A TIHEOREM OF EXISTENCE, UNIQUENESS AND ANALYTICTTY
OF THE SOLUTION OF TIE EQUATIONS OF NON-LINLAR
THERMOELASTICITY
By
I. NISTOR

§ 1. Preliminaries. For the equations of non-lincar clasticity when
the magnitudes of the cxternal loads are proportional 1o the parameler
Stoppelli [3, 6] established a theorem ol existence and uniqueness
of the solution and found when it is possible to express them by power
scries in .

In this paper lollowing Stoppelli’s method we obtain similar results
for the equations of non-linear thermoclasticity.

We denote by €y a homogencous, reference conliguration ol an elastic
body and by C the configuration of equilibrium. Let g be the density
of the body in €, at temperature Ty ¥, the boundary of C, P, an ar-
bitrary point of C, and P the corresponding point of €. We use a rectan-
gular Cartesian system with the origin O belonging to €, and denote by
4 Yy the coordinates of the points Py and P respectively.

The equations of non-linear thermoclasticity are ([1], ch. VIII)

(yfi tu)ﬂ: + EPF’ =Y, gfg = S]/V, (11’1 CO)

(1.1) yft tik n’k = efcs qk Hy = ah-, (On EU)
= ¢ Aley, (us), T), q*=20F(uly, T,, T)

Cix

where we used the following notations :

¥ — components of second Piola-Kirchhoff stress tensor, F* — com-
ponents of body force vector I, ¢* — components of heat flux vector ¢
per unit arca of 3, W — heat source density per unit volume in Cp 0, —
components of the unit normal to the boundary 3, f'— componcents of
surface foree vector f per unit arvea of 3, h-flux of heat across 3, per
unit time and per unit area, u*— components of displacement vector u,
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1(':,;, —TcTn‘,()‘(];]llxcnis.{ O.l s&'n'll]“]' !i'cn{stn'i - .—.11-‘('(: ‘(:lj(‘]g.\' L2 unit volune in
~ : peraturc ot the body, = 15 a real parameter ; the comma deno-

tes partial derivation with respect to spalial variables. Repeated indices

are assumed over Lhe range (1, 2, 3),

N We shall prove that the system {1.1) has a untque solution | y(a),
T(x) ! which satisfies the condition

(1.2) y0) =0, TWO)—=T,,

Ty being a given positive constant.
§ 2. Fundamental hypotheses and auxiliary spaces of functions. We
assume that ;
. 1) The reference configuration is a configuration of natural equi-
librium, the body is isotropic in €, and the region occupied by the body
Is compact. ‘
. 2) The boundary ¥, has Hoélder-continuous principal  curvatures
with  exponent 2 and it is possible to cover >0 by a [initc number of
reglons g cach of which can be represented parametrically on a disc
€™, every point of S, being interior to at least one e
D T [ - . - -

_8) . W oare Hélder-continuous in €y with exponent ; f, b and
their _dcrwa(nvps with respect to parameters of some parametric repre-
scn[ahony[ 2o (as in No. 2) are Hélder-continuous with cxXponent 2,

B F, W, f, hosalisfy the cqualities

\pl"rk + S fo = 0, \ Weds — ghdc —0
o, ‘. o ‘. <

S;;xp'pd:+gl;-/.fda=() ,

Cs

I

where p is the posilion vector in the reference configuration.

_ 3) The free encrgy function A is continuous together with itls deri-
valives up to and including the fourth order with respect to p, = u’
and T. when they vary within the ball E, of the 10 — dimensional Kucli.
dian space, having its center at the point (0 ..... .0, Ty), and radius K

