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(1.0) - (0.1) & = M and (1.0) — (0.1} = 3, Uﬁ would imply o > 218 and
fooz2YP 0 We obtain the conteadiction |- 2,207 0 of L T 22 TTow
ever for 1 p == 20 the set M, i strietly conves,
¢) The preceding results are also true in the case when X s o linear
space on the Tield € of complex numbers. In this ease we shall ask that the
caualily (3} 1o be verified for all «, o, = C and the equality (6) to be re-
placed by (e ) — (g, ). where the complex inner product (L) is conneeted
with the real inner produet by the equahity (0o y) = - a0y :
[oodecy . Purthermore we suppose that the et M overifies the equahiy
W =M forall = = C with |« —1.
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ASUPRHA MULTIMILOR A-NETEDE DINTR-UN SPATIU LIXNTIAR
Resmnnk

Se dan efteva noi propriclatt ade muttimitor H-netede introdose in
[3} sub denumirea de mudting If-convexe. Printre altele, sc arvati e pentru
multimile absorbante, simetrice sioradial marginite. proprictatea Inetio-
nalei Jui Minkowski de ot normd hilbertiana depinde numai de ff-netezi-
mea {rontierel radiale (teorema 2} De asemenca, se stabilese coredatii intre
notiunile de H-netezime, convexitate si strieta convexitate,
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TRANSITIVE QUASI-UNIFORMITIES AND ALY
DIMENSTONAL BITOPOLOGICAL SPACLS
BY

T. BIRSAN

1. Introduction. The concepts ol transitive 11}1:1hi—1111iI'nrmil':\' and ol
covering guasi-uniformity was in!rmlu(:vd hy P Fletehey [3] which
imitiated o svstematic study of this l(_)l_uc's. N . B .

\ yuasi-iniformity @fon a set Xoixa transilive q:.'u.w—ulug/m'ma!y !1,(/{, l(dh
4 buse (or a subbase) @B sutisfving the ('f'.“‘l‘!",”,“ l‘hul.' (or cach If < 15_.‘
1o B B In the special ense ol the unilormities, this coneept coineides
with the concept o non-archimedean niformity which was considercd pre-

i S ALK Mouna [T .
H”lhli\.(‘tl.}.\(.\'_. <) be a l:)pol()_u;i'(::l]l space. A (!nl'lu:l'im'l {cover) & u! upen al(l\
iv 2 Q-collection (@-cover) if for mcl} reN niCe@:a = .( L e - '.,'(,ll
re . = 2. An open cover @ of X s cover ;11)()111‘.l{.:'. A) iF there 'C_\lhllh
¢ = @ such that o e € ¢ . Lvery (:nllu(:[m.n oA of Q-covers of X hll(!ii.
that, for cach 4 = 7 and each @ = . oA comtains a cover .zl‘i)Ullt. {r, 1) Ig:zl(_h
in a natural way [3. Theorem 1] o a (.'Hll)}):}ill)k"(]llélh‘l-lllnlI().l‘llll!)' on (X, -}
whicel is called a covering qu(mi—un{frn'milg,{ for (N, o) o is the f:n]lvc[u_m
of all point (locallv} finiie open covers of Y. then the vm‘rcs‘].mmhng.(_.'n\ s
ring quasi-uniformity s called the poid (lpcally) finile covering quusi-itii-

formity for (X.=). In [3] the cquivalence ol concepls of a transitive guast-

uniformity and of a covering quasi-umiformity is pr wed @ a compatible quasi-
uniformity 24 for (X, 7) is a covering quasi-uniformity i and only af 24 1s
a transitive quasi-uniforniity. o _ .

In scction 2 and 3 we give two new characterizations of transthive
quasi-uniformitics. In scetion it is proved that .-.1_hi}'npnluu;«gl space (XL
;. 7,) is pairwise zero dimensional it and only il 3t is transitive quasi-unl-
formizable. This latter result is an improvement of the result of 1. L. Reills
[10, Theorem +]. Some of the results of this paper generalize the correspon-
ding results for non-archimedean uniformities [7}. -

2, Transitive quasi-uniformities and non-archimedean quas:wseudo-
metries. \ quasi-pseudo-metrie ponasel Vs a non=arehimedean quasi-pseido-
metric i p satisfies the inequality
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plo gy <max [p(e 2 plun gl for all vy = X,

