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P P
(13) N Le (T, pa) = Le (T, m).
Belr

Relatiile {12) si (18) demonstreaza afirmatia

Teorema 4. Fie 3 semitribuiul pdrtilor boreliene relativ compacte ale
Tei T Spatinl &g (B) al functiitor boreliene etajate este dens in ficcare spafin

r
Le(T. m). 1= p = c0.

Intr-adevar, daloriti unui reznltal din [8. p. 148]. care se poate adapla
cu wsurinta in cazul de fata, £, (B) este dens in fiecare spatin £E(7. pe).
A ~ = - Coa oo g
incit rezultia &, (B) dens si in Ly (T, m). pentru orvice P2, 1 = P = o,

Spatinl Ly (T, m) construit aici coincide en spatiul functitlor inte-
erabile in raport cu o masura regulati, cu variatic Finith o @B — Ly(d.
Yy (2], p. 287).

Dupi eum s-a viazat in tratarea problemei ce face obicetul acestei
Note, un rol important cste jucat de notiunea de f-modul al unet masuri
majorate, eare apare cu rol analog S-variaticl uncit masuri definite ea fune-
tie de multime, in procesul de integrare in raport cu aceasta.

+ - - g . . ¥

Mentionam ¢i metoda de construire a spatiulul 25 (T, m) apare
in mod natural, daea se tine seama de teorema de reprezentare a operatiilor
liniare d-majorate, U: X (T - F [2. p. 290].
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UNE METHODE IVINTEGRATION AR RAPPORT A UNEF MESURE
DEFINIE SUR UN FESPACE LOCALEMENT COMPACT. A VALEURS
DANS UN ESPACE LOCALEMENT CONVEXE

JRésume

Dans cette Note on donne une méthode de construction de Pespace
des fonctions intémables par rapport A& unce mesure délinie sur un espace
localement compact. & valeurs dans un espace loealement convexe. A ce
but on utilise la méthode de Bourbaki qui considire les mesures vecto-
riclles comme opérateurs lindaires,

Par Pintroduction de la notion de B-module d’une mesure majorée,
on obtient unc famille de mesures positives. qui permet la construction
immédiate de Pespace des Tonetions intégrables par rapport & cetle me-
sure.

ANYSTEM OF VOLTERRA INTEGRAL FQUATIONS ARISING
iN THE THEORY OF SUPERFLUIDITY !}

BY

R, K. MILLER

1. Intreduction. Suppose the region between two concendrie inlinite
evlinders is [illed with ligmd heliom. H the ceylivdeis are rolated to set
up a radial flow, this flow should eventually become steady. The purpose
here is to prove this by studying the details of the flow at the hounda-
ries. This will be accomplished by reducing the problem 1o asystem of
two nonlinear Volterra integral equations. ¢, C. Lin "s [1] formulation
of the boundary conditions for superfluid flow will be used.

It the velocity components ol the flow in evlindrical coordinates
are initially of the form u, = u, = 0, uy = F(r)nt (=0, then for i 0 the

(nonlincar) flow equations reduce to n, = w, =0 and ny = u(t. r) where
u(f, r) is the solution of the initial-boundary value probiem

(1.1) w, = L{u) = v {ue,, + (1frhe, — (1/r*)u |,

for ¢ =0 and r, <= r < ry, where 0 < r, < r, < o,

(1.2) wo, vy =HKr), riy<r<rg.

and

{1.3) w, (fory) = (= 1Y gedt, 1) — Q41), 7 =12 and t =0,

where g;(1) = Ly v by - 0 and Q; is the speed of the eylinder located
at r =7, Il is assumed that Qt) — Q; as 1 = o« where Q; = 0,

This problem will be reduced to an equivalent system of nonlinear
integral cquations for the boundary velocities (1) = «(l. r|) and wuy(f)
= a(t. 7,). This svstem can be wrilten in matrix-vector notation as

1y This research was supported by the National Science Foundation of the United
States of America under Grant No. GP —31184 x.
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(1) () = fit) — Sn(t — 5) Gluls) ~ Qs)) ds.
where

Wl S oy = (Ql({) Gy = [Bt)
ORI T (u(wf un = (b €00 ={Gam)

and a{f) is @ two by two matrix with entries ag; (). The hmetions f(1})

s . 0 . - i . oy i . .
and ay(t) have the following forni, Let {2, ! and {y,00) ] he the set of
all cigenvalues and corresponding orthonormal eigenfunctions of the problem

) = 0.

