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REMARKS ABOUT DIFFERENTIAL OPERATORS
ON FOLIATE MANIFOLDS
By

2T VAISMAN

The stdy of differential operators on vector bundles 1s an important
atbject for many theories in analysis, differential geometry and fopology
and, in view of thix fact, it is worlh to consider the special case of a foliate
manifold. In thix case, it is of course interesting to look for operators depen-
ding only on the leaves,

" Phese are the questions to be investigated in the present Note, whose
Jarting points are the paper of Molino {9], where the special case of a
conmretion is investigated, and of Kamber-Tondeur |6}, wherea ge-
neral theory of invariant difterential operators is constructed. We also re-
call that all the mentioned authors started from an older paper of Atiyah
{1]. which investigated such problems in the conplex analytic case.

The main results which we shall expose here arve @ a description of the
analvlical configurations involved hy the theory of differential operators
on folinte manifolds, the caleulation of the obstruction to the existence of
foliate (projectable {9]) differential operators of a given symbol and the proof
of the existence of such operators when corresponding connections exist,

. Foliate vector bundles

1.1. Let 170+ he o O differentiable pavacompact manifold, endowed with
a foliation (F of coditension n. The pair (1. 7F) s ealled a foliate manifold and
it is characterized by the existence of an atlas of = {U, . (a8 . 2l (V Up =

2}
Via =1,.n;: it =n-=+1,....n—+ m) such that on an intersection of coor-
dinate neiehhourhonds Ugny Uy o one has

-~ ‘ﬂ
(1.1 il—‘l =0

fary

"The maximat connected integral manifolds of the Plaff system da® =0
are ealled the leces of (F. the subsets of an Uy given by a® = const. arc the
slices and. aenerally, the clementls  which depend only on the leaves arve
called foliute. Particularly, we can speak about foliate differentiable func-
tioms [ 17 = R, which ave characterized by
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(1.2) ==

aned deline o subsheat @ (ol the <heal £ 0070 of vers ol veal dilferentinhbe
fanctions on Fo Generally, the Toliade elements ave induced by correspon-
dine clements ol subnanifolds of (he neishhourhoods ) transverse to The
slices of GF which ave called focal transcerse manifolds of (7. This explains
why in [97 the term Wloliade™ is replacad by Lprojectable™

o suevey paper regarding folinde manilolds we send to oo ] i-
s [ and for the notation and  terminology to he used 1o our previots
paper (1L AP the manilolds. Tanctions and bundles o s Note are of

Class 7 0 Desides e already introduced indiees @ e b o MO T
o doow o we also consider oL leeccde 0 and w, g
| T

L2 Now. consider o dilferentuble veetor bandle p 9 < 87 of rank
rlies with fibre R0 Tt will be ealled o foliale vector buadie (10 )30 i has
a foeat frivialization whose transition hanetions are matrices of foliate fune-
Blons and in this case only such trivializations will be used, Henee, £ is an
Fahoif and only i it induees Toeally constant bundles on the leaves of (F.

Sueh bundles were considered by Molino [9] and in our papers
[13. T We vemark that they are different Trom Milnor’s folinte vees
tor bundles (8]0 I8 Fis an Cvd in our sense the manifold 15 has the local
coardinales (07 0" Ly ) where s ape fibre coordinates Tor Kand one sees that

|'I 4

consbe s* — const. are the slices of afoliation & on K. whose leaves are
covering spaces for the Teaves of (F. Now. (he pair (£, £) induces on the
leaves of 7F veetor bundles which are folinte in Milnor's sensc.

Passing by, let us st remark that Hoe rmoa non's definition of the
lincar holononn group ol a deat [3] can e carrted over (o any v, an 17
and this gives lincar representations of the fundamental ;_{'l‘ull]l)\ ol the lea-
vos s translormation groups on the corresponding loeal Tibres of F.

