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Der von der Knotenpunktmenge {2, 47, al Aiag ad. o in @ aufgespannle
Teilgraph ist das gesuchte Loch (Abb. 1 und 1),
Der Satz 2 ist damit bewiesen,
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ASUPRA GRAFURILOR PERVECTE ST CRITIC INMPERFECTE
Rezunint

Intr-o luerare publicata anterior [2] autoral introduce notiunca de graf
eritic a-imperfect, notiune ce s-a dovedit a fi foarte utila in studiul gra-
furilor perfecte. Studiul proprietatilor grafurilor eritic wimperfecie a permis
demonstrarea in mod unitar s1 mai simplu a multor teoreme cunosceute
$i I acelasi timp obtinerea unor noi rezultate interesante relative la grafu-
rile perfecte. Astfel, cunoscuta ipoteza a lui Berge si Gilmore asupra gra-
furilor perfecte este echivalenta cu wrmatoarca : un graf & este atunei
si nwmai atunci eritic a-imperfect, daci G sau complementul sau G sint
cicluri elementare L,, ., de lungime 2k 4+ 1 (k > 2). Lucrarea de fatn este
strins legata de cea mentionata, demonstrindu.se alte proprietati ale gra-
furilor critic -imperfecte, O proprietate a anumitor multimi de arlicu-
latie ale unui graf critic a-imperfect, demonstrata i lucrare (teorema
1), are, printre consecintele sale, afirmatii cu ajutorul cirora se pot de-
monstra usor doui teoreme cunoscute (teorema luj Hajnal-Suranyi si teo-
rema lui Dilworth) asupra grafurilor o-perfecte.

Luecrarea se incheic cu o metodi de demonstrare a ipoleze RBerge-
Gilmore pentru grafuri eu numaral de stabilitate doi, metods care pro-
babil poate fi generalizata pentru grafuri cu orice numir de stabiliiate,

ON LINFAR SEQUENTIAL MACHINES WITIH
VARIABLE STRUCTURLE

BY
V. FELEA

with wvariable struclure,

Let M be a linear sequenlial maochine ‘ .
with ! inputs and m outputs. We denote by X{t. ¥() the inpul and
output vectors, respectivelyv, at the time . - .

For a natural number h, we consider M, a Hnear scquential ':}1“1;

i i i ucture, wi i s and mh outputs, such
chine with variable structure, with Ik inputs an ) el |
if denote by X,(#), Y,(#) the input and output vectors. respectively, at

the time ¢, then we have

X(rh) © Y (rh)

= Yrh + 1).

X,(r) = X(v:’h - 1) oY) = (?Ef )
X(rh + h—1) | Yieh b —1)

If the structure of M is known. then the characterizing matrices of M,
can he constructed. . L

One obtains in a particular case the series-to-parallel transformations
of linear sequential ecircuits studicd by Gill ' [11. . ;

Definition. A sequential machine with variable structure is M = (S,
X, Y, f). where:

1. S is a nonemply sel of states;

2. X is a nonempty sei of inpul symbols :

3. Y is a nonempty set of owdput symbols ;

4. f1 N - §SxX X YSxY, e

Thus f{) = (3, &) with § : %X - S and %,: S X X —1-,);‘ fo-]t-i(inc;
~0,1,2,.... 8, are called transition [unctions and 7, output TG e’
Let F i); :'lj"[‘ic](i and & a non-negative integer. Then F, denotes the vector
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space of column vectors of dimension I over F. By definition F, = {0 1.
We shall say that a sequential machine with variable structure is finite,
when, 8. X, and Y are finite.
Definition. A lincar sequential machine with variable structure (VLSM
Jor shorl) is a sequential machine with variable structure Jor which there erist
a field ¥ and non-negative integers n, 1, m such that S — F,oX=F,Y¥ =
Fo, there exist w>Xon matrices A(1). n =1 matrices B(t), m Xn matrices ((1),
m X omatrices D) over F.oowhere 1= 0,1, 2 ... such that Jor cach (s, a) e
e SXX

(1) Bv. ) = Als - Blt)r
{(2) 2(sy ) = C(t)s 4 D{tr.

Such an VLSM will be denoted by (I, A(1). B(), C(t), D{), t —
—0,1,2,..)

Let X({), s(2). ¥{1) be the input, state, output. veetors respectively

at the moment #, and $(0) be the state at the moment ZCTO,
Then the relations (1) and (2) become :

3) st +1) = A(t)s (t) + By X (1),
(4) Y(t) = Co)s(t) + D)X (2).

