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N SISTEM DI RECUNTH INTEGRALLE VOLTERRA CARE O INTERVINIG
IN TEORLN SUPERFLUIDITAYTI

Rezumal

O anumita problemda de curgere o fluidului de heliu Jichid se reduce
la cenatin caldurti cu conditii la limitid neomogene, Se aratd ed accasta
problemi este echivalenta cu un sistem de dond ecuatii integrale neliniare
de tip Volterra.

solutin acestei probleme de tip Volterra tinde asimplotie la un vee-
for constant. Solutin corespunzittoare problemei eurgerii fluidului tinde la
o curgere limita independentia de limp.

INTEGRO-DIFFERENTIAL EQUATIONS TN HILBERT SPACES
BY

VIOREL BARBL

I. Entroduction. In this paper we are concerncd with cquations of
the form
e

(1.1) w1y + aofull)) 4 \a{!. — s} Auls)yds s jli), 0= {
o

8

Here the unknown w{f) lakes values oo Hithert space M, o0 is o non-
linear monotone operator in Jf and do is the suhgradient of a convex and

lower sceicontinuous Tunclion ol - ] — o, o] The scalar function
a(t) is assumed to satisfy the monotonicily condition
{1.2) (—1Ya® () 20, O0<i<oo; =0 1.2

In the sealar case, I = B the equation (1.1) has been fiestly con-
sidered by Levin and Nohel [11] and it was extensively studied
by several authors (sce [6] [or a detailed information and significant re-
sults in this ficld).

In Section 3 we use the monotonicity property of A and to obtain
—via compactness arguments—an existence vresult for equation (1.31). Our
result includes as a speciol case that of Arvtola [2]. A related linear
equation was studied by Dafermos [8]. Section 4 iIs concernced with
asymptotic behavior as ¢ — oo for solutions of (1.1). The argument used
there, was first applied to scalar equations by Halanay [10]. It was
used recently for more general equations of the form (1.1) by Mac¢
Camy and Wong [13]

In Section 5 we apply these results to some nonlincar boundary pro-
blems with applications i viscoclasticity theory.

The author is indebted to J. A, Nohel for useful comnients on a
preliminary version of this paper.

2. Preliminaries. let d be a real Hilbert space and let X he a re-
[lexive Banach space dense in H wnd with the injection map of X into
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2

17 continuous. We identify I with its own dual and denote X’ the dual
space of XL Then the following relation holds

Xc llcX.
Let (@, @) be the pairing helween an clement ' of X and @ of X ;f
v o' e I this is the ordinary inner product in JoWe denole by |y
and I the norm of X and X' restiectin elv. The worm of I will be

denoted by

Let 4 Be n nonlinear (multivalucd) operator frow A into X0 We
shall identify o with a subset of product space N %X’ und we shall use
the following notations:

(2.1} Ao =1{y €X' [a.u] €4 LD)y= e eN; Av # 0 ls

(2.2) R}y =v {da:a € DLy AT =y al; eyl edl
A subset o c XXX’ is said to be monotone if

{2.8) (i1, — Yo @ — Tp) = 0 for [2, y) €ed,1=1,2

Lis said to be maximal monotone in X < A7 if it is monotone and admits
no proper monotone extensions in X x.X". : )

Let o be a lower semicontinuous proper ¢onvex function from X
into [ — o, oo]. We set

Do) ={az eX: ofa)<+ 0}

and denote én ¢ X xX' the subdifferential (subgradientl) mapping of 9
1. €.,

(2.4) cola) =ty €X' ) — ofuy < (g, & —u)y ¥V 1 €X fi

We recall (sce e g, [14]) that éo s maximal monotone in X x X' and
D(é¢) is a dense subset of Dig). ‘ ‘ .

4 monotone subset .4 = X xX' is said to be cyclically monotone
if it satisfies

(2.5) (®, — o> Yo} + --- T+ (@y — Zu_1s Yamy) + (@ — @ ¥, €0

whenever y; € Az, for 1 =0,1,.., n (n arbitrary). According to a well
known result due to R. T. Rockafellar [14], a maximal monotone subset
4 of X xX' is the subdifferential ¢ of a lower semiconlinuous proper
convex function ¢: X =] — oo, co] iff A is cyclically monotone. In this
case ¢ is detcrmined by .1 uniquely up to an additive constant.