{ ! 1 . ) ;

(1.3) Am_i{ﬁﬂ——y=—nmnwwn=yu
del de £

(The cigenfunctions y, (&) are Bessel functions ol the form g, (@) =

J.,,JI(V)\,‘.:') 8.Y, (Vi) Let [ Fq) be the set of Fourier cocfficients

of the initial funcltion F, that is

L1
{1.6) Py~ 3> Fayle),  F, = SI*'(;::);/,,(.‘: Yot el
n—1 B
Then one has
an S =3 Faadr)exp (= v, 0, j = 1.2
R=1
and .
(] 8) (l-,-j(t) ==’ E "j!ln("s)."/u(",-') cx!’ ( - V)‘ui) Al
e 1

for #¢.7 =1, 2 )

'bqystem (E) will be studied by applying some results and technigques
developed by Weis [2] for Volterra integral cquations arising the
theory of nonlinear heat problems. The analysis here is more complica-
ted than that in [2] because 2 = 0 is not an eigenvalue of problem (1.5).
Moreover the limiting algebraic equations obtained here are more compli-
cated. Fricdman [38, pp. 206 —212] has studied some problemss similar
to (1.1 ~ 3). His hypothesis are nol satisfied herc and his conclusions are
incompatible with ours. For other related work see Mann and Wolf
{4, Roberts and Mann [5], Padmavally [6 Levinson
[7), Friedman [8, 9] and Miller [10, 11]. ) o

2. Equivalence of the two problems. The purpose of this section is
to derive equation (E) from problem {1.1 =38} and to prove the equivalence
of the two problems under the following precise hypothesis on the fune-
tions F(r), Q,2) and gy(u) :
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(H1) Fallr,r | Fiy=F(@y)=90
(H 2) Q,(t) € €0, ) for j — 1, 2,
(H 3) gl) & CY— 0. ) for j=1.2.

Note that the cigenvaluesz, of problem (1.3) are all positive and
the corresponding cigenfunctions ¥, (). ave orthogonal and complete in
LYr,, r,] with weight function p(r) = r. Without loss ol generality it is
assumed that the functions gy, are normalized so that

¥y

vmwumﬂu Som -

-
L

Moreover y(r) #£ 0 on rp €5 £ ry. 50 one may assuine 4,(r) 0 on ry,
ry]. Liet G(r. ) be the Green's funclions for (1.3). that is

). rirk (g ])(r ])
2g-r\ o3

when ry €7 €0 € vy and G(r 3y = G(g, 1) when r = a0 Since all cigen-

(2.1) G(r.

et

vidues are positive. then by Mereer’s theorem (sce c. g [12, p. 124
or [13]} it follows that
(2'2) (,’(,-_ 3) - Z ”n(’.).’/n(P)-:ln »

LES!

with convergence unilorm and absolute in the region v, € r. 5 €7, Mo-
reover if B osatisfies (I11) above, then its Fourier series (1.6) converges
uniformly and absolutely to F(r) on r; <€ r < r,. These facts will be ne-
eded in the sequel. .

General results on existence, uniguencss and continuation of solutions
ol integral equations will also be neceded later. Results of this type can
bhe found in [14, Chapter 2]. ’

Lemma 1. If (1) is true, then the functions f(i) and a(t) defined by
(1.7) and (1.8) above satisfy the following conditions :

{1) S is continuous and bounded on 0 <1< « .
(i) f{1) ewists for & -0 and [* € LY0, 1) n C0. o).
(i) ay(t) = LY0. o) n C(0, ) for 1,5 =1, 2,

A

(iv) fims J(E+ Ry = f(t) 1jh dt = o.

h=1)

Progf. Since the Fourier series (1.6) converges unifoimly and ab-
solutely on r; < r < r, then
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o

SZ exp (— v d) 1 F ()

n=s |

Z | ]' ”l/" ©w

for all {20, This means that the series for fi(f) converges uniformly on
R+, Thus (i) is true. To prove (1) note Uhat

FFOY

L8} |

o

< 2 vi, exp (— vl

n=1

}'1?!."111("_.') =)

for all ¢ = 0. Moreover

\ 1| di g ZD: \v? exp (— vrtydt | Foyp(r,) |
[} . 1}
= i !1“11.",’:.("_.‘) - 00,
n=1