Lemma 1. Let X be g sef and B8 = X v :
! . LY bea s o Xoswuch that B DA {
ve X Let ppo X N — R be the fupetion defined by o I

0 i (eyye B,
pulry) { e
I oaf (g & B
Then o B ¥ i 5 f /
n u{ S B and only if pyois a won-archimedean quasi-pseado-metyic
Proof. T is elear that py (e, y) = 0 for cach ()= XV - X, Also

sinee A~ B foliow - ) =0 for ' is i
0 0 ows Lhat pg (eow) =0 for cach 0 = X, 1L s immediate

Boll =BeBoB cBe((n.)eB (ny)s By = B)
S (pp(s) =0, pp(sy) = 0= pyle.y) =0)
1
I

S pubts ) < max g (2. (o)),

il Tl}(}on em l. If U is transiice quasi-uniformity on X and B is « ran-
; r.'.éH' Hrcese ./m_ A then Gl Ay denerated by the family {py o B = Bl (where
P ds ;.', mn/e.-ul) ;'h_mul'\dr’(m quasi-psendo-metric which is defined as in T, l'}IHHHI n
roaf. 1t s known that a familv of i i :
) i 1 al a [: non-arclimedean quas '
. bz Khown thaten ¥ of non-ar an quasi-psendo-
||--Ll“('th' on A gencrates a transitive quasi-uniformity on Y. Let (0[1)(' the
P.ms: ve quasi-uniformity generated by the Family {p,: B = @ Sinee
»o=alv ) s py (e ) =0} it Tollows that 8 s a common subbase for the
quasi-untformities 7 and . Tlenee 7 . ‘
Theorer si-unifor - ]
lm.mlo-mm.i‘n[f. A q:}'a.sa-um:/un,-a space (X QL) s non-archimedean quasi-
¢ 2ble f and ondy If the quasi-uniforniity U has « conndable Ir
sthive hase, ‘ T . e
Ire is clear that, il p is i
. tii)i)'{- ll -llh clear that, il p is a non-archimedean quasi-pseudo-metric
patible with @£, then the family (o gy :p (oo y) —1/n!: AN
countable transitive base for 2. Converscly let ‘ll.x"l- —-'”"'L.u P
N sely, et 1B r e = N be a transiti-

ve base for 2. For cach e \
. : : no= N let p ; o . S
defined by P = pn, (see Lemma 1) Now let p be

1
po—sup —p, .
ngx 2

The prool of the Tact that p i [

4 ) ¢ lact that pois o non-archimedean quasi-pseudo-nietrie
A (()Il‘l‘[’)illll)lcn\\'llll U is stralghtforward and we ()m}l it : e on

¢ recall that o real valued function f ; Ui

) ; L tha al ve S oon the quasi-uniform space
E.]\i‘flﬂ_) In quasi-uniformly lower semi-continuous (q.u.l.s.('.‘) il for cach -‘:1) l((L)

ere is 4 U e 94 such that (v y) = U implies f(y) - f{r) — = ‘ H
wnifo &enllma.-? l{-}', ! ropostion 2LAS pois a quasi-pscudo-metric on the quasi-
e rin space (XU, then pois qaedse, on (X o« XY - 4 if and ondy
ey plooyl 2l = i for each = 0. T v

3 T QUASLUNIFORMITES AND BUTOLOLOGICAL SPACES S

The following result gives a charvacierization of the transitive quusi-
nnitormitics in terms of the non-archimedean quasi-pserdo-metries.

Theorem 3. Frery fransitive quasi-uniformity L on X s generaled by
the family @, of all non-archimedean quasi-psendo-marics which are gulse,
on (X X X, U™ and having only two values O and /.

Proof. Let @ be the transitive quasi-uniformity aencrated by the
family P . [t is clear that the family of sets {1(e g5 p Lo y) wip s
= (Do} Iv a subbase for @ Sinee, by Lemma 2, (e ) p (e ) =0} = U,
for cach p & @, . the quasi-uniformity @ 1s smaller than 74

Conversely, il @ is a Iransitive subbase for @, then, by Lemma 1. for
cuch B € @ pp is a non-archimedean quasi-pseudo-metyic on X and B =
= (2, 4): pp(r, y) = 0} = 4L Using again Lenma 2, it follows that py, is
gqarls.e. on (X3 AL 9K At~1y. Henee for each B= B, py = P, . so that
) is larger than 4.

