

Q
i - : it is a variant of the
The next lemma is also proved in [4] ch. T; it is a varian

Sobolev inequality.
Lemma 3.%. If uv & WKQ).

I ooy = b | ulwya .

then there is a positive constant b such thai

13.8)
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Lemma 3.5. If v s J(Q) and os WH(Q), then there is a positive con-
stand ¢ such thal

{3.9) H Py url g, e i C Qoo oy H 5 1y
i w2,
a1 '
Now, we define the weak solution of boundary-value problem (2.1)
27, (28). o
_Definition 3.1. .1 field of pairs (v, @) over  0s said o be o weal
sobutton of bowndary-value problem (2.1). (2.7), (2.8) whenever

) o) & Q) o) e WHQ) and

i) the relation
S" (0 4 k) vy ey - gy (ir 9m 4 Uiy ) + ko, Gy -
(1

(3.10) 29 Ve - vPi Vit - B Yok — 8T, U, Yo =

~ patg, v Py b i = g \ ity 4 1oy ) de
!
holds for all u(e) & J(Q), Ya) e D(Q).

Evidently, if v(w), o(e) is a classical solution of (2.1), (2.7). (2.8) corre-
sponding to a suitable pressure =(r), then o), o(2) is a weak solution
of (2.1), (2.7), (2.8). To prove that, we use lemma 3.1.

4. Existence and uniqueness of the weak solution of the boundary-
value problem. We first prove some lemmas.

Let us denote the left hand side of (3.10) with T(v, o ; u, ).

Lemma 4.1, If v(o)s J(Q), pla) g I'“VQ(Q) then T'(v, ¢ ; u, ) is « boun-

ded linear functional of (u, ) in Q).

. Proof. Tt is easy to prove that T(z. 9 ; #, ¥} is lincar. Now, we con-
sider

T(P’ @5 q") = {[J- T ]") (U’ “)JI:Q) T ]"Sskrm ("k,e Pm _l" vl',e "pm) di‘l’! +
0

ot g { VPu.e ‘:-’x,e + 0P "'L!Jk.l o B(?e,k "pk.e + 2"@.\ lek }d‘l', -

Q

= pg (0 v, 1y, + a?p, v, b, ,) da.
o
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- 3.5 ‘ 5 alities. we can write
Tsi as 3.2 — 3.5 and Cauchy inequalities. we can
Using the lemmas 3.

. e o "
| T{ve o u b} | = | o Eile H_‘,m, il Lay hiele Wiy Unen T

" . il ar ¢ B NS
Flellelsg, yl]“;,]__m TP el 9 Tk
TR - i -

9 gl P s+ @b o 5l i3

& l.f(n)“‘? Wl b Wi

ey A il ﬁ':‘:[m) {5

and assertion follows. Here e. e, €, are positive conslants,

According to Riesz’s theorem there exists G(o. o) € 1(Q) such thal
(4.1} T(o. o) =[G o) : (v D)

\WWe ohserve that @ is a non-lincar maping from V(Q) into 11(0Q).
Lemma %.2. The map G : f’(Q) — la'(Q) is demi-continious,
Proof. Suppose | (0", 0%} } < V(Q) is a strongly convergenl sequence o
(v. o} = 1(Q), i. e
(1.2) lim | (a7, ") — (e, @) | = 0.

0

We have to prove that

(4.3) im [G(z", ") — Gz, 9): (1. 9)] = 0

fA-rot

holds for all (i, &) € ‘?(Q)-
We can write

(60", 0") — G(o, 9)5 (16, ] = (1 + 1) (&% — & 1)y -
= ]"g{ skem((?; c cpm)”k,c + Ehem (7"1’1'1.9 : I’lm,c) "zJA} d:"‘ L]
0
- S{ T(‘?:.e - ‘?n.r)?;-,- T 7(‘?:e - (?f,.-)'é’r,l- T B((??,k - (Pc,i')'\bk,r '