. In order to give the most inportant example of an v b we consider
first the subbundle T'(GF) of the tangent hundle 77(1)defined by the tangent
spaces ta theleaves of (F and ealled the stractiural bundle of F [13]. L is to
be vemavked that oo veetor field X on 1 is a seetion of U7 ) (0t is a structural
Jield or a field tangent to (&) i and onlyv iF XF— 0 for any folinte fnetion
Jon VL ' ' '

Now. et
(1:3) Tr (G — T (V)T ()
he the corresponding guotient hundle. Using the adlas of. we see that Tr{((F)
hias o focal trivialization with (ransition funetions éagloal . whenee it fol-
tows that 7 (GF) is an v b This s the vequired example and Tr(GF) is ealled
the dranseersal bhundle of GF. We shall denote by = 1he eanonieal projeetion

(1.4) = T (V) - TR

3 OUERATORS ON FOLIATE AMANIFOLL ety

Lel g8 1 be a veetor hundle homomorphism of the fv b Foamd
FWe shall <oy thal gois foliade 10 The loeal coordinale expressions of g are
suelis Now. b is sy to see that the Ty b on 17 and their Tolinte homonior-
ohisms make up an addilive eategory, o

The fllowing remarks are casily verilied by considering the transilion
fnctions ol the corvesponding bundles, 16 F and £ ave Tvb, the veetor
taneles £ LR Bsals. o0k oare T, too, I ool - E s o Jobale
Lomoniorphism of constant rnk. ker goand i g are Lasin and the canondeal
isenmnorphiisin £ ker o == g i Tolite. Heneeo i the short exacl sequence

{1.3]) [ S A N A { ]
is tzde up by b and foliate homomorphisis then 22772 15827 10 is known
that suel an exael sequenee splits but, wenerallys The splitting i nol falisite.

L A cross—ection s ol an Fv.b, /£ is called fuliote W0 s constant on
the leaves of 7. Henee, s is Tolite it and only 1f one s locally & = v%ag .
where 6, are baste cross-seetions for £ (with vespeel To The treis imdization
having lolinte transition (unetions ') and ds= 72" —0,

It (ollows that for the v B owe can associale nat only the sheal 2
of verms of dilferentiable seetions, which is an M (V)-modale. but also the
subshenlt /2 ¢ £ of germs ol {olinte sections. which is a loeally [ree @ (1 -mo-
dule of Tinite rank. Moreover, it is imporiand to remark that one cin prove,
just like Tor the differentiable or analytic ease 3. VET C] that any localty
free MU -module of findte rnk s the sheal ol germs of foliate sections of
an fache Alsol the foliate homomorphisms g0 86 = E can be wdentified with
the homomorphisms o @ (Flomaodules g0 B = £ sinee. obvionsly, the ho-

momorphisie ¢ 15 foliate i and only 100 sends folite sections to folinle see
Lions.,

We haowe another eharacterization of the sheaf £ too. Let X be a stie-
tural veetor Teld on 170 Then, the formula -

{1.6) Ny — [ \w¥gy,

alviansly defines for cvery Pvhe £ oan additive operator Vo = I and
it Toliows that /5 = ker V. for all the stractural fields N 7 77

The sheal Tr{F) plays an important  vole for the deformations of
[13]. More general, the veetor Tields Yoon 17 sueh that =1 is a foliale eross-
seetione of Tr(iF) arve ealled foliate vector ficlds. 'They ave characterized by
Lhe fael that for every folinte Tfunetion fon §7 the funetion Y/ s folite too.
The folinte vector felds define on Poimfimitesimal franslormations which
send eaves Lo leaves [13]. Using the characterization given in 1.2 for striae-
tueab liclds and the previous characterization of foliade Ticlds, we see that
X i stractweal, Y foliate and a0 foliate funetion, then [N Y]/ 0.
whenee

Proposition L. The bracket befzeven o stractural ficld and a foliale field
s oo stractireal field.,
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Other important cases are those of the hundles Lo (v B) and
Lz ATr. E) whose foliale scetions ave respeetively the E-valued foliate p-
Jorms [12.08. 14 and F-valued folinte symmetrie covariant tensor fields. These
names are explained by the faet that the projection (1.4) induees mono-
morphisns

g =wt oL (T Ky - L (T, B).