Suppose now that A is a maximal monotone subset of H xXH. Then
RU 4 »d) = H for every x>0 and Jy = (I + »d) .1 is well f;lefll}ed
on all of H. For every » =0 denote by A, the Yosida approximation
of 4 i. e.

Ay =2 = D),
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In the following Lemma we colleet for Jater use some clementary pro-
pertics of Jy and . (for the proof see [7]).

Lemma 2.1. Let A be a mavimal monotone subscet of H o< Il Then

(i) Ja is a contraction defined on all of H fur coery 3 = 6.

(ii) M Jye = 2 in U for cvery a e D(A).

a0

(i) Ay is wonolone (everyohere defined) Lipschils conttiuous operator

(with Lipschitz eonstant 3[3). Moreover. | dynj < | A% | and Tiny Ay =

A
= A% for every we D(A). Here A% denoles the unique element of least
norm in A
Now, let .1 = édo. where ¢ is a lover semicontinuous proper con-
vex function from I into ] — oo, wl.
Lemma 2.2. The function o, defined by

[ — o |*

(2.6) ex(t) = inf]

4 olv ‘, welly 30
veH 2% Q(k)i

is conver, Fréchet differentiuble and foy = A
In addition,

{2.7) Hm o) = ofu), Vuell
Asd

and

{2.8) p(Jae) < pa(} < olu), Vuell

For proof see 1. Brézis [4].

If 1 <p < oo, then L7 (0, 7' ; X) denoles the space of strongly measurable
functions % : ] 0. T'[ = X which are L7Bochuer integrable over Jo. T'[,
and the usual modification in case p = o0. By L7 (0, w ; X) we denole Lhe
corresponding loeal spaces.

Throughout s paper, «’ = dufdi will denole the derivative of
in the sense of vectorial distributions on real axis. 1t is well known that
if % and »' belong to LYo, 7; X) then w: [0, TT —» X is absolutely con-
tinuous and its ordinary derivalive coincides a. e. on J0, 7'[ with o

Lemma 2.3. Let o : H -] — o0, o] be a lower semnicontinuous proper
convex function and let w € L¥0, T ; H) be such that w € L¥0, T ;).
A,s'iumelihizt there is g e L¥0, T ; H) such that g{l) € oplu(l)) a. e @ €
E O. Fral B

Then the function t — o(u(t)) is absolutely continuous on [0, T'] and
the following equality

(2.9) (p(ult)))” = (h(t), w'(t))

holds for alinost all t €10, T [ and for every h(t) € éop(u(t)).

The proof of Lemma 2.8 is given in [4].

8. The main existence result. We are given a patr of real reflexive
Banach spaces V, W and a real Hilbert spacc H which satisfy
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with cach injection mapping continnous and densely defined. Notations
for nornmed and inner product wiil he the same us m § 2,

secondlyv, we have a lower senpeonlinuous proper convex funietion
5 H -] — e, w] and a evelically monotone operator £ = 117 which
are assumed Lo salisfy

() DD = Woand o is single valued, hemicontinuous and cocreive
Fron B into M7, 1.«

{(3.1) Vo {Hitn + o) w) = (e, w) Tor e, we B
- -k
(8.2) b (weow))) ey = 4 oo
I.-.n' TR
(1) D) = 1V and
{3.3) b (olu} - [ |7 = 4 203

2|V =z

(iii) the injection map of 17 into W is compact.:
(iv) for every u e D(g) and for cach ¢ > 0. the solution g ol the
cqualion w4 + s, = w. lies in Do) and salislies

(3. 1) ot ) < oli):