This proves (ii). e
Since the series (2.2) converges uniformly and absolutely, then there
exisls o uniforny bound
K=sup {lylrdydrdifrp: Lj=1,2 0=1,23,..5L

On using this in (1.8} it follows that
-]
lag {1 <> (rvKD,) exp (= vi,f).
A=l
with the ast series uniformly convergent on compact subscls of ¢ < 1<
< oc. Thus «; & C0, ). Moreover onc has

Slammldtaiz(&Xp«—vawﬁ]nv Yo (9) Yalrs) | =
nm
0 0

— 1 1 ) yalr) | e < 0.

nel
This proves- (iii}.
To prove (iv) tix k > 0 and computc
h

NIt 1) =0y 1 i de <

{

S 1 Falry) (= oxp (= vih)fh

A=

h
K A\exp (= v2,t) dt.

0

Y

WOl VOLTERRA 1XTEGRAN EUATIONS EERY

The series on the righl is

stnnimahle .\cric.sz P o) Hvi)

dominated uniformily for 0 < b <1 by the

Morcover tor cach flixed nz1 one

) |
has
h
I dri v — exp (—vz )ik} < \cxp { — wrntldt —0
0
as i — 0. Therefore (iv) follows from the Lebesgue dominated convergenee

theorem. This completes the proof of Lemma 1.
Theorem 1. Suppose 0 < T < - oo and suppose u(l. r) salisfics the

SJollowing conditions

(1) wll. r) evists and s continnons on 0 <t < Tor, L r g 0y,
(i)
(i) wu(t, r) satisfies (1.1).

w, and o, extst and are contbnuons on 0 =t T << r << ry,

(1.2) wnd (1.3) in the sense thal

Hiy e {t r) = gy{a(d, r) —Q (&), Lim w8, vy = go(nlt. r,) — Qi)
r »ri" r-iry

Jor cach L (6, T).

(iv}  Define A8y — (= 1)V gdul ry) — (0 for j — 1.2

Assume the functions (D) are v ClO, TY 0 CH0, T) and are absolutely

contintons n o« neighborhood of | If (11 1) and (1} 2} are true, then
the functions (t) = u(l, ry) satisfy equation (¥) for all t < 0. T).

Proof. Deline B, (r) = (r ro 2 (20ry —ry) ) Bu{r) = (r — r)H{2(0r, —

) Kt or) = A (0 8,(r) -+ A8 B,(r) dll(] w(l, ry = u(hr) A(! r). Then

w will satisly

w, — L{w) = — K, + L{K)=h{t, »),
w(0, 1) = () — 4,(0) By(r) — A,0) Bolr) = I1,(0),
and
G”U(t 7)) =0 for j =1,2,
dr
Since I, € C[ry, 5], h is continuous for 0 <t < T, r, < v <r, and
L
SSl h(t, r) | dr dt<< oo
0rn

lor 0 =t = 7, then w=(l, ») can be found in the usual way using the
Green’s function (see [15, Theorem 1]). This means that

MATEMATICA, fasc, 2



35l R. K. MILLER '

3

w(t, r) - S{Z exp{—va Oy diluloiid (s} do
ne=1
t ryg
g\&:ﬂp—ﬂu ”%FMJN“WPWW“=Mh”—K%f
n=1
0r

The definitions of Iy, h and K, integration by parts and 1he absolute
convergence of the series (2.2) can be used fo rearrange this expression
into the form

(2.3) Wt 1) = 3 Fopde) exp (= 1) +
=]
S 5 2 vexp (= holl — 8)) (= 1rsyalry) g (104 5) Vs
fim] j=

Since u(f, r) is continuous at r = r; thus by sctting + =+, and » = r,
in (2.8) onc obtains (E). This proves Theorem 1. )

Theorem 2. Suppose (H 1) — (H 8) are true. If u,(f) and wu,ft) are
conlinuous solutions of (K) on 0 <t << T where 0 — T < -+ o, then these
two functions are the boundary values of a function u(i, r) which satisfics
conditions (1) — (iv) of Theviem 1.