(1.7} .
e L;;_m (Tr, By - L:m( T, E).
L4, Consider again an fv.h. F oon 17 and denote by
(1.8} JEE = wJr

el

U f=jet bundle of £ ]11]. J4E, is the space of the k-jets of loeal eross-sece-
tions in Foavound o oand we reeall that, i s are the loeal fibre coordinates
in £, a l-jet has the tocal coordinates
LS
. ¢t g P .
(1.9) —— {7 =y =00 LY.
e et

Now, lor every v = I we can consider the subspace JEE o J¥ K,
nde up of jets of foliate sections, whose coordinates expressed by the help
of the atlas of are obviously

('lrll.“,a

(].1('} : 'f( of -, !—...—:—- 1y h=0._.. l.)
e Ll BN ol

and it is casy Lo see that
(1.11) Jil - U,
+E1
is o subbundle of J*E. Movcover, JEE s an {vbe and the canonical jet
map [11}
(1.12) L I L 08
indueces o jet map

{1.13) dpr b= SRR

The quoetient bundle
(1.11) GRE = PN LTS B

will adso he importand. We eall 8 the guoticnd b=jof bundle and. using again
the atlas o it has the local coordinates (1.9 where ad least one of the in-
dices 7 s an index n,

:- OPERATORS OXN FOLIATE AMANIFOLDS Hi ]

The mentioned bundles are connected by the exaet sequenee

; 3 F
11 O = JEE DSBS Q- 0,

ahere & 0s The inclusion map and pF the canonical projection. Mecording 1o

well known theorem of Whit ney, this sequence splits and we can
consider a left inverse at ol /and o corresponding right inverse ¢* of p" suel
[Tiai the Tollowing refations hold

(13} o

Foead prgt = ide at e g b eidl pR IR 00 Gt gt

I is known (1] that one has a natueal epimorphisne ol jet fimdles
i(1.16) R R A b8
which associates to the =jel of o seetion the (& = T)-jel of The same seelion
and whose kernel s Lo, (7 F) I just the same manner one eels an ope-
imorphism

(1.E7) FELERY L P Ll O

whose kernel is LE(Tec E) and one ean obviously constried the Tollowing

dinvram
1] 4] (}]
) b
i s vr
Oy LE (T b)) e — — S g e LR Y SN
- ik l k=1
¥
z o1
(ALE) Do LE (T E) ——— s JEE —s JEU R
" s
- s

= ‘r‘i\'m 0. H]'.!'m-m (Tr. ) Q8 F R L

| l !

[t 3] L]

which has commutative squares, exaet columns and exaet Tirsl and second
rows. Phen, it foliows from the JO-lenua™ that the third row is exact too.
Henee, we have

Proposition L2 For cvery fede oo Voand cvery b —= 10200 theve is
an assucleded diciram (AY ) with evact rowes and columns and comntatize
sipitares.

staee the first row of (A" )iy foliate. we also have

Proposition 1.3, For coery 15 and Loas aboeel there is the fofloweing ervael
sequenee of O LV =modudes
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k=1
ar ¥y
R I oY ' A
(SEE) O far VT BY = JEE = JE=LL s 0,

The exact sequence (5% ) will play an mportant role in section 3.

L3, Let us consider the sceond row of the dingram (AF E) for a vee
tor bundle £ This s an exaet sequence which, aceording o Whitnev's Lhe-
orem again, splits and a splitting of it is called & A% order connection on £
[7] -\ connection is delined cither by ist refraction e which is o left inverse
ol z or by the corresponding lifi e which is o viehd inverse of 2% 1 in such
g omanner that the followine relations lLold ‘

{1.18) e =ith 24 Vo =id, 26 b @2F D =id, 2" te==0, 0w =0

This tmplies the Tollowing exacl sequence

(1.19) O = 8 CE S SIS LT ) = o,

Now, suppose that £ s an Lvh, endowed with a At order connection
as above, Then the conneetion is catled adapted it its Nift sends foliale (A —1)
jets to foliate f-jets. This ts equivalent to the existence of o differentinble
homomorphism 5 0 J57NE - JEE sneh thal

(1.20) o el ===

_ Stnee ¢ ds o monomorphism, 20is uniquely defined by (1.20). Sinee o
Is o righl inverse of ¢% 1 we get from (1.20) and wsing the diagram (A% 1)
l,'l.' E .:’-" i r’.’.‘ 7 .,'f.' 1 _:i'—l

b h

7,
whenee, heeause 71 is a0 monomorphism, we sce that 7 is o right inverse
of o/ Vand it defines u differentiable splitting of the fiest row of (AF ). This
will he called the induced splitting of the conncetion.