Remarl. Lot X == Loy, wy e byt be a finite space and 7 a topology

on X I Dy is the smallest open set contaiming &y € X and B = U [y} = Dy,
i1

then !B1 s a base for a transitive quasi-uniformity compatible with = Con-
sequently, py defined as in Lemma 1 is @ non-archimedean guasi-pscudo-
metric compatible with . There exisls a strong interconnection hetween
this non-archimedean quasi-pscudo-metric and the matrix characterization
of topology = given by H. Shavrp [¥2]: i (f;) s the matrix associated
{o the topology =, then f; =1 —py (g, ), G J =120, N,

3. Transitive quasi-uniformities and principal topologies. Let (X.<) be
a topological space. The lollowing assertions are obviously cquivalent @ a)
every intersection of open sets is open, ) for cach v & X there exists a set
D, =~ which is the smallest open set containing v, ¢) the family of the z-clo-
sed sets is a topology on X. The topologics which satisfyv one of these condi-
tions appear frequently in the mathematical literature having different de-
signations : they are alled diserete topologies in [1], principal topologics
in [18], complete topalogies in [11], saturated topologics in {6], ete. We adopt
the term of principal topology which appears in [13] related with the comple-
mentation problem of topologies.

The next lemma follows immediatcly.

Lemma 3. Let = be a principal topology on X and, Sor cach @ € X, et
D, be the smallest open set which conluins 2. Let

B.= u lfa} x Dy €A},

Then the family | B2t reduced lo « single element is a transitice Dase for a con-
patible quasi-uniformity U. on X.
Remark. The quasi-uniformity @ related with the principal topology
+ is the Jargest compatible quasi-uniformity on A |2. Theorem 8.3].
Theorem 4. Let (X, =) be a topological space and let fzst =1} be a
Samily of principal topelogies on X such that = = sup =031 € I} If. for each
i €1, Us, is the quasi-uniformity compatible with =,. constructed as in Lemimna
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S then 7. sap Joq i = 6 ix o ransiece quasi-iniformity compatible
with =

Proof. 10 is elear that 7 ts a0 bramsilive quasi-nnilormily and, as it s
well knowne the topology induceed by Z. 0s the supremnm ol the family of
topologies indueed Iy A0 Thevefore 7L, s compatible with - ‘

Definition {f (X <) iv a topological space, (200 = 1 is o fumily of
prineipol Iupru'mfus on _\. and T ==sap il = L then AHoois called o prin-
eipal quasi-untfornvity for (X, T).

Theorem 5. Lot (X, =) be a topological space and Tl 9 be a eompatible
queasi-wniformity for (X. <), Then 0 is o transitive quasi-oniformdily i and only
(A s a principal quasi-enifornty,

Progf. By Theoreimn A, if 724 is o principal quasi-uniformity, then £ is
a transilive quasi-uniformity. Conversely, let @ be o transitive base for 7.
Then 24 =sup (2, B = @) where 9L, s the transitive quasi-unilormity
which has the base 18], TU is elear that the tepology = induced by 74, s
a principal lopology, B2(r) Treing the smallest 7 g-open sel which contains o
Alsal sinee B Ol x B e X d s the guasi-uniformity com-
patible with =, constructed as in Lenma 3. Therelore 724 is o principal guasi-
uniformity compatible with .

Remark. Let (X, 2) be o topological space. 1L {or cach 1) & 7, we de-

nele <, = 10 X] then = =sup{z,: D = <} and the corresponding
prineipal quast-uniformity s precisely the I’('l'\'m quasi-unfornuly ol <
[8.p.16). I is obvious that the family {7, ) = =] can be replaced by the

.nm]\ ol all Tinite topologies on X, in(ehulu! in

Also. the point (locallv) finite covering quasi-uniformity for (X, =
coincides with the prineipal quasi-uniformity generated by the family of
all principal topologies included in < having o point (=-locally) finite buse.