Proof. Sincc thc function f dcfined by (1.7) satisfies conditions (i)
and (ii) of Lemma 1 and (H 2) and (H 8} arc true, then resuits in [16,
Theorem 2] imply that the solution wu(t) of (l<) 1s continuous, has a conti-
nuous derivative «'(f) on 0 <t < T and u’ has alt worsl an integrable
singularity at t = 0. Define A{t) = (— 1) g{u,{t) — Q)8)) lor j=1,2
and define «(f, r) using (2.8). The sleps in the prool of Theorem 1 can
be reversed to see that conditions {i}) and (ii) of that theorcm are truc
for the function (4, +). Moreover one has

lm e (8, v} = A2) = (= 1P giu,(t) — Q).

rory

Therefore (2.8) can be rewritten as

Wity 1) = 3o Foapr) exp (= vigt) —
(2.4) e
~ E v exp (= vau(f = e)rya(r,) v, () giluyls) — Q,(s))}d.s'.

1=

ey
e,

n
0

By putting r = ry in (2.4) and comparing with () one seces that
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- 2

w(t, ) — fil 5 St — 8) g (s0s) = Q, () ds=, (1),
i=l

or w{t, r;) = u(t) for 0 Lt < T. This completes the proof of Theorem 2.

Corollary 1. If (111 —3) are true, then there cuists at most one function
u(t, ry which salisfies conditions (i) — (iv) of Theorem 1.

Proof. Under these hypotheses systemi () has at most one solution
on any interval 0 € f< T < + oo,

The results of this section show that the problem of existence on
0 <t< oo and behavior as { — oo of the solution of (1.1 -3) can be
reduced to the same problems for the intepral equation (I). These pro.
bienmis will be studied in the remainder of this paper.

3. Asymptotic Behavior of Solutions. Some resuits of Weis [2]
will be needed. These results are labeled as Theorems 3, + and 5 below,
Consider a system of equations

t

(8.1) Mn—ﬂn+\qz—gg&ﬂmM&t;o,
0
where x, f and g have values in real n-space R* and «a(f) is 2 by n matrix
valued., Let R* = [0, o) and assume:
{A) the matrix a is locally of class L' on 0 €t = o0,

(Gy g:R* =« RB* > R" is continuous, g, #) is locally Lipschitz conlinuous
in #, and ¢ has ,separaled structure”, that is g(f. @) = col{g, (i, &) : i =
=1, 2,..,n).

Definition 1. Given a mabriv a(l) satisfying (A) the resolvent r(t) of
a(t) is the unique, locally integrable, matriz solution of the equation

r(t) = a(l) — ga(t — 8) r(s) ds.
)

Definition 2. Given a vector or matriz valued function h(t) we shall
say that h is nonnegative, monotone increasing, monolone decreasing, h{t) = 0,
ete. when cach component of h(t) has the stated property.

Theorem 3. (Weis), In (8.1) let aft) salisfy (A), f(t) =0 and g(s, v} =
= — Na + T(s). If for cach N = 0 and each continuous and nonnegalive
Sunction T(s) the solution of (8.1) is nonnegative, then the resolvent ry of
Na is nonnegative.

Theorem 4. (Weis). dssume (A), (G) and g{s, 0) = 0 for oll s in RT.
Let ry (the resolvent of Na) be nonnegative when N > 0. Let f & C(RY)
and let
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10 = \rs=5) gy ds >0,

"

Jor all t = R Then the solution of (3.1) s nonnegative for as long as it
Crists,

‘The proof in 2] for the dast theorem s casily modified to prove
the followmg :

Theorem 4°. .fsswme (A) and that g(s. @) = col (#;(s); + Ti(s): J =
= 1.2 ..., n) where hi(s) and Ti(s) are conttnnons and T3 (s) 2 0, Suppose
ry o ponnegative oll N = 00 A fis locally LY on BY and if

NGRS \)‘N(f —- 3 fishds 20 a. c.
0

_/'m: trm'b N 00 then the solution of (3.1) Is nonnegalive for as long as il
crists.
Theorem 5. (Weis). Consider (3.1} and « second sysiem
l.
(3.2) ot = folty =\t — ) o, o)) ds.
"
Asswme foand [, & C(RY). « satisfies (N), 8 and g, satisfy (G) and ry is

nonnegative for all 1 B and N = 0. If g,(s, ) 2 8(s, @) for all (s, @
= R <R and if ol @) = gls. ) (s )&

i

Jolt) = Jit) — \"l\'(t =) (fols) = flshds =0,
o

Jor all te& RT and all N = 0, then y(ty 2 @{1) for as long as both solution
eist,

These results will now be applied to system (1) with R™ = R

I:emma 2. 1f a(f) is given by (1.8) and if (M 2—38) are true then for
any N = 0 the resofvent ry is nonnegative on Rb.