Q
2k} — @y it
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3

- P(S (vp — o) otu, de + g {08 — o) g, d’.r') —
O

o

- ;m"( \ (9F — o) o0y, da - S oo — v )y d.a‘).
0 0

}\mmmr as in the proof of lemma .1, the right hand side is majorized
)V ' ‘

n ] A . . 3 - o |le
[(;'(-"'J * r? ) (' (" N (?)‘ (”‘ ‘.r")] = (.']{ “ Lt — v |IJ(Q) _i_ ” '?" - (P |?'%(Q] % 5
'0" - =il will B TR Y _JE- o
+i Uiy U 250y 110 54, + 1 o “3';(9)) et — e Wiy | ®" 50y } X

X | (ot 9) -

where ¢; is a constant.
S111¢ § —JI n 1o e ¢ e re it 1
Sinee {(v", ¢") } is a strong cony ergent sequence, it is also bounded

in I(Q) e |um U3y < const. and || g* ”;VIz{ﬂ!‘-: const. Because of (4.2).
from the last inequality it follows {.8).

Let us introduce the operator C : I‘;'(Q) - ln"(Q) defined hy

(+.4) [Co, 9) 5 (1 )] = g {0,000, -+ 0% 940, da.
o)
Lemma 4.3. The operator C: I:'(Q) — T"e(Q) is completely continuvous

on 17'(.(2).

Proof. Consider the sequence {(v*, o")} that converges weakly in

(Q) From the imbeding theorem of Soboley [8] it results that it is a
strongly convergent sequence in L{Q) x 1 (Q). Using the definition of €
we obtain by using lemma 3.3,

[C(em. %) — Com ") 5 (1. )] =

I e

4 ‘sagg :(<P’51 m) e"rjl‘t _1_ (?:’(1_:?_1:1:1)(?‘."_; .

After some obvious caleulations we get
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«1

[Clz®, ™) — C(u™0™): (1, Y]]l <
o ]| o = o[, el e g4 18" e o™ {uen)

9" — o™ |y 10" o g w0 )

for all (. ¥) € V{Q). Choosing (u, L) = Ci0")— C(z™. ). we oblain

I('(T'n. r?") . (v(.‘-.m‘ er) < 9”2{ i'ﬂ-—i?m“r‘ﬂ(”(lli'" 1) o e
" llp.im) o = 0"l e i
Since {(z". ")} is strongly convergent in L(Q) < L{Q). we have
“1]1 (lr(.l..n. !Pn) ( l m)” 0.
H—> L
TH=» 7.

Since V(Q) is a complete space it follows that the sequence | (", 9")]
is strongly convergent in 1(Q). Therefore € carries a weakly convergent
sequence {{v7, o)l « ¥(Q) into the strongly convergent one [C(e" p")} =
cI}(Q) i.e. Cis a completely conlinuous operator.

Lemma 44, ff
(4.3) w20, kz0. Ba42y 20, —v <B<T,

then
[6(2, 0)— G, §); (v, 9) — (. )]+ [Cle. @) —Clt §);

(4.6)
(0, @) — (. 9)]> 0,

holds for all (v, o), (1, ¥) € V(Q).
Proof. From definitions of G and ' we have

[G(. @) — G, 4); (o, @) — (1, 9)] + [Cle, 9) — Clur. )2 (v 9) — (. $}} =
= g [, — 10, o o — 1)+ Mog,— . — sle— Bl — e —
!
Sl —Ylide + R $e(ke— P HProe — Y ) + 2@r— ., M, o~

0

.r' ()_1_ _g((?“ _-. ,1-)(‘?: — Yk )} da.

We can easily deduee that the right hand ol this relation is positive for
all motions. provided that (h.3) ave satisfied (see also Eringen [2]).
The lemma is proved.
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Remark 4.1. (4.5) are the necessar: 1 suffici .
local Clausius-Duhem inequality | ssary and ..‘.sqffu‘-m‘rl conditions that the
. y be satisfied. (See oy .
Lemma 4.5. If q I} ificd. (See Eringen [2]).