I B is o base for a topology = on X, then @ s called [#] 0 o —Q-hase
for = il there exists a sequence (@B, 10 € N} of Q-collections sueh that 8 =
— U B, in e N

Lemma 4. Let (N, ) be a topological space, Thew the topology © s«
o O-base if and only If there exists o sequence {7, 00 € NV of principal lo-
pologies on X such that = =sup (=, :n € N}

Proof. Let @ = OB, :n & N} s 0 o-@-base for = Then, for cach
n=NCB, = B0 N s a Q-eover of XUIF .[.;:b:! denotes n {8 = B, ;

o= B the fanily §. fbn..l = X} of z-open sets is a base for o principal

topotogy =, on .\ such that A ’n i the smiallest = ~open sctowhich contains .,
Sinee ’j,, C T, C = i resulls thal = = sup 47,00 e N Conversely, il

sup ,t,,. n = N then the corresponding pllnf;l]ml fuasi- unlfntnnt\' s
has a countable transitive subbuase ‘03_ cne & N oconstrueted as in Lenma

3 and therelore 242 has o counlable t transitive Dase S, n = NI Tollows
asily that @, = 1 () rar & X s a0 Q-cover of X (see. Tor example, the
prool ol Theorem 2.2 [y and [B :n = \] is o s-f-base Tfor <.

* OUAST-UNEFOENIETLES AND 1VTOPOLOG N, SEPPACES g

Corollury L Lot (N. =) be o fopodogical space. Then the follicing con-
diftons ore r'f,rui:‘f.'ir'm:

(1) 7 has o a5-GQ-base

() = ds the swprencin of coentablc jrmuh/r:f privcipal lopedogivs un X

(i) (.\' )iy non-arehanedean qrast ,"\rn'rfn il walbide

(v) (XL 7)) Dras o compulible trensilive quasi=uniformity witli a countalilc
Datsiee.

Proof. 'Che resull Tollows from Lemma 1 Theorem 2 and Theorem 5,

This Corollury has the same contend as Pheorem 3.2 [ = the difference
consisls in the Taet that we delate the condition for (X0 2) being o T—pace.

4, Transitive quasi-uniformities and zero (lmluxsmndl bitopological
spaces, o Co Ke Ty 5] has introdueed and initiated a0 systemalic study
ol bitopologicat spaces. Soveral other awdhors hoave condribuded to the de-
vedopment of the {heory of hilupnlnu‘i( al spaces. In PIO] o bitopological space
(YL 2y satd to be peoseise weve dimensional 1F 7 s zero dimensional with
respect foo = and <7 s /,un dimensional with l(slwtl la = [ = 18 zero dimen-
sonal with respeet 1o =70 = has o hase of T-closed sets, ors equivalently.
I lor each point 0 = X .'l]l(| for cach =-open el containing v there is g
copen elosed set Gosueh that o= G0 C )0\ bitopological space (L = 7
w fransifice gntasi=nn o abde 1F There s w0 paie (4071 ol conjugate tran-
Sitey ¢ guasi=uniformities on X such that < s induced by 20 and <" s indueed
by ¢ % Two principal Lopologies on Xoare said Lo be conjudate Topologics
i cither of them is the family of closed sets with respeet to the other.

Lemma o, | hidopalogicnl space (N2 2"} s dransitive quasi-iuniforn -
subde {f and ondy if we have © —=sup (0= FL 2 —sup e o= T where
e caeh B L and <5 ar /)Jmuprfl and conjugate topologics an X

Proof. Let {794 ') be a pair ol conjugate il‘dll‘slll\(' euesi-tnifor-
mities on X sueh that  and <7 e indueed by 20 and 40 L vespectively, 1
A s o transilive base for 2700 then B Vs o Lransitive hase Tor 20 L Obvi
oslys o ossup T s B oand 2 oesup o0 s ) where < dene
tes the tupn]ur»\ indueed on X by the quasi-unilormity 57,0 which has the
base 18010 ds casy Lo verify thiad g el Tt are plln('ilmi sand conjugalc
topologies on X Conversely. it Tollows inmuediately thal the prineipnl quasi-
untformities 7= and o corvespordhing too o sup i o7 = 0 ad S

sup yTiod = 0 vespecelively, are conjugate guast-uniforitios on WYL

The followmg result states preeisely the connection hetween the con
cepls ol o bransitive quasi-nmiformity and o pairwise zero dimenstonelily,

Theovem 6. Lot (N, 5, ") be o bidopological space. Then the follscing
wssertiones are cqivalenl

() (N, =02 iy pairwise wero dimensional

(1) for cach point v & X and for cocl set 1) = = conbaining v there evists
w funclion XN — [0,V dower send-continnons (w-Lsac) and <'-upper seni-
continuons (=) suel that floy — 1 and fIX D) — 0 also. for ewch
point v X and for cacl set D' 2 containing v there cvists o function [
No— 1 e and el suele that fe) Fovd f1Y Dy o

I — Matematiua
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(ili) (X, =, =) iy tramsitive quast-uniformizable.