6) The functions M* and their derivatives up io the third order
are continuous in the ball E, of the 18-dimensional Fuclidian space p
Pe = Ty T, having its center at the point (0 ....,0, T;) and radius 15,,’
. Let w be a vector-valued function and 7 a scalar-valued function
defined on €. We denote by & the set of elements » — (u, T) which
hu\':i:'tHblder-continuous second derivatives with exponent 7 and "satisty the
condition ’

w0) =0, T(0) =T,
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We set
=] =2, max | + 25 max |y | 4 2 [max | wh, | 4+ B+
(2.2) T 2EC, 1.7 zTEC, Lk TEC,
max | 7'} + 2 max | 7, | + E max .t + Bl
TEC, i zeC, 6 Z€EC,

where B8, and B, are the Iolder-coefficient of wf, and 7', ; respectively.
With (2.2) as norm, S becomes a Banach space. We denote by § the
subspace of 8§’ obtained by preseribing condition

wt —up =0, T=17T, {for @, = 0},

It can be shown that & is a closed subspace of 8 and hence is also a
Banach space.

Let @ W be vector-valued functions and @, o scalar-valued fune-

tions. We denote by S the class of all clements
Z=( 0,Y. o)
with following properties :

a) @ and O arc defined on €, and arve Holder-continuous wilh ex-
ponent % in C,.

b) ¥ and ¢ are delined on 34; YW, and their derivatives with
respect to the parameclers of some parametvie representation of N, are
Halder-continuous with  exponent 7.

¢) The equalities (2.1) are satislied if we replace £, fi W, I respee-
tively by ©, W, @, ¢.

We set
| Z | = E [max |, 4 4 max (0| -+ D, + C +
(2.3) 1 xEC, FEY,
+max | @ | +max|e| + D+ C
r€C, TEY,
where D, D are the Hoélder-coefficient of @, @ sud C;, € are defined
as in [5]. It can be verified that 8 with (2.3) as norm is a Banach space.

From 5), 6) it follows the free energy function together with its de-
rivatives up to the fourth order and the functions M¥* together with their
derivatives up to third order are continuous in the region E = {z; |z —
~ % || € R} of the space S, where z; = (0, 0,0, T,) and R = min (R,,
2 : .

We denote by H the largest of the maxima of the absolute values
in £ of the first and second derivatives of 94 /e, with respect to p,; and
T. 1t is easily shown that

L9 (s T — 000, T | < B |l =~ 0|+ | T = T4 1),

C, being a natural state, it follows (if v' =0, T, = T) that
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(2.4) P, TY ) < H(\; | | 4 | T — Tol) € H | z= 3.
N
From (2.4) we have
(2.5) > S(ujj 41— S Sy de | < HY | 2~ 5y |
Fj

where H' = II vol C,.
If in ws+Y, 5+4 an index exceeds 3 it should be diminished by 3.

§ 8. Auxilliary theorems. To [ind a thecorem of exisience and uni-
queness we shall use the following theorems.

Theorm Y. If B = (B;) is « rigid rotation, then {y(r), T(2)} is a
solution of problem (1.1} if and only if {yla), T(2) Y, where

(3.1) 0= By Y »

is a solulion of the system
(I 69)s 4 epBEEFS =0, ¢h = W, (in (),
YN g = B8 1 gt n, =eh, (in ¥,

 Proof. Asin [3] one shows that [ yla), T(x) ] satisfies (3.2); and (3.2)5

Taking into account that:
¢ = ek QL Q =y Y (s, Ty, T)

where @' are the components of the heat conduction vector per unit area
in the cqu1l|b1:ium configuration, J = det (y';), ¥, are invariant under
all transformations (3.1) (see [1], ch. VII), it follows that ¢* arc invariant
under all transformations (8.1). In a same way onc shows that {y(a),
T(x) } satisfies the equations {1.1).

We shall consider the system (3.2) and we determine the rigid ro-
tation so as to make (3.2) have a unique solution {y(z), T(x)} such
that y(0) =0, T(0) = T, and ¥, {0) is a pure stretch. then (1.1) has a
unique solution {y = x + w(x), T(2)} which satisfics (1.2).