(4.7) w00 k>0, Brb 20, —y< 8o,
then
(+.8) (GG p) s (20l > ey (12 p) |

holds for all (v, ) & V(Q) where o, i N —.
Proof. We have LI pasidice constant,

LClage)lon (z. @)l \{ B, te, - Moy, Sin 9:) (T4, Sk @) v dor-l-

1%

i 5
PYPe P~ %P1 9, > By 04, b da —

€2

—p R LT, pazg Py, (i,
But ! c

gir,mzu._, da 0, SI".’pArp‘.l, iar — o,
Q Q
by partial integrations hased on the property ol v e.}(Q) and o €177} ()
Thus !
GU, s T = 7 |12q D
[G(2, o) ; (=, P)] v ”d.l(n) + ]'& (Ve — 2iex ) (v, Sien Po) dv +

0

IL‘\ 1 TRk Pher T 2 2. B?c.ﬁ' rpk,,_} dry =
o]

TR e B fa
=l l' ” i) +S " {Pive Phye + %Rk Pee E‘(Pnk ‘?k.e} dir =

£

Z e lo P 4 bille f %y > ol (2 9) 2
where K]

b, = mi 3: . 4 i ]
o 11{61—}—]—[—{3,5-}—{5,7—‘8}, cg=min{y, b }.
The lemma is established,
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We. now, state the main result,
Theorem 4.1, Lef Q be « bownded domain with smooth boundary &€

Let f{a). (v} be such that R(fhu,, 4 L )dxe be bounded in ff(Q)‘). Let u,

Q
k. % B. v be chosen so that (L7) hold.

Then there exists a weak solution of boundary-value problem (2.1),
(2.7). (2.8), satisfying

1
(+.9 | (v, 9} 1l < E,—l (£ D1

where | {f, 1) | is the norme of the binear continuous functional defined by (f.1).

Proof. From Riesz’s theorem there is an (F, L} ¢ la'(Q) such thal

(+.10) S( Sutte 4 L) de = [(F, L) 5 (ty )]

Q
for all (u.¢) e 7(Q). Let us consider #s J(Q), & D(Q). From (4.1)
and (h10) it follows that (8.10) can be writlen in the form
(+.11) [G{o. 9) 5 (0, 9] = [(F, L): (0, 9)}
Since w. o are arbitrary in J(Q) and D(Q) rvespectively, and J(§2), Q)
are dense in j’(Q) and WYQ) respectively. the proof of existence of weak

solution is redueed to that of the existence of the solution of the following
nonlincar functional equation

(4.12) G(v, ¢) = (F, L)

in the space V(Q).

The existence of the solution of (4.12) follows immediately from the
following theorem due to ¥. Browder [5]

Theorem. Let X be a reflexive separable Banach space, X ils con-

Jjugate space considered as the space of bounded conjugate linear functionals

on X. For weX", weX. denole the value of w at u by (w,u). Let G
be a (not necessarily linear) operator from X to X* satisfying the Jollowing
conditions :

(i) There exists a completely continuous operator C from X do X* such
that for all w,v in X

1) The sufficient conditions that R(fku,._ qu;‘_) dx be a bounded lincar functional
o)
of (1,9) in F(Q) are given in [4] ch, IL
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Re {{(G(u) — G@), v = v) + (CQu) — Clu), v —v)} 20

e

(11) There exists a function S(r) of the real variable » with S{r) -+ o
as v — oo such that for all w in X

Re(G (1) 2) = S| ) e ||

(i11) G is demi-continuous.i.c. it is continvous from the strong topology
of X to the wealk topology on \*. )

Then G is onto X* 0, e, the equation Gu = w has a solution w in X
for every w in X

1If we consider X to he lj'(Q), then we note that (i) is satisfied by
lemmas 4.3 and 4.4, (ii) is satisfied by lemma 4.5 where S(r) = e, (iil)
is satisfied by lemma 4.2, Thus there is a solution of (4.12) for all (&, L),

Now we consider the inner product of the two sides of (4.12) by
(v. ©) and (+.9) follows by using the lemma 4.5,