(v) ald) is o conlinuous function on {0, w| such that @ & C¥(] 0
o | B and

(3.3 (— 1V e z20dor i>0und b=0,1, 2

Theorem 1. Swuppose thal Hypotheses (1) ~ (V) are salisfied. Let o, f

be given such thal

(3.6) wy € Do), f, f L] (0, o M}
Then there exists ai least one function w0, oo - U which satisfics
(3.7) w eC(0, ooz W)y n L2 (0, w: V),
(3.8) u' e Lt (0, co; Hf).
¢

"

(3.m) w'(t)y 4 eolu(t)) + \a(t — &) du(s) ds 3 f(1), a. . 1 =0,

(8.10) ' #{0) = up

Proof. According to a well known result due to F. Browder (sce
c. ¢ [3]), assumption (i) implies that .4 is maximal monotone in 1 w
and R(A) = W’ In particular, it follows that the operator A, defined by
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dyu = A il weDdy )= ueW, due ll}

tv maximal monotone in H xIi.

On the other hand, since o is evelically maximal monotone in WX,
there exists a unigue lowerssemicontinuous  convex  lunclion ¢ : W —
[ —zo,+e0], ¢ # + o such that o = &¢ and

inf o) noe Wl 0.

The cocreivity condilion (3.2) clearly implies that -2 1 = 17 is boun-
ded on every bounded subset of 1V We deduee (see for instance [5]. Th.

7) that

(3.11) i Q)] || | = oo,
el - u
Let Gyl —§ — oo, wf be the convex funclion defined by

w{t) el
Ao b e

Since the space Wis reflexive, it follows by (3.11) that g oy (1) €
< 7} is a closed subsct of I for cach real 7. i ¢,y is lower semicon-
tinvous in H. Thus é¢, is maximal monotone subset of I = and this
clearly implics that ., = éyy,.

Iet 7 €0, oo| be such thal « (7)) — 0. We consider the appro-
ximating equations

4’1;(“) =

[

(3.12) () + colw () —I—Ra(f —s) sy ds = fit). o =t — T
o

with the initial condition

(3.18) (0) = g,

where Ay = A YT = (I 4 ad,) ™" and X > 0. Hypothesis (v) implies that
«' € L1(0, ) and by Lemma 2.1 4, is Lipschitz continuous in H. Thus
by using the same argument as in [4], it lollows that problem (3.12) ~
~ (8.138) has a unique sohution w, € C(0, T; H) which satisfies

w, € L0, T': H), uy(t) € D{ég) for 0 <t < T

In order to obtain the convergence of u; as »x —0 some apriori esti-
mates are necessary.

Lemma 3.1. There evists a constant C > 0 such that for all % > 0
and t€[0, T

¢
(3.14) S |, (s)I2 ds A

Ayun(s)ds ’ + o(uxt)) < C.

(=L By I

f _ MAIEMATICA, fasc. 2
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Proof. Let §p: H -] — cc, ooJ be the function defined by

re H

[H — o |? .
Pafue) = inf vy}, well; 5.0

and let £5(t) be ,the encrgy [unction®

'3

L =da (1(f)) - %(r(t) S_llu;_(s) ds :

0
ga(t—s R dara( :_

By Lemma 2.2 and Lemma 2.3 it follows that
(1), () = (G(a()) ae. 0 << T

Thus a simple caleulation involving (3.13) leads to

ds, 0 <1 < T

: t
1

— _-S(:” {t - .S)(S.I}.H;‘(T) i~ 2(!.5- +

7]

¢
(3.15) I() — ;u’(i)l\,.l;_u;(.s') ds|

+ (fty — wlt), daa(t)), a. . 0 <t = T

where
i

ity = SO — ) ~ Su(t — ) yinfs) ds.
0
The existence of the integrals occuring in (3.15) is casily ]llstl[led by
the hypothesis. In fact it follows 1eddllv from (8.5) that llm te'(t) = 0

and ta’'(t) € L0, o).
From (3.5) and (8.15) one observes that

Eit) < (f) — D), () a. e 0 <t< T.

Since (t) € co(up(?)) for all t €10, 7], it follows easily from (iv) that
(‘.ijx (l), .-I;\ul( ))) =20 for 0 gt < T.

Hence
(3.16) Es(t) < dalug) + S(f(s), Ayushds, 0 gt g T.