We shall give a theorem about VLSM without proof. which is a imme-
diate generalization of a well-known theorem about linear sequential ma-
chines (theorem 1.6, [2]).

Theorem 1. Let M = (F, A1), B(t), C(t}, D), t=0,1, 2 eeen) bE @
VSLM. For each s € F, and X(0), X(1) ..., X()eF and t=0, 1, 2 ,... yields:

] ¢ t—v
(5) s(t + 1) _( i1 A(Ic))s D (kl_]’ At + l—k)) B(v) X(v)

pe=i}

i} -1 t=p—1
) Y1) =C(t) (k _[] ]A(A'))s . ZC(t)( k|_1| A(t—-ls))B(v) X(v) +

+D(t) X(1)

where s is the initial state. 1. e. s = 5(0),
ik

U
We accept the conventions: [{ F(k) =1 and |} Fik)y = 1.
k=1 Ao —1
Definition. Let M — (F, A(t), B(t), B(t), C(t), D), t=0,1,2,..) be
a VSLM. We define the translation T corresponding to M ;

T =T = LJ (X(0) X(1) .... X(2), ¥(0) Y(1) .Y (1))

t=0

with s = s(0) the initial state of M. Let us denote :
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" X(rh) Y(rh)
XI(T) = ‘X(rh 4 1) Y(r) = Y(J:h 4+ 1)
X(;fh +h—1) Y{rkh + h —1)

where I is a natural nuimnber.
and :

T = GO(X,(O)X,(I) e Xi(r)y VAO)Y (1) e V(7))

1f the VSLM which realizes T is known, then we shall determine
another VSLM M,, which realizes 7. ( )

Theorem 2. If M = (F, A(t), B{t), CQt), D(t), t =,0,1,2,...) is
VSLM with the finiti({; state s, then T is realized by M, = (F. Ay, (), By(1),

Clt), D), t=0,1,2,.) with the initial state s, where :
(7) Ay = ‘-!.lq A(rh 4 4).
B,r) = ( l:] Alrh + B)) B(rk), ( . [l A(rk L+ B) Birh + 1),...,
B=n—1 =h—2
®) vy A(rh 1) Brh + h — 2), B{rh 4 h — 1))‘,
_C(rh) .
C(rh -+ 1) A(rh)
Clrh 4 2) A(rk + 1) A(rh)
) ey = | SO R AT :
C(rh + h— 1).,‘”2A(rh - %)
~D(rh) -
C(rh -+ 1) B(rh) Dirh + 1)
C(rh -+ 2) A(rh + 1) B(rk) C(rh + 2) B(rk +1) D(rh+2)
(10) T IR ,

1
C(rh +h—1) »[_lz A{rh + @) B(rh) C(rh - h — 1) X

X ( 0 A(rh—i—i)) B(rh + 1) ... C(rh -+ h —1)X
" % Brhh—2)D(rh 4+ h—1) B
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Progf. We may assume that & > 2. We have =1 , rh+f ‘—“""hA h 4 —1—k)|Bluh + h—1)

1 P T
t=rh+j—1, where 1 £j < hand &C(TI+J )( xl-l: e ) .
0 0 [} N . rhrf—1—rh-1 B
(11) 1 Ak = 11 Arh+i) 11 | i A(ph-m‘)). X X{ph + b ——1)+C(f’l+3—1)( N A(fh+-7‘"1_’“)] ~
k=rh+j—2 =2 er=1 \e=p—1 k=t
ing d in: rh+j=1-rh—1 .
Using (6) we obtain : > RUrk) X(rh) + Clrh —|~j—-~1)( ] Alrth + 5 —1 — k)) X
0 rh44-2 k=1
Y(rkh 4+ j—1) = C(rh +j——1)k_ ka_z A(k)s + 20 Clrh 4§ —1). X Blrh + V)X (rh +1) + ... +

rhebi—l—rh—(j=2) , .
(12) ra+iZior— + C(rh + § _.1)( il Arh +7—1 —f»‘)JB(rh +j—8)x