1w is the corresponding retraction. Leo we have the relalions
(1 27 Ph = =1 =1 A P [ At | S ) &
(1.21)  wr, =id, 87050 =0d, gy wid sk ubl. ci=tz, =0, ui =0,
il if’ casy 1o establish that the following diagream has exact rows and commu-
tative squares

O VB GV E S B (TR E) 0

(C4E) Jamr e s

€

O 8 VB ST E L (T E) =0,

Ay

. Conversely. suppose thal the First row o (€7 F) s given v oo dilTeren-
fiable splitting o the liest row of (A E) Constder o splitting (of gt Y

T OPERATORS ON FOLLNVUE BANIFOLIS ikl

of the sequence (050 EY. an arbiteary A4 order conneetion on £ ol iy I
ad pul
(1.22) PSR L L VT L LN L

Then. using (1.13) and (1.20) one gebs easiby o8 T e=d. and wf 119,

henee o defines an adapted conneetion on 25 whose restrivhion to the folinte
jets (the induced splitting) s just 7.

The formuba (1.22) defines o set ol solutions of the cquations {1.20)
and 25 T = id, for a given 7. Lel o be an arbitrary solution ol the same
cquations. Then we have

whenee
o o wph !

andd by right mudtiplieation with ¢ !

v ={0 —w)yt 1.
[ follows that o ean he pul ander the form

(1.24) o = ¥ b1 L gt ksl
and 1t is casy to see that thisis a sotetion of the considered eguations it and
only 1l

(1.24) SFV T e=id o Ot !
‘or some homomorphism 0, The ease of a conneetion s contained here by
taking & == 0.

Tlence {(1.23) and (1.24) vive all the adapled connections with the in-
duced splitting 2.

We smmmarize the previous resulls in

Proposition 1.4, Fvery adapled conncetion on the fob. ko defines a uni-
gue induced differentiable splitting of the first vow of (A% EY in osweh a manner
that the diagram {CF E) has exact rowes and coninudative squares. Fvery dijfe-
rentiable splitting of the first row of (A¥ E) is the induced splitting of the sct of
adapted I order conneelions on K, given by (1.23) and (1.24).

Corollary. For every faobv 12 and cvery ko = 1. 2. there are adapted L
order connections,

This follows lrom the seeond part of proposition 1. Fsince. in view of Whit-
nev’s  theorem, there are differentiable splittings ol the first row of (A¥ £).

Finallv, we shalt give one more definition @ a 2% order adapted connce-
tion on the J.o.b. B is called a foliate (projectable [91) connection if the Iift 7. of
the induced splitting of this conviection is foliate. The corvesponding refraction w
s then foliate too.
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From the previons considerations it follows

‘Proposilion LS. The fodh B oadmils a foliote 1'% order conneetion if e
andy if the fivst row of the diagram (A ) aduits o Solede splitting, A1 the con-
nections which correspond to such a splitting are defined by (1.23) and (124,

A Molino [9)and Kamber-Tondeur 6] pomted out and
as we shadl see Jater (section 3) it s not necessarilv Brue that every Tl
admils Tolale conneclions. . -

2. Differential operators on foliate vector bundles.

2.1, In this seetion. we want o consider differential aperalors on
folinte veetor bundles snd we hewin by reealling the followine delinit tons [ 11, 6],

I £ and Foove two differentiable veetor bundles over the same basis
oo b order differential operador £ s an addilive operalor

(2.1) IR 4
sucle ihat

(22 D &)
lor some unique F (1 lanodule homomorphisin

{2.) L NP IRV A D
which, of course, can be identified with o veetor hundle homomorphisim
O (D)ol 1

The Fsymbol ol the operator 13 s delined by [6)
(2.1) GID) =d D)y Lh, (T E) = P,

where o is delined Iy the dingram (A% £} 6 (D) can also be considered as
an F{1)-module homomorphism of the corresponding sheaves of JEris.