Proof. Let T : Rt — R* be of elass €' and nonncgative. By Theorems
1 and 2 above the sysiem ’

() = ga(t £) (= Na(s) + Tis)) ds,

v cquivalent fo the boundary value problem

0 ACSYSTINM QF VOLTERRA INTEGRAL EQUATIONS i

The maximum principle for parabolic problenws implies that o/, #)= 0
for all =0 so that a,(f) =, 1) 2 0. j = 1.2 Since any continuous
nonneentive funcltion 7(s) ean be approximated by a €' nomnegative
function. the hypothesis of Theorem 3 are tree. Apphy Fheorem 3 to
complete the prool of Lenuna 2.

Corollary 2. Under the hypotheses of Lenma 2 one has vy € LY0, o)
Jor any N 0.

Proof. The proof veduces to the following : If a(f) and its resolvent
¥ty ave nonnegative and 6« & LY(0. ), then & L1{¢ ). The proot
of this statement is elementary,

Lemma 3. Suppose F satisfies (J01). F(r} is nonnegative on [rory| and
ft)y is defined by (0.7). Let y(t) solve

¢

w{ty = f{H — \..\'u(f — &) yls) ds.

hal is

f N =0 then yit) 20 for all t € R*.
Proof. By Theorems 1 and 2 above the components of g{f) are the
houndary values #(t, »;) = y; ({) of the problem

l . =
Ehor)= — Nt r). j=1.2
dr

Therefore the result follows from the maximum principle for parabolic
equations.

Consider svstem (E) together with (1.4): (1.6). (1 7). (1 8)and hy-
potheses (1 —3). In addition assume:
(11 4) For j = 1, 2 the limit Q1) — Q; — 0 exists as 1 — . Let Q.(1) be
A nonnegative, noninereasing €1 function such that Q,(0) 2Q() for all i<
e B and lim Q,(#) = im Q) as £~ 2. Let Qi(f) be a nondecreasing,
C! function such that Q. (1) = Q(t) for all { & R+ and Hin Q, (1) — lim Q(f)
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as ¢t — 0. Since the first cigenfunction y,(r) of problem (1.5) is positive
on r; £ » £ 7y then there is a constant K > 0 such that. Ky,(r) = F(r) »
> — Ky (r) on [rp. 7). In addition choose K so large that if

(3.3) Jolt) = K exp (— viyt) (il E;‘;) ,

then fy(f) + Q (1) 2 0 for all t & R+ and Q,(0) — f,(0) < 0. Let a(t) and
2 (t) be the solutions of the two svstems

!

(3.4) 2 ()= = fult) = \”U — 5) Glawy, (s) = Q, () ds,

and !

(8.5} z, () = [, () - \‘“(f — 5) (@, (s) — Q,(5)) ds.
0

In addition to (M 1—4) assumc:
(H3) For j = 1,2 let g;0) =0 and g, (w) 2 0 for — o0 < u < 0.
Theorem 6. If (Y 1-5) ae true with Q@ > 0 and Q, > 0, if ()
and xy, (1) are the funclions constructed above and if u(t) solves (F), then a,(1),
u(t) and a;, (1} exist for wll t & RY and satisfy — fo(t) < @, (f) < w(t) < a.(l) <
< z, (0). Morcover x,(t) is monotone nondecreasing and 2,(1) is monotone
nontncreasing, The limits x, (00) and @, (o) are solutions of the algebraic
system of equations

(3.6) @+ M M, Gle — Q) = 0.
where
”, 0 )
rirE 2r, Tj T Q,
3. B, = a, = L 0- .
(8.7) o (2"17'2 ity o 0 T2 ¢ (Qz)
75—yt

Lroof. We first show that a, (f) < u(t) for as long as both of these
functions cxist. Note that — Gla — Q(s)) = — Gla — Q; (5)) Tor all s > 0
and all z e B* since ¢(u) is monotone nondecreasing and Q(s) 2 Q, (s)
for all ¢ > 0. Next note that f{#) ts obtained from the initial function F(r)
via the formula (1.7). Therefore (3.3) implies that f{2) + f,(1) is obtained
in the same way from the nonnegalive function F(r) 4 Ky{r). Lemina 3
implies that for any N > 0

SO + 10y =\ rte =) 1) + fuls) } ds > 0.