A(rh45—1 —L:)JB(!J) X(v) + D(rh 4§ —1)X(rh 4 j— 1) =

k=1
km]l
- (14) rhetj—t—rh—(j—1) .
=8, + 8, + 8, ' X X(rh +j—8)+ Clrh+j— 1)( n A(rh +3j —l—k)) X
0 L] kw1
S, =Clrh+45—1 Ak =Clrh 4+5—1)y 1 Alrh 41 . .
el )k-rﬂj—z (k)s = Clrh + 5 —1) ‘_!!_2’(" +9 % Birh + j — 2) X(rh + j —2).
(18) 0 0 . To write (14), we have used:
I ( I (‘4(P’h -+ ?’))S’ - re+Jj—2 re1 f h~—1 i—2
H=r—1 \i=h—1 T g 0
15 Flo)= S~ F) = ( F(uh -l—z)) + 57 Prh44).
Sy = D{rh +j—1)X(rh +5 —1), 22) 2 ;1 § =0 g
Thij—2 ) hti—1—r—1 ) Let us now express the products. which appear in S, :
Sp="5% Clrh + 1)( 0 A+ j—1— 1.-)) B() X(v) = S e s
=t =i 1 ACh+i—1—k)= [ AWk +j—1—k)=
S S eon+i—a"HT deh 1=k
= rh j—_( I Atrit + 3 — ----:])( -
p=oli=pn k=1 — j[‘ll Afrh +7—1—1)
j-2 k=1
X B(uh 4- 1) X{ph 4+ Cirh+4—1 re a4 =2 - (r-wi—1
(wh -2y X{nh +1) +§ (rh +5—1) ( u)ﬁﬂ A(rh-i—j—l-'—ff)=j|'|1A("" el ) 'i[ Arh—Ie)=
rh+ j—l—rh—i-1 Tor . . N k=j k;' , ’—“"11
Alr 7 —1—1F ) X(rh +0) = -1 . {r—p-
[ e ) B X -4 =i Ak —1 =0 1 Ao T A+ 0
L= a=1 f=h=—1 f=h—1
r—1 . radf—1—ph—1 . A4 -1)~uh=2
=3 Clrh 4 j —1)( Ti A(rh—lnj—l-——i.:)) X Tl Alth +§ —1—k) =
w={) k=1
r—1 i At+f—1—ph-—2 i=1 .k ' (r—wk+j-3 i
X B(ph) X{(ph) —|—2 Cirh + 4 —1)( Il A{rh + 7 —1 — k)J X =qArh+j—1—%k | Alh+4j—1—k)=
p=0 k=1 k=1 kmj
r—1 A i b {h—1) 4-1 . {r—wja—2 il .
X Blph + 1) X(ph 1) + ...—I—EC(?'k—]—j—l)( f e = |JArh +j—1—k) [} A0h—Lk)= |1 A@rh +j—1—1F)
=0 kel k=1 kol kel
 A(rh +_7-_1_,zv)) Bluh + h— 2) X(uh + h —2) + "ﬁ"'( 0 A(r—ah +p)) N A(uh + B).
aml B=A—1 B=h-2
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ehpi—1—ph—(h=-1) i1 ) {r—wh+i—p .
] A(rh+j—1—k)= [ A(rh+j—1—k) J|  A@rh+i—1—k)=
kel k=1 k=j
§—1 (r—u)A—(h-1) o1 )
= ]| Alrh+4-j—1—Fk) Nn A(rh—k)= | A{rh +j—1—1k)
k= k=1 ko)

(r—u—1) 0 1
i n Alr =)l 8) g1 Al o+ p)

o] Beh-1 Beh—({h-1)
rAtf=1—ph—h r—wk4ji~n—1

e A1~k =] Ah 1=t Akt k) —
k=1 k=1

kemf
=T Ahti—=1—0) 0 Ak — ) = I A+ — 1),
kel kel k=1
{r=p=1} 0
(16) n ( i A((r—a)h+ﬂ))-
a=1 fmjh—1

Substituting (16} in (14) and using (18), (12) becomes :

t=j—2 o] \fmmp—1

0 0
Y(rh+j—1)=Clrh+j—1) || A(rh4i) [ ( i A(gh—}—i))s+

+ S Crh+i—1) ] Alrhotj—1 k)"ﬁ"( I Ar—o)htg)

=0 kel a=1 \B=k—l

< 1 et 8)) B X (k)4 5 ot j—1).