Theorem 4.2. Under the hypotheses of theorem 1.1 and

20 [ Bb2%2
(+.13) 91/71|(f, <1,

4

there exists a wnique weak solution of the boundary-value problem.
Proof. Supposc there is another weak solution {r, o). Let us denote

el i~
L

1=9 — @

w = i —
1t is obvious thal (w, y) € i"(Q) and

S f TROUE [P S X Mo + Fe)m ("i,v Im T Wy, ';’m ) + 2k ):f‘lﬂe} dr +
Q

-
i \ { Lk "!)""” + Yoo "Pk,i‘ + [57.0,1- l'pk,r } da —
0

= S { Wy, + ??-;Tvkﬂk,c + a9y, ff‘l;’:}'.r;‘z’n,r} dv = 0.
Q
Since J(Q) and D{Q) are dense in J(Q) and WYQ) respectively, this re-

latton holds for all (w. (}H)E‘e((.-)). ' we put here (n. ) = (ze. y) we
obtain
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' e » p . 9l 1 if
S {!)'ﬂ,i'.r' Wy, Gl "ITUK“' W, + 25 Teem W /'m 'Hl‘xﬁ'xkj da +
i
(+.14) -I-S U Yie Ttse T Pers Yt + Bk Tare 3 dr —
0
o g [T N pep
=0 R Loy, 4 006,10, 4 @S0, T OR DT, dv =10,

)

From (4.14} and lemma L5 we geb

o b g . o, . 1 -
ey (e, ) |* < pS {10,000, + 01030, + VY ke - TP Tp, § AT
@

But we have

S vav,ae,, dr = 0, S o XXy, do =0
a

v

Q

as it lollows by partial integration and on account of the property of

o, W ej(Q) and 7 € 1”1; (Q).

Thus we have

(4.13) el Gy ) 1B < ps {0000, + 040,92y, § A2

)
We, now, use lemmas 3.3, 3.4, majoration (+.9) and then by some ob-
vious caleulations to get
20}/ 3b%

o
14
C‘l

(S DT (. ) |-

{4.16) | (uiry ) |2 <

From (4.16) and (4.13) it follows w = 0, x = 0 and the proof is complete.
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DESPRE FXISTENTA SI UNICITATEA SOLUTIEI UNEI PROBLEML
CU VALOR] PE FRONTIERA IN TEORIA FLUIDELOR MICROPOLARIL
INCOMPRESIBILE

Rezumnt

Se cerceteazi existenta si unicilatea curgerit stationarve tridimen-
sionale & unui fluid micropolar incompresibil in cazul conditiilor omogene
pe frontiera si a teoriei liniare propusa de EKringen in[2].

ON THE IRROTATIONAL MOTIONS OF MICROPOLAR FLUIDS
BY

MARIAN ARON

L. Introduction. The ficld equaiions for incompressible micropolar
fluids, as given by Lringen 1] are
(1.1) div v = ¢,
(. + 2p + kygrad div v — (p + &) curl curl v
(1.2) oy

(] 1
keurly — grad p + of = 3 — —vxeurlv 4+

: grad (v?) |,
ct

19 [ -

and
(1.8) {2+ B+ graddivy — vy eurl curly + freurl v — 2kv 4 pl = gjv,

in which v, v, £ and 1lrepresent respectively the \'elocity,_micro-rotation,
body force and body couple vectors. The constants p and j are the den-
sity and gyration parameters while «, 8, v, %, w, E are the viscosity coeffi-
cients of micropolar fluids. The material constants conform to the 1ne-
qualities :

b0, 2ud+k 20, 34 2p k20

0

1.1 )
( ) 31+B"}_Y2()3 Q1’|[3?01 .;" ﬁ;()-
p is an unknown pressurc and a dot denotes the material time derivative.

In the present Note, we consider steady — state isochoric motions
with lamellar velocity fields and prove in scction 2 that if v=0 then,
the ficld equations are satisfied if and only if the micror-otation veloeity
fields are also lamellar and the corresponding potential satisties a Helm-
holtz equation. In section 3 we indicate a class of dynamically possitle
accelerationless motions of considercd type.