In what follows we shall write y instead of ¥ and we consider

(gl 1%),s + 2B FS =, gE 4 W= 0,
- yf‘ ¢ s + 35-'.51‘.5' =¥, = qk . - eh = Q-

(3.2)

(3.3)

We determine 8 in such a way that the second members of the re-
lations (3.8) be an element of space S’. The hypotheses a), b) are ob-
vious. The equalities (2.1},, (2.1), arc satisfied if we replace F. [ W, h
respectively by ®, ', @, ¢. The condition that § give rise to clement sa-
tisfying relation (2.1); is expressed by the equations
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3(‘434 1,541 By rast — As tas oy {3.\' fl.e 4-2) E Ls-

3
(3.4) B B = B
=1

del {B,) = 1.

where
I (S g5t 1 gsi
S S+, gy S -
L 2\(1:”: — ot 1) (s,
= .
(1
A, is the astatic load of the F and fin the reference confignration,

In the same manner as in [5] one proves the following theorem :

Theorem 2. If F* and [ do not posses an avis of cquilibrium. then it
is possible to find positive numbers oy 4y such that for 6 < 7, one wmay de-
ternrine anoviher positive number 2 = 2, for which the systene (8.1} adniils
one and only one solution satisfying the relation

(35) BS( - Ys: | < M
when
(3.6) Li<egl=l:

and for L, = 0 this solution becomes 3,

If I satisfics (3.6). a point of the 9-dimensional space of the coor-
dinates B, Byg .o Pyg deseribes a region Q, in which the Jacobian deter-
minant of the left-hand members of the equations (3.4) is different from
7ero

From (2.5) we obtain

3 ._ .
| L | = ZL§ S H 3z —z|*;
5=1

one deduces that (8.6) is verified if

(3.7) [z — 2ol € elel
where
g %
oy = —_— .
V3 H’

If | 2 | = R¥/uy)? then for every zin a neighbourhood ¥, of the point
z, defined by (8.7), there is a unique rolation such that (3.4) be satis-
fied. With this choice of 8 the right-hand side of the relation (8.4) de-
fines a point of the space S In this manner (3.8) can hie scan to define
mapping of neighbourhood 17 of z, into S
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(3.8) Z = G(z).

1t is obvious

G%) = Zy

where
Zy = (=8 W, 2f, =h).
Lef I)('
Dizp 5 = lim T ) Z G g 0]
t .0 { 1 dt ’.:..1!

oz 2) = Gz -+ 12) — G(=,} ~ D(z, 2).

. The transformation G(z) is continuously differentiable in V. if for
cach positive number < onc may find another one 3.. for which (he fol-
lowing conditions are satisfied :

1) for every =z, z, & V, satisfying the inequality
.’30“:0” ssts

and for every z of S, we have

(8.9) | D2 2) — D2 2) | < =2 1|3
2) for each z, of V,, if | 2| < 8., we have
(8.10) | Rz 2} | < 7l %] .

W N us Mown inv ; .
ﬂnalysise([z?,a lh.queI )'thc known inverse mapping theorem of functional

Theortim 3. If the following conditions are satisfied :
1) G(z) = Zy;

?) G(z) is continuously differentiable in the neighbourhood T, :
3) the transformation .

(8.11) 8Z = D(z,, 32)

s a liniar invertible transformation ; if

(8.12) 8z = Mz, 3%)

is the inverse transformation of (3.11), w the norm of A(z, 8Z) and

& . 5 ; = <
(3.18) T—-é—u, oz=mln(—::—,9:]. )'.—1—2—'-p-'ot, <1,
f N B

=
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then for every 7 satisfying the inequality

(3.14) NZ —Zyj <7zl
there exists one and only one solution of the transformation (3.8) in the neigh-

bourhood V, of =, defined by

(8.15) 2 -Zl<alel .

§ 4. Theorem of existence, uniqueness and analyticity. Tt is suffi-
cient 1o show that G(z) salisfics all the conditions of theorem 3. The first
condition is cvident. We prove that G(z) is continuously differentinble.