Sinee Lf;).,,, (. F) ~ l.;"ﬁ.,., (T, R)& k. where I s the triviad line bundle,
it follows that for every v = 17 and every z, = Li (T, B), . a(D) induces
a homomorphism s (D} ()0 £~ F, . Particularly, every tangent covector
v al o delimes. by the help of the syimumetyie product, an’ =, and we wet the
homomorphism & (D) (v,): K.~ F . Il this is an isomorphism lor every
¢ 7 0 and every o= 1L D) s called a fe-elliptic operator. l

Suppose thal we have a A% order connection on £ which is represen-
ted by the second line of the dingram (CPE). Then

{2.5) Vo=t = LE LT 1)

15 a A% order differential opertor called the corariant differential with res-
peet to the given connection. For its symbol we have & (V) =id. and this
(‘_lml'q('termcs the covariant differentials, Tenee the definition of a counee-
Hon is equivalent to the definition of some differential operator of identical
symbaol : the coreesponding covariant dificrential,

] OPERATORS OXN FOLLIATE MAXNIIFOLDS RS

This is o very ionportant example of o difterential operator. since any
other A% order operator can he expressed by the help of Voo In fact, using
(1.18) and considering

{2.6) (D) =W (D)o Y VR = F

we inoediately obtain
(2.7) 1 ;,—..(,-(])) v 4 T(“) :;l.‘-ljl.'_

This also implies thal a differentinl operator £ s Cdivisible™ by en
variant diffevential it and only il

(2.8) (D) =0

2.2, Now, let (2.1) be a differential operator hetween the b £ and
I Then D is called a foliute operator it it sends foliade seetions to foliate sce-
[tons or. cqui\':llcnl'i\', i there s the (ollowing conmutalive dingram ol

sheaves

Iy
i ——= — F
i 2.9} t L
i !
i -

where ¢ is the melusion map, ° which is an additive operatos iy called the
foliate part of D. We can also say thal 1) is a foliate operator if it has a foli-
ate part, . o )

Proposition 2.1. [n the ahove nolation. 1 is a foliale differential opes a-
tor if and only if vne of the following cqivelent properties ts sadisfied @ a} jor
all the strickural cector fields X on V. oone has (DX — XDy = 0 h) the
[ b, homomorphisne @ (DY i* 2 S5 B - I is foliate. N .
- In fact, the equivalence ol the condition a) and the defmition of foli-
ate operators lollows immediately from £ =~ ker X {section 1.3) and the
cquivalence of b) to the same definition follows by expressing the homomor-
phism @ (1) {* in loca) coordinates. using the atias ofon 17

We shall denote

(2.10) DO (D) =D (D)

and call it the foliate part of @ (D). .
Now, if s is a section of E, we have in view of (2.9) and (2.2)

D's =Ds =@ (D)i*jEs =0 (D} j4 (s).
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whielt shows Lhat one has the factorization
{r11) H = () 5

and it s elear that @7 (D) is uniquely delined by this relation. This cna
Bles us to prove

Proposition 2.2, n additive operator D2 Lo — 1 s he foliale part of

o K order foliale upum’rn if and only f/ here ts a muqm' fuclovization 1) = «f,
where = is a foliate homenorpliism = 0 81— 1F

The necessity has aleeady been ]nmul. A for The solficieney let of
e a delt nverse of 7 (section T.1) and take

(2.1 D= (za® | i) R

where fFis arbitrary and p®is the canonical projection of tie sequence (A0 F)
ol Tk IE s ensy Lo see that 1215 the desired operator and. morcover, the
formula (2.12) defines all the lolinte operators £ for which £ is the [oliote
part.