(]

11 A CSYSTEAM OF VOUTTRRA INTLGRAL EQUATIONS 0

Now apply Theorem 3 to see that w(t) = o (1).

The smne type ol argument can be used to sec that w,(f) > u{t) for
as long as both functions exists. That is note that Ky, (r) — F(r) 2 0 lor
r, €1 €y that — Glr — Q(s)) £ — Glv — Q(s)) apply Lemma 3 and
then apply Theorem 3. _

In order io sec that w, () = — f(t) define Uy (6) = n, {t) - fo(1).
Then one has

¢

U, (t) = Su(f — &) | = GUU(s) — Qu(s) — fuls)) | ds.
0
By (I15) it follows that G(y) < 0 if y<0. Since the number K in fy(f)
was chosen so farge that Q, (£) + fo(t} = 0 for all ¢ € B*, then — G{ = Q; ()
= fo{8)) 2 0 for all & > 0. By Theorem 1 U, (f} = wu, (1) -- [o(t) = 0 Tor

as long as g {t) exists, . _ o
Theorem. 1 of [16] may be used to justify diferentinting system

(3.4). Since fo(t) = — npfy(t) and a; (0) - — £,(0). then
an (1) = afolt) - alt) § = G{— Q; (0) — [i{0)} } +
(8.8) :
4 \u({ — 5) H(s) (Q,, (x) — &, (5)) s,
o

where

H (S) — (g'l (T!.l (‘9) Qll\s)) 0 ) =0

0 g (2 (s) — Quals))
and Qp{(s) = 0 for all 5 2 0. For any N = 0 it [ollows lrom Lemma 3
that

oo ll) \n\.(z ) A fy(s)dls 20, 5 > 0.
;
Since ry (£) is the resolvent of Na(?). then
1

(3.9) alt) £ = 6(— Q. (0) = fo(0) } =\ ralt =) als) { = G = QA0) = [0} s

= (Na(h) ga'_\-{l — &) Na(s) ds) | = G = Q,(0) — [,(0)) 1N
:

= ry(t) 4 G(— Q,(0) — fo(0)) }/‘\'-
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Sinee 40) 4 f(0) > 0, N = 0 and ry{t) = 0 (sce Lemma 2 above), then
the left hand side of (3.9) is nonnegative for all 7 > 0. The hypotheses
of Theorem 4 are verilied. It follows that (he solution of (3.8) s nonne-
gative. This means that o, (1) is monotone noideereasing for as long as
it exists,

In order to see thal «,(f) is noninereasing use Theorem 1 of 6] o
justify differentiating (3.3). One obtains

(3.10} Yull) = = 2 o0 4 ()}~ G (0) — Q, ()}
- \ a(f — s) Hisy (= o, () + Q) (s)) ds.
0

Here Ji(s) is the nonnegative matrix

.Lfll(*u](‘s') - ‘Qtrl (9)) 0
H(s) = :
" ( 0 e(a(3) — Qi (5)) ]

Since equation (3.10) is linear. one ean write () = — (1) — z(0) where

1

5t = n fift) — Sa(t _s) His) =,(s) ds,

1}

and
¢

lt) = ) GUHO) — Qu(0) = {att = 9 1) () + QL) a
0
By Lemma 3 it follows immediately that z,(f) > 0. Since Sol0) = Q00) = 0,
then for any N - ¢

A GLf(0) — Q. (0) - \‘r:\-(f = $)a(5) GLLo{0) — Q,(0))ds
P (D GUf(0) — Q0N > 0.

In addition — Q; (s) 2 0 for all s = 0. Therefore Theorem applics to
conclude that z,(/) > 0 a.c. on B+ This shows that a, (1) is monotone
nonincreasing for as long as il exisls.