Set
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3
Fi{t) 5.-“;\161(6') ds, 0t 1
0

By integrating by parts in (3.16) we get
¢
g 1 - ; . e .
7 (t (f-))-!-éa(t) | (8 [* < 4 + (fle), F(t) — \(./ (s)s Fafs)) ds
[}

and

¢

LSO 1y

()

I (a(?)) + 1(1 (O | F) 12 = Byluy) +

Since da(ig) € $(u) and a{t) > «(T) > 0 the above integral incquality
vields
(3.17) Dofesft)) + | FD P s C foro gt < 71,
where C = 0 is independent. of 2.
On the other hand, the equation (3.12) may be written as
i
(3.18) W)+ gt + a(0) (1) +\ @t — 5) Iys) ds = f(1).
J
If we multiply (3.18) by ¢ and integrate over [0,1] we obtain by
Lemma 2.2,
H ¢
o) +\116) 125 < ofuo) +{ 1146) 1 (a(0) [ 1501 +
2

0

+ [ fls) Pds +\\ [ a'(s — =) | [ yals) | [ Fa(=) | d= ds.

O™ T
—— D gy

This, together (8.12) and
proof of Lemma 8.1.

Proof of Theorem 1 (continued}. Set vy(t) = (I + 245" ux(t). Hy-
pothesis (iv) together with Lemma 8.1 imply

o)) < pluaft)) € C,0 <t < T a>0.
Again by Lemma 3.1 and Hypothesis (ii) we conclude that
(3.19) Load) v+ [wdd) Iy < €y

8.17) implies (3.14) and thus completes the
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for all 2 =0 and ¢ =[o. T[] Here €, 0 is independent of 7. Stnee (7 +
oAt is a contraction on I it follows that  @{f) = w(f) | ac.

mni
t |0, T[. Then
! !
(.20) \;;-;_(1; 2 \ Wity < €0
1] 0

by Lemma 3.1,

o Since the injeetion map of Vointo 1 is compact by hypothesis,
it loHows by (3.19) and (3.20) (see [1]) that Jw: 2 -0 and i, 0 7 0]
are compact subscts of L0, T W) Ience there exisl sequences s |
and { @5 | osuch that 3

i, U = ¢ oas 2, 20
strongly in Lo, T W)

Sinee I is maximal monodone in W and defined on adl of H,
a well known result due to RO Rockatellar (seeeog [VE) implies
that A s loeally bounded on W, Since o is single valued, we deduce
that it is demi-continuous i. ¢. continuous from the strong topology of
IV into weak topology of 17 This the inequality (3.19) together with Hy-
pothesis (iii) imply that the sets { de(f) ;0 = t< T5 o = 0] and | () :
0 <1 = T: 7 0! are weakly compact in W7, llencee § 0oy 5 0= 0] and
tfuy 1 7 - 0} are hounded subsets of L= (0, 7 7).

On the olher hand, the equality

() + rAdv(t) = uul)

implies
| taff) — wall) |* = ndig(t), walf) — wald)

because .1 is monotone.
[1ence
wall) — () [* <k |lduaft) e 0 2ea{t) — wat) fiar-
This obviously implies (t) = (i) . ¢. tefo, T [. Since fau), ] remains
hounded in L2{0, T H) and | ofw | isa bounded subset of L7(0, T ; W),
there exists 7, — 0 as # — oo such that

W, =W strongly in L¥0, T ; H).

“;\n — 4’ weakly in L¥o, T H),

Ay, — w weakly-star in L=(0. T3 W),

But . is demicontinuous from W into 17, so we conclude that w(l) =
= Adu{tya.c. t €] 0, T
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t
Since Rn(! — s )by 10, () ds vemains bounded in L0, T: 1) by Lemma
, \
0
3.1, we may assume hat
t

a(t — s) A, 1w (s)ds — gui! woxy cis)ids
i
weakly in L0, 7 H). In cquation (3.12) we put 7 == 7, and let # — oo,
Since ¢y is maximal monotone it Tollows by a standard deviee thal w(t) €
e D(ig) a. e L eo, T[] and
¢
(3.21) «{1) coaln{ty) - \u(l — s dufs)ds s fiy woen oo JO0 T