Let us aldso remark from (2.07) that @ (£ depends only on the foliate
part D7 of Do This suggests the introduction of a foliate siahel Tor the Tolinte
operator £, defined by

{2.13) (D) DDz, Ly (Tr ) = I,

where z, s defined in the diagram (A" E). From that dingram and rom (2.76)
and (2.1), we gt

(2.14) (D) —n()=

o' (1) depends only on the foliate part 7 of 10 Tt s to he remarked that,
just like for o (1)), we get homomorphismns & () (v,) - B = F . for every
T Tr* (F), and if they are tsomorphisis tor all 0 & 17 and all o, 0
1) is said to be folialely k-elliptic,

For /=1, we have another characterization ol the foliate parts of
aperators oo,

Proposition 2.3, {n additive operator 1Y 2 F — 1 s fhe foliate part of

a first order foliate operator of foliate sypmbol & {f and only if for any = OV,
el s = K one has

(2.15) DVifs) = j1s o' {df @ ).
g LT Y = B being o foliate homomorphism.
[tere df @ s vegarded as an element of L (e K) 3y given by
(2.16) A @s(e) = df (= 'e)s (v < 1),
which is obvieusly meaningful,
The neeessity Tollows by g strightlforward computation using (2.9),
{2.2) ete. and the obvions geneval Tormuda [6].

11 DPERATORS ON FOLIATE MANIFOLDS T

(2.17) SR sl @ ).

For the sulficienes, let f L (T F) — L (T  Fy bhe o differentinble Jefl
nverse ol =oand deline frF - F Dy the formla
(2.18) s Dis*a) —s* Da, = 51 {ds* @ 5,) (v F).

where =2 s o loead basis of [

]

straichi forward computations show that 1) s andependent of the vcho
sein basis and that one has

(2.19) DUy = fDs - s l(df @s) ([ =F ()

Then, by the similie proposition for differential operators (lennn 212 of
[T0H. 2 s a Liest order operator ol symbol & and we see Trom £2.18) and
2030 that D) has o folwle part which is just 10 Moreover, rom (2.11)
we see thal Ahe folide symbol of 12 is st &' Tlence proposition 2.3 s pro-
ved.

2.3 Inthis seetion we wanl to consider some exarmples ol tolinte dilfi-
rential operators,

The Fiest which we ean take is
[2.20) = U= {5 .',L{’Ir Ry — Lo (1 R).
where o is the exterior differential and =7 s the inverse ol the somorphism
deftned by =0 Using local coordinates, it is casy o see that Hosends foliate
forms to Tofinte Torms, The Tolinte pavt 7 of {2.20) i~ just the exterior diffe-
rential of foliate Torins and Reiniart J12] used it 1o define the cohomo-
Joov spaces ol this kind of differential Torms.

It the fohation § has @ Ricrann bhundie-like metrie one can comstruet
an adjoint operator 3 and o laplacian A =" 87 - 8" delined for foliate
[orms, According 1o propositien 2208 and A7 are the Toliate parls of some
folinte operators and they plav an important role in the study ol the pre-
vioushy mentioned cohwmuoloey [12].

Another example is offered by Speneer’s operalor

DLy S LT I E).

In fact. (rom the detinition of ) as reproduced. Tor inslance, [6] 1t fol
lows innnediately that 17 =" PO G0 a0 well detined Tist order difTe
rentind operalor

—~

Dl o LT JE )

and this opeealor is fohiate.

Now. suppose that the Fv.b Fis endowed with o A% order Toliate con-
nection which is represented by the diagron (€7 E) of section 150 Then,
we ean ddefine
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2,21 V'l - LT, )
- ¥

by ¥ =% and it follows from proposition 2.2 that ¥ is the foliate part
of a set of A order foliate operators.