I y(t) is anyv of the three funetions £pomor . their on the interval
of existence ol gt} one has — f,(0) < #(t) < w0, (0), This means that (1)
can be continued as a solution of the appropriate integral equation to the
entire interval R+ -
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To complete the proof we nrst. compute the imits (o) and a, (o).
Sinee both funits ave computed in the same way we consider only (1)
Bel M, s) = Gla(t — ) = Q1 =) it 0 55 <f and ML =0 il L <«

o, Then (3.5) enn be wrtlten in the form

B

w8 = fo(t) — S(l’l:b‘) I, %) dls,
0

Since a € LR | (1 s) ] is uniformly bhounded and

lim k{1, 8} = Glar, (c0) = Q).
[

for each s = 0. then by the Lebesgue Dominated Convergence theorem
one has

k)

ru(00) = fo(e0) \.u(s) Glo, (o) — Q) ds.
0

The fivst term fi{ o0} is zero, By using (1.8) and (2.2) one can casily conpute

=

\.(r(,w) ds ! (r‘ (rf 4 rd)
e . ‘]3

| B
e rolri 4 1) /

2y, 03 }

0
Thercfore @ (o0) is a solution of (3.6). This completes the prool of Theo-
reny 4.
Theorem 7. Suppose g{u) and g,0i) satisfy (13} and (1T 3) ahave. Q,
wnd Q, are nonnegative veal wonbers and 0y < o0 e addition as-
sume

(IL 6}y For j = 1.2 the Iimil gfu)ie = + oo as 1| = o Then afge

braie system of equations (3.6) has a wunique solution @ = col (24 2a). Moreo-
ver z 20, 2 =00 x5 bz, >0 and (2, z,) #(Q,. Q).

Proof. The proof is an easy conscquence ol the theory of the ro-
tation of & map and the index of o zero point, see [17] especially p. 122
and Theorem .7 on p. 136, Let o) = o 4 v, M, Gla £) where
¥ =0, (8.7) delines My, M, and Q and G(2) = Glr,, +.) = col {a( ) o).
W S={reRrR:ai+2i=R| and R is silficiently Targe. it is casy Lo see
that the rotation of ¢ is defined on 8 and cquais plus one. Thus the sun
of the indices of the zeros of o inside of 8 is -- 1. 1f »* — col (7. =)
Is such a zero, then its index is (~ 1) where & ts the sunt of the orders
of all cigenvalues 7 of the matrix
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A=y, (S -0
0 gz — )

such that » = 1, The matrix 4 has the form

¢« byf—¢c O
A= Mo(— v 31, My) = | a)( , _d),

where e, 4 2 0, a, b >0 and a® — b = (v} + r3)* — (2ry7y)? = (rf — 152 >
0. Tts curenvaluoq » are solutions of the polynominal equation

24 rale + d) + ed{a® — b*) =

Therefore Re 2 < 0 for any eigenvalue. This means that ( —1)P = (=1 =
= index of ¥* = col (2,, z,). Thus (8.6) has a unique solution a* = col (7, z,).

Let og(@) = vM M, Gla — Q) so that o{r) = x4 g {x). Lengthly ele-
mentary arguments will establish the following statements. If a is in the
second quadrant of the (2, @,) — plane, then g4(a) lics in the first, third
or fourth quadrant. If & is in the third quadrant. then o) lics in the
first. If @ is in the fourth gquadrant, then g¢u(@) lies in the first, sceond
or third quadrant. If a = col (r, a,) with @, > Q, and a, > Qz, then
ool@) lics in the third quadrant. (Sce Figure 1 for the geomeiry.) These
statements complete the proof of Theorem 7.

Atz @A), Bt BoiBY,

Figure 1

It is very difficult to solve o(r) = 0 exactly cven when gi{n) =
=l for j = 1.2 and & = 0. The zeros of (8.6} can be computed nume-
rically in fthis case using Newton’s mcthod. The argument in the first
part ol the proof of Theorem 7 above is casily modified to see that the
Jacobian of ¢() is nonsingnlar if @ = col (2, a,) 2 0 and & # col (0, 0).

Corollary 8. If (311 —G) are hue. then the solidion of () evists for
all 1 2 0 and has a Limit a{o0) as & — o0, This limil is the unigue solution
of (3.6).

Proof. 1t is known that ay (1) < u(t) < o (f) while a,(f) and »,(f) both
tend fo the unique solution of (8.6).
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Corollary 4. Assume {11 —6). Then the solution of (1.1 —3) ewists for
all L = 0 and u(l, r) — v{r) uniformly on vy <r < ro as t — 0 where v 48
the wnigue solution of the boundury vabue proliem

(3.11) o {(r) + 1—1"(}') — —lév( Y=0, 1, 7 €7y,
r T
and
(312} o (r) = gi{v(r) = ), 0" (ry) = = galv(ry) — Q).