.

u

R

We  have
i, (0) = u(0) weaklv in M

&
bheeause u;_n — ' weakly in Lo, T H).
Henee
(3.22) n(0) = U,
Morcover, we have
(3.23) welyo, T I, Ava L= (0. T: 1),

! i

Sinee F (1) - \ sy ds remains bounded in f and I () - \_lu {s)els
0 o
weakly in IV for each £ €0, T|, we deduce that

3

(3.24) \.-lu(s) de e I for 0 <t = T.

0
Finally, in (3.14) we put 7= 7, and let n = oo, therchy obtaining:
(3.25) ofu(t)) € C for 0 <t £ T.

By hypothesis this implies v & L* (0, T V)and
we=C (0, T; W),
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because by (8.23) u is continuons H-valued function and the injection
map of Vinto W is compact. Thus to complete the proof of Thearem 1,
we need to show that w{t) can be continued on 17T, .

We consider the cquation
»
(3.26) () L= ((f))-L Sn(f s) Av(s) ds D fit 4 T} — Sa( T Lt — s du(s) de
0 i
with initial value condition
{3.27) 0] = w(T).
But w{T) & D (9)by (3.25) and from (3.21) it follows that the function
T
—pSa.(T + ¢ — &) Jluls) ds tosether its derivative belong to L (0.7 : H).
o
Thus by the first part of this proof it follows that the problem (3.26) ~
~ {8.27) has at lcast a solution v(f): [0.T [+ H satisfving
v C(0,T; W) n L*(0.T; V), 4v s L® (0.T; W)
and
v & L*{0.T; H).
It now follows readily that : {0,27[ - H dcfined by

J u(t) for ot T
ut) = o(t—1T) for T<t<2?

satisfies the cquation (3.9). Tt may be similarly shown that # can be
continued outside [0,2T| q.e.d.

Remark 3.1. If the operator A: W —» W' is assumed to be bounded on
every bounded subset of W, then Theorem 1 remains valid if the assumption
(ii) 25 replaced by the condition

(i1) D(ig) = V and there arc posiiive constanls o, p such that

(3.28) 1(@9)°u |* + Blu|f = alluls, Vvus D(dy).

To prove this it suffices to observe in the proof of Theorem 1 that
{{09){uy); 1>0] is a bounded subset of L¥(0.7: H) by Lemmia 3.1, and
to use the condition (8.28) instead of (3.3).

1 4. The asymptotic behavior of the solutions. We arc interested here
n the asymptotic stability of solutions of homogeneous equation
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'
(4.1) w'(f) + dp{u(t)) |- Sa(t — sy Auls)ds D 0, nel 2 0
0

In order to obtain a stability result for this equation. additional

assumptions are required. Speciffically we suppose:
(vi) a{) # a(0) and one of the following two conditions is satisfied

a(x)=£0,

(4.2) )
a& L{0.n) u LH0,7).

We further assume that

{vii) A°' is single valued mapping.

Theorem 2. Assume that (1)~ (vii) hold. If v C(0,; ) is any
solution of (4.1) satisfying

(4.8) w0y & D () and u', due L2 (0,00 IT)

then
limu(t)= 4710

t=+x
in the strong topology of W. .
Proof. Let : 1 =} — o, 4] be the convex and lower semicon-
tinuous function uniquely determined by
A = éy and inf $(n) =
=W
Let # be any function satisfving the conditions of the theorem. We

multiply the equation
!

{+.5) w'(t) -+ op(u(t)) + S a(t — ) Au(s)yds =20, a. e. £ =0
0

by Auft) and we integrate over ]0,i[. Use of Lemma 2. and Assumption

(iv) leads to

S S s — =) (Au(s), Au(=)) d= < P(u{0)), (=0
0

On the other hand, from (v) and a(f) # a(0) it follows the existence of
positive constants = and = (sce [13]) such that

a‘vs e=eia=) (_farfs). b (2))d=.