Bh—| =i

’ﬁ’A(th.«j—-1—fe)"fi"( 0 A((-r—-a)h+m)( 1 A(Hh+6))3(uh+l)-

kvl a=1 \Bmh~l B=h—2

r—1 i—1
X(uh4- D)+ .. + 3 Clrh+j—1) [} A(rh-j—1—F).
k=1

=0

W ( n A((r—m)hw))( I A(uh+a)]Bmh+h—2)th+h—2)+

o=l \B=h—] Beh—(a~1)

+5° crnki—1)'q A(rh+j—1—k>"ﬁ"( i A((?’—a)h-l-ﬂ))B(uh-t-h—l)

u=0 kw1 a=1 \f=h-1

X(uh 4 h—1) + Clrh+§—1) [ Arh +j—1 —K)B(rh)X(rh) +

kml

7 ON TINEFAR SEQUENTIAL MACHINES 4973

S Crh 4§ —1) ][ Alrh 4+ §— 1 — k) B(rh + DX(rh 4 4.+
kel

]
+ Clrh 4+ j —1) [| A(rh 4+ —1—k)B(rh + § — 3) X(rh + j —3) 4

k=1
+ C(rh - 5 —1)B(rh + j — 2)X(rh + § — 2).
Using (7) we obtain ;

] 0
Yh4j—=1)=Clrh 45 —1) )| A@Gh+i) || A(ws+

imj—2 p=r-—|
r—1 i~1 r—i—1 1
+ 1 Clrh-+j—1) 1) A(rh4-j—1 —k) ]u[ Ar—a) ( N Alph-p)) X
w=0 k=1 ael B=h—1
1
B(uh)X(uh) —I—( I A(uh - B))B(p.h-}—])‘\’( wh +1) + ...+
Be=h—2

+ (allln Afuh -Ha)) B h—2) X (uh+h—2)+ B(ah--h—1) X(uh + h —1)| +
 Clrh 45 —1) ”1 A(rh + § — U — BYBOR)X(rh) +
(17)  +C(h 4 «1)1]_131 A(rh+j—1—T)B(rh V)X (rh41)+ ... +
L Crh +j-1)k[_l[1A(rh 4= 1 — k) B(rh + j — 3)X(rh +j — 3)+

+Clrh4j—1) Blrh-+j—2)X(rh-+j—2)+ D(rh+j—1) X (rh+j—1).

1f the initial state of M, is s and the input vector is X,(r), then the
output vector ¥ {r) is obtained by (6):

Yiir) = Cr) ) Ayks+ 3 €, (n Ay(r — )By() X

kwmr—1 =0 o]

X Xy(p) 4 Dy(r)X,(r).
From (7), (8), (9), (10), (17) it follows thal
Yi(r) = Xyr);

that concludes the proof of the thecorem.
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Definition. Irt 11 (F, Ay, B(), €y, D), t =0, 0, 2,...) be a If we consider :
VSLM. If .1, B(1), t) D(t), are independent of t, then one obtains a
linear sequential machines (LSM for short). In (his case, and for m = [ =1, 1 1 ) 1 ) 0 i 0
we find again theorem 1 pm\ul by (' ill in [1]. ==l X(0) = ! ]! A1) = ” A(2) =[ J’ X(3) = l’
Corollary. Lc’t M = (I, A(1). BE), C(t). D). £=0,1,2....) be a VSLI. 0 0 i1 1 0
If 1), B, C#), 1 () are almost pr'riodic'al {. ¢ there catst natural monbers ] " 0 1
1o T Ly 1y 720 gy 70 7 st0Ch tha Xy =] ] X(5) = [ ] X(6) = | ! ] X(7) = [ ]
A(t =) = AQ) for £ > 4y, Blt | 7)) — t) for t = _. 0 . <. 2
Clt + = 3) = (&) for t » l' and Dt = ) Dt )jm [z | o 1 _ 9
Lel $(0) be the indtinl state of ll fmd { then we have: ¥(0) = [ f, ) =11, Y(1)= l v ], #2) =|1|;
I=max ({;) = =1 c.n. (), 7p 75 7). Oi 2 2.
Tgigd 1 0
Then Tt with the initial state s = s(1) is realized by o LSM, Y(2) = ( 1] @ =1{1], ¥E) = I 1 ‘ sy =lal, ¥y = 1]
Ixample. Let us consider F = |0, 1. 2} = GF(3) and 1 9 1} 6 ' 2
1 & t41 1 o | o o
Aty =1 +i4+1 0 242 Bit)y=1\o t 1 s5)=|ol, Y(5)= [ 1 ]2 s(6) = | 2|, Y(6) = ()]’
1 2 ¢ 2 2 0 1 2 0
. 41 0 |
i) :‘ l DY) — [ ’ 1 )
0 2L+1 1 ¢ sy =111, 1/'(7):,1}
wherce the elements of the matrices -A(2), B(t), C(t), D{t) arc polynomials 1 T
plt) over GIF(3) and for t € N p(f) = p(a) where £ = « (mod 3) and a g F. 1 e 0 1
We consider & = 2. Then we obtain : L
- .}
Pl sl 2 YO =12, Y=l x@=|" yE= ot
‘JI(T) =1 2y -|-" r 2r T 1 0 1 2
2rt*+1 4+ r4+-2 r492 g- N
. . . 2
rrdr -1 ot L1 4 r4101 Y(0 Y(2
B = . i vi) = 0| <[ YO s = |1l v =]t <[ Y®
(=1 eor 2r 4 7 0 2r + 1 0 Y(1) 1 Y(3)
PPhr 42 242412 r4 2 J 9 . 1]
1 2r i 1
cop| © 2 e+l o » 2| _ (¥ 0
(1) = y Stz =0 5,(2)=|2]| Y,(2) = T v 8} = 2
2t + 1741 r+1 0 1 2]
| 0 0 ¢ 0
1 2r 0 0 E o ¥(6)
Dyfr) = 2r4+2 2r24r+1 24742 0 Yy(8) = o | Y(r;)}
r+1 2r2 1 2r+1 1
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ASUPRA MASINILOR LINIARE SECVENTIALE CU STRUCTURA VARIABILA
Rezuimal