The operalor V' plays in sone sense the role of the covariant differen-
tinl V for the foliate parts of operators. In fact, supposc that D' E - I
is the foliate part of some operator. Then, 1" = @’ j% and using the third
relation (1.21) we get ® =g'u - y'557% where ¢ s the corresponding
{oliate symbol and " = @ . Hence

(222) D = o' V' 'F' ‘l" ff_lj;’

which is an analogon of the formula (2.6). D' is ,divisible” by ¥’ if and only
if v =0.
Tt is to be remarked that one can characterize the adapted and foliate
conncetions by the help of the covariant differential ¥ too. In fact, we have
Proposition 2.4. .1 [ order connection on the fo.b. I is adapled if and

only if Vi takes values in Lia(Tr. FY and it is foliate if and only If these values

are in Lgge (L, I9).
In fact, it we have the adapted connection of the diagram (CF I9), we

get

b,

Al
7).

Conversely. if for a conncetion we have the indicated condition, this implies
that @i* is divisible by =% whenee (using (A% )} we get the induced sphit-
ting p and the connection is adapted.

The second part of the proposition is obvious.

2. 4. Let us insist a little on some questions relative to the fist order
connections on an f.v.b. E. As we already know, they can be defined by the
corresponding covariant differential, which is o first order differential ope-
rator V: B — L (1, £) of identical symbol.

Yor the questions which we have in mind it is w orth to consider a sligh-
tly gencralized kind of operators, introduced by the following definition
(sce also [6], [16] and {13]). If £ and I7 are two vector bundles on ¥V and if
we have two homomorphisms «: E = F, ¢: T(V) = T (1), a (o, x)-CONNLL-
tien of (E,F) is a first order differential operator
{2.23) D:E - L(T,F

Vs = ugils) (€

whose symbol is ¢ (D): L(T, E) - L(T, F) given by
(2.2.4) (D)) == (a{o@)) (es L(T. E)L1=T)
If o =id. and 2 =id., we have just the usual conuections on fu.
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- Hecalting the natwral omorphisnes L 07 W) = 17 @ M, we could
write 6 () =¢% & = benee o (o0 z)-conneetion is o dilferential 7()]](‘1‘:!1(:!' Gl
~decomposable™ svinbol. Then, aceording to lenma 202 of [0 D i cha-
raclerized as an additive operator with Lhe [llowing property

(2.23) D(fs) =[Ds - 22 W3 @ 2 (s} (fe (V). s= k)

H”PL"_’“' thatt £ oand ' ave foliale veetor bundles, Then, ecording
o |n-up‘n~;1l1nn ol we shall sav that 1) is an adapied (0 2)-commection it 1)
~ends I to L { 1;'_.L) and thal 1 is o foliate (0 2)-conneetion i 1) sends I

to L{Tr P Uaking in (2.25) o folinde seetion s and o oliale funciion / we
\L‘(‘ﬂ[_llill in the ease o an adapled conneetion 4 sends necessarvily THE) 1o
P - - - e - 51 I B

7' (F). henee it induces a0 homomorphisme <0 Pr (V) — 7 (1) From e

g

same formala (2.253)0 00 Tollows That in the ease ol o Tobinie (o, 2)-conneetion
S . A L T als 1l 3 i i

cand 27 are necessaridy Toliate homomorphisims, In this Tast case. the indo-
cud operaior

(2.206) Dl — LT F)

satisfies the property

{2.27) sy = s+ d)@als) ve b =@},
'.\'hvm‘(:. .}('('n]'(iinl«_f Lo proposition (2.3), it i the Toliate part of sone [l
order [olisle operators of fohate svimbol &' — 2" ® =, 1.0,

{2.28) a e} {8 = w {2 1ON e = L(Tr K)o 1= Tr).

If o ill(il’l(’l‘.‘h‘ o as above, we can alwavs obtain an adapted (o, 2j-con-
heetian for (I F). !11 Fael, we can constriel it foeally snd then use, i the
wsunl wav, o oparltition of ity on | .