We use the notations
ve TW). 2o ={vy.th. 0, To)y == (0 e vs ).

= (z.'L_, ;
= ¥, and z are arbitrary points of S,

Ty
where =, 7 S

M= BL (% 1), L, [2) = o 19 my.

T

K1
P lz] = 25 (aek, tEFV — wk i) d,

g=1¢,

Rz = M, Q{Z] = Mn,.

G

If g[z] is an arbitrary function of z, we pul
) d

892, 2] ={_ o[z + fz]} .

di (1))

H z, and z are fixed and ¢ varies in a neighbourhood of =0 in such
a way that z, + t= liesin Vi we deduce from (3.4) :

d 1 - i o Ly~
(1"]) dt .Bm ["ﬂ + i“-'] o :_‘? Brsn (Bii[""o g 3 ""])df q)n ['O ,"]'

where the [functions B,,, and their first derivatives with respect o 8,
are continuous. From {4.1) we obtain

1 . L4 - I AN
8Brs ) o 2,, Brsn(ﬁ-‘j[zo])\[Krmu(v.fj H rl) “‘:m 1 I\n (""jj' Tl) 1 Jd’:'

(54

where the functions K, K, and their first derivatives are continuous,
We denote by H, the greatest of the absolute values of the [unctions
K., B,, K,and their derivatives, when py; and 7" vary in E and
B, vary in Q.
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It ean he casily shown that

1 [y +15) S H || 2y + £z — 5, |1,

(4.2) d i [~ d*
di [z + 2] | < I | =L T’gtu (o - t2]< M 222
if ] <1, it follows :
d o ~
,m Pk[*n‘l't"-l 2| = S S Rl 8

(4.3) ”

o

| P [0+ 12| < T )
where

H' =@+ a) I, o :V_i‘f_l_..
Iy
From (4.1) and (4.3), we have

d | GHH -
JtBn[ZO"‘“] Sz +iz =z ). |l =]
(4.4) :
dz I
— B8, [= ] < == .|z
‘dﬁ@‘{ﬁ < 2oz
where

H, — 8H, I" 4 824H2 H'2 2,
Assuming that z, + z lies in V,, we have :
B, [20+ =] — B, [2e) — 8B, Zp02] :}’{(%—;- B [20 + 2] } . O £l
2 t=
Taking into wccount (4.4), we obtain : E
H,

2|z

(""5) 5:‘3 [:0 ' -'J - Bra [:0] - 8t@'nr [30= ZJ | 3 N ” = Iz_

To obtain 3g,,[z, 2] - 3B, [Z5. 2] we observe that it coincides with
Ehe ]vm'mtlon of the function of t 88, [z, + 4z ). z] in the interval
0,1]. -

ot In view of the fact that | = | < 1, a straightforward calculation shows
1at
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1
B 7S N

(46) L) |3, [0 2] — 8B {30 11 < My <]

where

H, = 3JI (1 + 340 1) vol €.

From the hypothesis imposed on the free energy function, it follows
that one may determine a constant JI; independent of ¢ in such a way
that z, %, € Ve imply

| My (200 2] — S Me ([Fo 2] | S Hy|l2g — 20 1 = |
(+.7) 8 (2 2] = ¥, [Ze =) | S Hyllzg — 2 1.1 21l

| My [z + 2] — My lzel = 8 My {2 2] | < FL | =%

| k[z0 + 21 — A glz) — 894 (=0 =11 < Hy | 2 )%

Using (+.6) and (4.7) onc deduces that a positive number A indepen-
dent of = exists. for which

1
| 80y 2g. 2] — 8O J20, [ 2] <Al 30— Zo fl - Hlall - 1 e | 2,

(£8) 8%, (20 2] = SWlZe 2 < bl = Bl Il 15l 2,

2y =

ray -

Dplzp + 2] = Pyl — §0ulzg ]l € M 212 1 el 2,

1
| Wil + 2] = Wilzg] = 8Wklze b i< Rl 2IF L] 2,
{20 20 €V g+ 2 eV = €65,
Taking into account that z, -+ 1z e ¥, and | =| < 1, we obtain
b 0 0 4

4

— R [7 + )] < Noll = |I%
dit?