0

SdsSa(s — ) (Auls). (=) d= >
0 0

C'._,--.



376 VIOREL BARBU 12
Therefore,
Lo
lu(h)) | z\rl.s-sz--ff* D Auls). du{2)d= = (o). t = 0,
T
We set

]

i () g" wi=ar fnls) o,

;]
Then
!
(+.6) ) 4\ (gl () ds < (o))
and !
(4.7) Y () 4 ey (1) = Au(t) for 0 €1 = cx.
Henee
:
(1.8) 3—)—|y.(1‘) f2 o 35 | e(s) 12ds < S(u(0)) for 0 <t = o0,
¥
We define
13
a(t) = S(.r.(i — &) Au(s) ds.
0

We note that

20 = a() pft) = \ (salt =) + tt = 9) o) s

If' the second alternative of Mypothesis (vi) holds (i ¢. ¢ &LY0. oc)u
U L*0. o)) then the inequality {(1.8) obviously implies that g(f) is bounded
on [0. oo [. Now supposc that (o) = 0. We then define .the enerpy
funection*,

) = Y@+ Sale) | 1) 2=\t =) B0 — B s
where !
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¢
P = { ) a.
o

The assumption {(v) implies just as in seetion 3 that E'() = 0 a.
¢, [ =0,
Therefore,

(+.9) Lot + La (0 1 F@) 1 < Yy Tor 13 0.

Since #({} ean be writlien as
[

o(1) = a(0) Flt) +{ @t = ) F(s) s,

we conclude that '
+.10) ety « M for 0 €1 < o0,
where M is a posilive constant,

Next, we take inner product of cquation (4.5) with «'(i) to obtain
{+.11) w(E) 2 (@lu(D)) < | gy, a. e £ =0,
Let wu, be arbitrary but fixed in D{o). We have,
4.12) o(t(f)) < @(ng) — () + (1), w(t) — 1wg). a. e £ = 0.
But [ u(t) | and [g(f) | are both hounded by the estimates (+.3) and (+.10).
Thus the previous estimates imply that

(o(r(t)))* + (o{u(f))}) = C,. v e 1 >0

because o is bounded from below by an affine finction. Hence
(1.13) Po({th | € C Tor 0 = < =

where € is a nonnegative suitable chosen constant.

Let w be arbitrary in ¥, Since # & €0, oo ; H) and since the im-
bedding of 1" in 1 is compact, it follows immediately that @ (0. o :
W). We have already observed that o is demicontinuous from 1V into
H7. Since | w{t) | is bounded this fmplies that the funetion £ — (fu(f). w)
is uniformly continuous on the halfaxis ¢ > 0. Then (£.7) and (4.8) imply
just as in {10], that (y(t). w) - 0 and (y'(f), w) — 0 as - oc. Hence

(+.14) Aufty = 0 weakly in W' as [ - @,
But | u(t) |y is bounded by (+.13). Thus there exist v, & Wand 1, - «

such that w(f,) — w. strongly in W, Since A is demicontinuous, (+.11)
implies that 4w, = 0. Consequently, we conclude from {vii) that



378 VIOREL BARDU i4

lim w(t) = A~10 strongly in V.
tomon
This completes the proof of the theorem.
5. Examples. Throughout this section, Q will denote a bounded
open subsct of B* with smooth boundary I'. By HXQ)and H(£2) we shall

denote usual Sobolev spaces.
Example 1. Let ¢ be a real continuous function defined on R —=

=1~ e, w[ satislying

(5.1) ar)y| £ C(lr 1P+ 1), r &R,
and
(5.2) rg(r) 2 Co 717 = 1), T&R,

where C,, €, =0 and p is such thal
(5.8) 2 <p < 2n/(n —2) il n2>3,
p arbitrary in [2, o[ 1 <n <3.
Besides g, we are given a maximal monotone subset f in R xR such
that
(5.4) r'g{r) = 0 for any [r, '] € B.
Sinece B is maximal monotone in R XR, itis cyclically maximal mono-
tone. so thal there exists a lower semicontinuous convex functionj: B —
— 1 — o, | such that j # + o0 and
& = 8.
Finally, we are given a continuous function a: [0, o [ —» R which
satisfies
(5.5) (—1)a® () 20 for t =0, #=0,1, 2