Proof. (i) = (it). I =is zero dimensional with respeet to <’ then for
cach o & X and for each I} & < containing @, there exists a <-open and
~closed sel @ such that + e ¢ C D. 1t is elear that the characteristic func-
tion on G is =hs.c. and T-ns.c. and satisfies the conditions f(r) =1 and
J{X — Dy =0. The proof of the other part of the theorem is analogous.

(i) = (iii}. If we denote <, = {0, 1, Xy, by using our hyporheses it
yesults thal = = sup {3 D sopen amd <'-closed] and <" =sup {=x_p: D)
~-open and <'-closed}. Since =, and sy_p are conjugate topologies. it follows
by Lemma 5 that (X, 7, <7} is transifive gquasi-uniformizable.

(iit) = (i). T.et {X, =. =) be transitive quasi-uniformizable. Sinec, v
Lemma 5, = =sup {t,:¢ € [} and < =sup {t;;{ =[], where [or cach
i e I the principal topologies =, and =; arc conjugate, it follows immedia-
tely that = has a base ol ~'-closed sets and <" has a hasc of ~-closed scts. The-
refore (X, =, =’} is pairwise zero dimensional.

Corollary 2. A pairwise zero dimensional space s paircise conipetely
regular [8, p. G3].
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CVASI-UNIFORMITATI TRANZITIVE $I SPATIF BITOPOLOGICH
ZERO-DIMENSIONALE
Rezumat

T Nota sint date mai multe caracterizari ale notiunilor de evasi-uni-
formitate tranzitiva [3] si spatiu bitopologic reciproc zero-dimensional |10].
Rezultatul principal stabileste o legiturd intre aceste notiuni: un spatin
bitopologic cste reciproc  zero-dimensional daci i numai dacit el este tran-
zitiv evasi-uniformizabil .
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THEOREMES GLOBAUN DANS LA THEORIE DES GROU PSS
DE LIE-BANACIH

AUREL Bt st

Noienl fF e enseble et 2 une classe de bijeetions de B qui agit de
fcole stieplenent bramsitive sur B eest-a-dire, pour tont ., o= Il sk
ndlément unique o= £ Lel que o). I
‘ ’l‘lu'-urf:me Vo3 est i grontpe sgood B comue visembie des ranstalions
d danehes siool senleniont s ponr tool [ooo= Poog o fou e P

Démanstration. Si 6 est wn eroupe. adors il est elair que b comgosition
de deux translations a panehe ost ane translation i ganehe. Réciproquement
nolls supposons que P2 vérifie L condition cnonede dans le théorime, el I'i:
vous an o point ¢ = B Pour toat = Bl existe f = P tel gue f f‘r) =
Nous détinissons appheation . A i

() 2B B s DBs(ey)=(f)" Yy Y.y e i b
H et aise de voir que = (1, ¢) PGl ki ¢ Ol oy, £o0e).

On as e (= Loyl ={f,0f) (= () = En tenant ('u.m.pt(- e 8 oaeil
stnplement transttid sur B on déduit -

i L iy s BB,

cest=i-dives I lob de composition = est assocntive. q.cal
. y o . ‘. it N . . '
SEB esionne Cf svariétd madelée par Tespace de Banaelr £, alors nous
ohlenons e
[héoréme 2. Lo classe de bijections P odétermine sur 13 ine stracture de
aipiryd o il ¥ i N b
drovepe e I,u-lmn.m Iowyant P oeomme coscinble des ranstations o deauehe, si
o sealeinent siy, sond vérifices les conditions
L Powrdout [og =P on o [ou e
i : Lo e
2 Llapplication = ost différentiable de clusse (=,
Maintenant nous supposons quie £2est e varicté parallélisable ot
connexe. Seeoestoun poind fixé dans B oalors Je fibié veetoriel L (1)
L ;o Lo i . 1 + 3
x g..lll FoB T, BY (2) possede une (% —seetion slobule o telle que o () =
=L AT, BT, B) pour toul v & 1L