ﬁQ (2 + t2]

dt? < Noliz P

(4.9)

where
L. Y N
No= N2 + o) ;
N, is the greatest of maxima ol the absolute values of the functions M¥
and their derivatives of the second and third order with respect to their
arguments.

The functions of t @ [z, + 2], Q[ -+ tz] have sccond derivatives with
respect to ¢ and these satisfy (4.9}; if z, 4 = € 1, one obtains

N, .
R+ 7] - Rla) ~ 3R1z 21l <0 2]

(+.10) i
| Q[z0 + 2] = Q[2] — 3Q [z =] | £ ‘?0 Il =15
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In the same way as was done for (4.6) we obtain

| 3R [20, 2] — 3R [, 211 < Nyl 2o — Zoll - f =],

(4.11) "
| 80 (=g 2] — 3zer 2] 1 < N, o~z ll-2].

From (1.10) and (+11), it follows that one may find a positive num-
ber N, independent of € for which

| 30[zg, 2] — 302 2] | < N |z — Z, |- | 24,
(12) | 8ofzy, 2] — 8p[Z0, 211 < Nz — 2, -zl

| Oz A =] — Ofz,] — 80[z, 21| < N |52,

olzg + 2] — ¢lzg] ~ 89[z0 2] 1 < N fl 2 {2,

il 20, 2y €V, and 2, + 3, € V, for every z g 8.
One may show that the Holder-coefficients satisfy similar relations ;

t}iC}'(iinr‘c onc may determine a positive number i independent of ¢ for
which

1
Dize 2] — D[z 2] || < kle| 2

lze=Zp -l 21

1
helzg 2) I < hisl 2=y

If one assumes that
5 e !
N k i = | T

it follows that G(z) is continuously differentiable.

We can show that (3.11) coincides with the fundamental linear system
of thermoclasticily. One proves that the solution has Holder-continuous
second derivatives with exponent 2 and the components of the displa‘-
cement satisfv (2.2). Ilence the transformation (3.8) has a unique solu-
tion for every Z in the neighbourhood of Z, defined by (3.14). We denote
by | e|[Z | the norm of the element Z,. If ¢ satisfies the inequ;llity

1
(4.13) el 1 Zyli=r|e|2,

thren the origion of $” lies in the neighbourhood of Z, defined by (3.14)
We denote by i v (3.14).

. ¥
go — nunil, 5
2 g
oy o)
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If | =} < g, then the equalion
(+.14) (i(z) = 0

admits one and only one solution. Thus we proved the theoren:,
Theorem 4. If F. f, W. h have the properfics 3), 4) and F, [ do not
posses an aris of equilibrivm, then we can determine the positive numbers

a'vr'ozy dn osuch o way tha if n <<’ one can find other o oy < o

< =, so that for every | e| < 2, the system (3.1) has a unigue solution

Sy =
B=(B,) 7= (1. 1y, T)
satisfying the conditions
(+.15) 1By =Sty f2—Zl=alcl’
It
L 1
l e < oo’

one can show that the matrix 7% (0) is svinmetric and positive-definite
Therefore the deformation y(r) defined by y(r} = & + w{») and the tempe
rature T'(r) satisfy all requirements for the solution of (8.2): hence gy, =
== By; y; 15 the solution of the original problem defined by (1.1). Thus we
have the following theorem of existencee and  uniqueness.

Theorem 5. If hypotheses 3), 4) are satisfied and F, f have no aais of
equilibrium, then it is possible to find nuwmbers o, &' such thal for | ¢ |<e”
the system (1.1) has a wunique solution {y(r). T(r)} satisfying the conditions

U(O) =0, T(O) _ TO!

e — 2z, <o

In what follows we prove the analyticity of the solution. Let. be
F(z) = » — A(G(2)).
The equation (114} is cquivalent to
. z = F(z).
Let us consider
(4.16) 2= 2y 2 = I(2), cens 24y = F(2,) ;...