Our first applieation is concerned with existence and asymptotic
behavior for solutions of the boundary value problem

£
(5.6) % — Au — Sa(t — 5) g(u(s)) ds = f(t) a.c.on 10, o [ X L,
0
= o
(5.7) — — € B(n) a. e on ]0, o [xT,
an
(5.8) 1(0, &) = ) a. e, on Q,

where g, B and « are assumed to satisfy the above conditions.
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Corollary 1. Let f. w1, be given saligfying
(5.9) L el (0 o LQ),

“loc
{(3.10) e € ML) and j(uy) & LYT).

_ Then the problem (5.6) x (5.7) adwmits at least one solution uft, v} sa-
Lisfying

(5.11) e Cu, oo LYQ)) M L2, (0, 0 H' ()
{3.12) w(y g HHQ) a, c. £ >0

e

(;; S712 (0, w; LAQ)).

I Suppose further, that a(t) satisfies the additional hypothesis (vi) and g
is stricily monotone. If n < 3 and [ =0 then for each u, satisfying (5.10
Hm.}:a? c;a'rsfs a solution w of (5.6). (5.8) which satisfies (5.11), (5.12), (5.1
and also

(5.14) lim #{t) = g2 7%0) strongly in L* (Q).

$omon

(5.13)

Proof. Let A denote the monotone operator from L?() into L*(Q)
(1/p + 1/p" =1} given by
(Au) () = glu(r)) n.e. 2 g Q, v s L7 (Q),

and let ¢ : L¥Q) - | — o0, oo | be the convex function defined by

I ! S grad u {* d —}—S_-j(u) do if v s H'(Q), j(u) € LYI")
o(u) =1 ? r

Q
I -+ oo otherwise.
It is proved in [5] that ¢ is lower semicontinuous in LQ) and its sub
differential ¢o o L¥Q) «L*%Q) is given by

dgp(u) = — Au,
with

D(99) ={u eH¥Q); ~Zcpu) a e onTl,
n |

where &/on denotes the outward normal derivative. We lhave assumed
the boundary I' of Q to be sufficiently smooth to define the .trace* cufenir
for « € H¥Q) (see e. g. [12]). We take V"= JIY(Q), W = L7Q) and I
= L¥Q). If 4 and ¢ are defined as above then the assumptions (1) and
(i) follows easily from the definitions and from the estimates (5.1) and
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(5.2). Hypothesis (ii1) follows from (5.3) by using Sobolev’s Tibedding Theo-
rem and (iv) is clearly implied by {5.1). Fypothesis (vi) follows immedia-
tely from Lhe corresponding property of g,

Theorem 1 and Theorem 2 ean thercfore be applied to  the pre
sent situation. To eomplete the proof of Corolary 1, we nced only to
verily that under our assumptions, every solution w of the problem (5.6) ~
~ (5.8) satisfying (5.11) ~ (5.13). satisfies also Au e L {0, oo L2(Q))
. c.

(5.15) g{u(t, m)) & L3 (0, o3 LHQ)).

Indeed. if # < 3 then HHQ) < C(Q) so that (5.12) implies that w(l) =
e C(Q) a. e. ¢ > 0. In parkicular it follows that g(u(t)) e C() < LYQ
aoe fo >0,
Finally, (5.15) follows from continuity of ¢ and from (5.11). Thus
the proof is complete.
Example 2. We take V= H}Q). W= L¥Q) and I = L*(Q). Let
o:H — | — 2, ] be given by :

1 .
~ S [grad w |2de [ v e H{Q) and w = 0 a. e. on Q,

W

ofu) = 0
) otherwise.
It lollows casily that o is lower semicontinuous in I and its subdif-
ferential ¢o is given by
éofuy = {velQ);v= <« Ana.c.on[u =0 Jand
v € —Ana coon[u=0], n Do),

where Dep) = dueH(Q) n HXQ): w20 a. ¢, on QL

The operator f : LP(Q) — (L2(Q)) is defined as in the prool of Theo-
rem 3 where g is assumed to satisfv (5.1). (5.2). {5.3) and the additional
hypothesis :
(5.16) ) =0 and rg{r) = 0 for all » e R,