Se studiazi transformarca seric-paraleli o masinilor liniare seeven-
{lale cu structura variabila. Se obtine, in caz particular, transformarea
seric-paralela & circuitelor liniare seeventiale tratata de Gill in [1].
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HERMANN MINKOWSKL BRIEFE and DAVID HILBERT. Cu contribu(ii si
sub redactin fui L. Ridenberg si H. Zassenhaus. Springer-Verlag, Bedin-tHeidel-
berg-New York, 1973, 166 p.

Din prefala carlii scrisa in 1972 de D-na Lily Ridenberg, fiica lui lermann
Minkowski, rezullda cd scrisorile acestuia din urma, catre colegul si prietenul sau
David Tilbert, au fost pasirate de catre Duavid IHilbert si nolale pe Imargini pro-
babil pentru se putea referi la ele in rdspunsul san. In 1930, deci dupd moartea
I Minkowski, D-na Kiithe Hilbert, sotia lui David Hilbert a dat aceste scrisori
D-nei Minkowski. care le-a pastrat cu pictate si le-a cedat ulterior Instituiului
Matematic din CGéttingen. D-na Minkowski, la rindul ei, a dat scrisorile lui Hilbert
catre Minkowski, care si acestea, fuseserd pasirale de destinatar, D-net Hilbert.
Din picate aceste scrisori n-au mai putul fi gasite.

Este deosebit de interesant si impresionant pentru cititorul de azi sd urma-
reascd in aceste scrisori mersul gindirii acestor deschizitori de drumuri, care au
lasat urme nesterse in istoria mateimnaticii moderne. Se gascsce in cle, de multe ori
cu ton glumef, uneori bucuriile, alteori indoielile lor cu privire la problemele care
1 framintau si care constituie matematica epocii moderne. Este tot atit de impre-
sionant s& iniilnesti referiri, fie la viata personald, fie la luerdrile colegilor lor
Hurwitz, Hélder, Burckhardt etc.; nume care parcd au incetat a apar{ine unor
persoane, ci au devenit nume de teoreme, de notiuni sau de capitole ale mate-
maticii.

Pe lingad prefata D-nei Lily Rildenberg, culegerea de serisori este precedati
de doud articole, scrise de Hans Zassenhaus, unul despre preistoria unei comunicari
facute de Hilbert si Minkowski in 1893 la D.M.V. despre dezvoltarea teoriei nu-
merelor, si al doilea consacrat lui Friedrich Althoff, unul din inaltii functionari
ai Ministerului Culturii in Prusia, care a jucat un rol important in dezvoltarea
invatdmintului superior in Germania.

Adolf Haimovici

CAMBRIDGE SUMMER SCHOOL IN MATHEMATICAL LGGIC. Held in
Cambridge, England, August 1—21, 1971, Springer-Verlag, Berlin-Heidelberg-New
vork, 1973, X + 660 p.

Cartea coniine o mare parte a expunerilor prezentate in cadrul Cursurilor
de vard de logici matematicd ce au avut loc la Cambridge intre 1—21 august 1971
i au fost grupate fn cinci parti: teoria modelelor, intuitionism matematic, metoda
prioritdfii, combinatoricd infinitd si automate finite. In legiturd cu teoria mode-

14 —Matematios