From (8.13) and (4.13) it is easily seen that F(z) satisfies the condilions
of the Banach fixed-point theorem and =z, e I, for every n.

As in [6] one shows that sequence |z, 1 converges to an eclement
of 8. Hence a positive number g, exists such that for | e | << g, the limit
of the sequence (4.16) is the solution of the equation (4.14). We assume
the free energy function and the functions M* arc analytic in the region
E. In the same manner as in [6] one proves that the solution depends ana-
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lytically on ¢, i.e. one can determine o positive number ¢, such that
for [e| < g, the power series

o 1] A

w ) l(n)
E 1 e’ 3 2 : e eﬂs
neal T =1 N !

are uniformily convergenl.

These |'(:.~;u!ls justily the method used in 2] for the integration of
the equations of non-linear thermoelasticity.
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O THOREMA DE EXISTENTA, UNICITATE 81 ANALITICITATE
PENTRU SOLUTIA ECUATIED TERMOELASTICITATII NELINIARE

Rerumat

In acest articol se demonsircaza o teoremi de existents si unicitate
pentru ecuatiile termoelasticitatii neliniare in cazul cind mérimile fortei
mastce, sursel de cilduri si a datelor pe frontiera sint proportionale cu
un paramctru z. ’

. Dacit energia libera si componentele fluxului termic sint funetii ana-
litice, se arati ci solulia depinde analitic de parametru. ’

UBER PERFEKTE UND KRITISCH IMPERFERTL GRATHEN
vON

15, OLARU

1. Einleitung. In der vorlicgenden Arbeit betrachten wir endliche
ungerichiele Graphen G = (X, U), dic keine Schlingen enthalten und in
denen je zwei versehiedene Knotenpunkte durch hichistens eine Kapte ver-
bunden  sind. Dabei bezeichnet X dic Knotenpunktmenge und U die
Kantenmenge von G. )

Der Graph 67 = (X', U’) = [X'], heiit Teilgraph des Graphen G,
wenn X7 = X und wenn zwei Knotenpunkte in 67 genau dann durch
cine Kante verbunden sind. wenn sie auch in ¢ durch cine Kante ver-
bunden sind ; wir sagen auch [X'[g ist der durch die Knotenpunktmenge
X’ aufeespannte Teilgraph von G. st X' cine echte Untermenge vou A,
so nennen wir [X']; cinen echien Teilgraphen von G und wir schreiben
[X']; = G. Kin vollstindiger Teilgraph von G heiit cine Cliguee in G, Mit
w{G) bezeichnen wir die Dickte von G, d. h. dic maximate Anzahl der Kno-
tenpunkte, deren Menge einc Clique in & aufspannl.

Kine Teilmenge § € X heiit cine Menge unabhingiger Knotenpunkte
(in Bezug aul G), wenn es gilt

[S]G ™ (S’ @)

Dic maximate Anzahl der unabhingigen Knotenpunkie von G bezcichnen
wir mit 2(G); o(G) ist dic Stabilititszahl des Graphen G. Einc Menge S
von in G unabhiingigen Knotenpunkten mit genau o(G) lilementen wollen
wir cin Stabilitatssystem des Graphen ¢ nennen. Der Graph G*= (X*, U*)
heillt einen Kreis Lk > 3) (oder cinen k-Kreis), wenn man dic Knoten-
punkte von G derart als Folge ay, ¥y ,..., & anordnen kann, dall

Ur = {(2p @i bicrz.. .k {(pay = @)

gilt. ]
Dic Anzahl & der Kanten heifli die Liange des Kreises. und man nennt
den Kreis gerade oder ungerade, je nachdem, ob A cinc gerade oder unge