Proof. 'The general solution of (8.11) is ©(r) = Ar 4 Bfr. The func-
tion = will salisly (8.2} if and only if 4 and B arc chosen so that a =
= col(v{ry). w(ry)) is a solution of (3.6). Thercfore (8.12) is equivalent to

(3.12") u(ry) = x5, o(ry) = 25,

wher € = eol (2. 25) 15 the unique solution of (3.6). If u(t, r) solves (1.1) —
—(1.3). then u(t, r;) = 281 —» @ (Com]laleqbove) Now apply Theorem
2 of [8, p. 138] to sce thal wu(t. r) — v{r). This completes the proof of
Corollary 8.

Corollary 5. Assume (111), (M 8). (1T 5) and (I 7)

(47) Q, 0. «)for j=1,2 and Q;(c0) = 0 crisis.

Then the conclusions of Theorem 6 and Corvollary 3 remain true.

Progf. Let b he a €1 approximation of Q; such that [ A{f) — Q,(1)] <
g eexp (— 1) for all £ 20 and let Q;. (f) =)+ . Approxmmiu ¢i{u)
by a €' function v,(w) such thai y(u) = g(n} when |[w| < [fy(0) |
and +; satisfies (H 6). With these approximate functions construet ay(l. =)
u(t, ¢) and a, (4, s) as above. By Theorem 6 one has — fy(t) < dl(t g) £
< n(t, 2) <ay(l o) < fo(0), ay(t, <) is nondecreasing in £oand 2, (t, <) is
nonincreasing in ¢t On taking the limit as = - 0t it follows that a(t),
w(?) and a,(t) satisf- the same plopmiws Notice that ap. w and @, are
independent. of how vi(n) is delined in the region || 2 [f,(0) ] -+ 1.
Therefore Theorem 7 can be applied lo complete the proof.
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UN SISTEM DE ECUATI INTEGRALE VOLTERRA CARE INTERVINE
IN TEORLY SUPERFLUIDITATH

Reanaat

O anumitd problemi de cureere a Muidoli de hielin liclnd se reduce
la cenatia ealdurii cu conditii Ia inita neomogene. Se aratit cit aceasti
problemi este echivalentid cu vn sistan de dovd eenalil integrale neliniare
de tip Volterea,

Solutia acestei probleme de tip Volterra tinde asimptotie la un vee-
tor constant. Solutin covespunzittoare problemei enrgertl fluidului tinde Ia
o curgere lmita independenta de timp.

INTEGRO-DIFFERENTIAL EQUATIONS IN TILBERT SPACES
BY

VIOREL BARBU

L Introduction. In this paper we ave conecrned with cqualions of
the form

(1.1) 'ty - dolu(l)) +\a(t — &) Aulsydsa fl), v = o

(=

J;l(:r(: the unknown w1} {akes vaines in a Hilbert space fo is a non-
lincar monotone operator in M and ¢o is the subgradient of a convex and
lower semiconfinuous function o/ — | — o, o] The scufar function
a(l) is assumed to salisfy the monotoniciiy condition

{1.2) (—1)fa™ () 20, 0 l< c; k—0. 1.2

In the sealar case, ff = R the cquation (1.1) has been Firstlv con-
sidlered by Levin and Nohel [11] and 1t was extensively studied
by several authors (sce [6] for a detailed information and signilicant re-
sults in this field).

~ In Section 3 we use the monotonicity property of 4 and to ohlain
—Via conipaclness arguments—an existence result for equation (1.1). Our
result includes as a special ease thal of Artola [2]. A related linear
cquation was studied by Dafermos [8]. Section 4 is concerned with
asymplotic behavior as £ — oo for solutions of (1.1). The argument used
there, was lirst. applied to scalar equations by Halunay [10]. 1t was
used recenlly for more general equations of the form (1.1} by M ac
Camy and Wong [I3]. “

In Scction 5 we apply these results to some nonlinear boundary pro-

blems with applications in viscoclasticity theory. )
_The author is indebted to J. A. Nohel for uscful comments on a

prelinunary version of this paper.

2, Preliminaries. Lct If be a veal Hilbert space and let X be a re-

Hlexive Banach space dense in H and with the injeclion map of X into