Thus applving Theorem 1 and Theorem 2 we obtain
Corollary 2. Lef (5.1). (5.2). (5.8). (5.53) and (3.16) be satisfied. Let g, f
he given. salisfying

(5.17) Mo €JL(Q), u >0a. e 0n Q
(5.18) S e L (0, o« 3 LYQ)).

Then there evists ab least one function uft, v) which satisfies
(5.19) 1 € C(0, ooy L7(Q)) 1 Line(0. o0 1 JIHQ))
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w(t) e I n HHQ) a. e t >0,
5.21) (., ) =0 a.cooon |00 cof KL

Lt
te
=
=
st

]

e Aun -I-S a(t — ) g{u(s)) dds = f a. c. on |u — 0

ot
i
(5.22) ,
LR VP -+ S a(t —s) slu(s)) ds = [ a0 cooon [0 — 0]
y :
( o
{5.23) w0, @) = uy(w) . c.ooon £
Suppose further, that () satisfies (vi), f= 0 and n < 5. Then
(5.21) limw{t) = 0 strongly in L),
L

Example 8. Consider the mixed boundary — initial value problem

5.20) (t)=u(l e}t Sa (=) (a0 ds + f{, @) (£ 2) €] 0] % ]0.3]

n

(3.26) w(l, Oy = (i, 1) =0, 0 - ¢ < oo,
(5.27) w(0, &y = ). 0= a<1,
We have used here the standard notalions : w, = en/et and w, = cufcr.

We suppose that o(r) isa continuously differentiable function on K.
satisfying

(3.28) a'(r) =0, r €R.
and
(3.29) la(r)| s my|r| +m. 1 ki,

where m . m, are positive constants,
Define the operator ! from IH}0, 1) into its dual space by

(Au, ) = Sa(uz)vzdrr. u, v & Y0, 1).
0

1t is easy to sec that under our assumptions on ¢ the operator 4 is eyeli-
cally monotone, and demicontinuous from HY0. 1) into (HY0, 1}}. I we
impose the further condition

{5.30) ra(r) zm(lr241), m =0,
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then . is coercive on J(0, 1). .
Let 9:L30,1) - ] — oc, ] be the convex [unction defined by

1
.‘_S Vg |Pde i 1 e HL0,1),
o(u) =91 2
0
- o0 otherwise,
We have
dolu) = T,

for all w € HJ(0.1) n H¥0,1) = Dieg). Tt follows casily that the condi-
tions (i), (i1), (iil) and (iv) in § 3 arc satisficd with 17— J1{0.0) 1 2* (82),
W — v, V), H = L0, 1) and A, ¢ dcfined as before. If we apply Theo-
remm 1 (see Remark 3.1), we have the following result :

Corollary 3. Suppose that aft) salisfies the asswmption (v)in 3. Further-
more, e assine that condition (5.25), (5.29) and (5.30) hold for o. Let f.
1y be given satisfying

(3.81) 1y € H (0, 1),
(5.32) Jof" €L (0, 0 ; L0, 1).

Then the problem (5.23) ~ (3.27) admils at least one solution u(l. x)
satisfying

(5.33) w € Co, o ; JIHO, 1)) 0 Lige (0, oo ; II}0,1) n IT*0, 1)),
{5.34) u, © Lie (0, 0 ; L¥0, 1))

Remark 3.1. lquations of the form (5.25) are of physical interest
and were considered by many authors. For a different approach to the
study of related problenm, we refer to J. M. Greenberg, R, C. Mac
Camy and V. J. Mizel [9].
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LECUATI INTEGRO-DIFERENTIALL IN SPATIV HILBERT
Rezumat

Se studiazd existenta si comportarca asimplolica a solutitlor unei
ccuatii integro-diferentiale abstracle de tip Levin-Nohel.