Proposition 2.5. o (=, «)-conncction 1V is adapted of and ondy if
(2.24) Ds(X) =0
for all x = IS and all the stricchirad vector fietds X B iy folivie 3 and ondy if

hesides (2.29) we haue
{2.30) XNs(Y) =0

Jor all s = I all the struchiral cector ficlds N and all the Joliate cector [iclds

Y oon 7

I'hee prool follows immedistely from the definitions,

C i e . ) el ) NR . . . .

l‘l .__.‘..’.5) in [, a-connection and 2, 2 are isomorphisms, the core-
fure ot 1 is the L (L, F)-vadued two-forme @ wiven by 135, 16]

(2.37) QY. V) =D(= "D (YY) — D (= Ds () (Y)Y —
Dg (27 2N od ),

where VY are vecelor frelds on 1Foamd s € K
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I the case of a folinte (o, z)-conncetion and for foliate 5. Vo we see
by proposition 2.5 that the first two terms of (X, Y) (s) depend only on
=X, =Y. Ti. morcover, o is a foliate isomorphism, which happens if and
onlyv if ¢ sends the veetors on § and only them to veetors on §§ and " is fo-
linte. the last term of Q (X, ¥) () also depends ondv on =X, =¥, in view
of propesition 1.1. Then it follows that we can wrile

(2.32) QX Yi(s) =D (=P D s (=Y (=Y) =1 (7 D' {=X) (=Y)
— D's (=71 [oX, 2 ¥]).
for folinte 5. X, Y. 'This means thal se have

(2.83) Q== Q

for some scetion Q of Ly, (1, L(E, F)).

Proposition 2.6. For an cdapted (g, «)-convection, Q(X, V) =0 iff X
and Y are structwrdl fields, For «a foliate (o, =)-connection this is true even if
only one argionent is structural.

Of course, we suppose that o and « satisfy all the mentioned necessary
conditions. The first assertion is an immediate consequence ol proposition
2.5 and formula (2.31). Tor the sccond assertion, we remark that € being
a scction of Li (T, L(E.F), X, Y)(s) depends only on the punctual
values of X, Y. s. This means that, if we want to caleulate Q (X, Y') (s) at
a = V. we have to consider X (1), ¥ (), & (), next to take local fields X,
Y. s around 2 which have the given values at @ and finally to apply (2.31).
Now, if X. Jor instance, is structural we can obviously choose. locally, X-
structural and Y, s-folinte. Then, using propositions 2.5 and 1.1 and the
formula {2.31) we get the desired result,

We reeall that proposition 2.6 is known for the usual connections and
that it implies the important consequences on the characteristic classes of
an fovb. piven by Bott[2, Molino {9 10jand Kamber-Tondcur
[6a]

3. Exisience problems

3.1. An important problem of the theory of differential operalors is the
existence of opcrators of a given symbol and satisfying some other sup-
plementary condition. For instanec, in [1] this condition is analyticity, in
{6) it is invariance and here this condition is that the operator be
foliate. The method to answer such problems {1,6] consists in writing down
some exact cohomology sequence, which allows to deline a cohomological
obstruction to the existence of the operators looked tor and this method will
be adapted here Lo the case which we ave interested in.

If no supplementary condition, besides differentiability, is asked, the
mentioned obstruction vanishes and the operators looked for always cxist
[6]. Morcover, we cansce that thisis alsoa consequence of the existence of i

15 OPERATOIS ON FOLIATE MANIFOLDS B
order eonniections on anv differentiable veetor bundle E. In fact, il o
T (15 E) = 1 is o given qabstract” syimbol, the formula (2.7). offers, as
one casily gets, the set of all the operators 1) ol symbol @
Now, the problem which we want to discuss in this section is let be £,
17 two fab and
IS 1 " .
(3.1) 6t g (T8 o T
I order abstract svinbol, under what conditions do ihere exist foliaie
differential operators )i I — I such that o (1)} —o awd which are these
operators ? ‘ o
We begin by establishing the following preliminary resull
Lemma 3.1. T%he nolation being as above, there exist foliate operators 1Y
. R s 3 Cope * ¥ Al Al 5
of symbel o if and only if theve is a foliate hoimomorphism @' 2 J4 — 1 such

fthat ' =z, — o= ‘ N

Suppose that £ exists. This means that there exisls & (1) of (2.8)
such hat (2.4) is satisfied. Let us consider the fallowine diagram. which 1s
partly contained in (A% F)

Iere, the squares of full arrows arc commutative, the rows are exact and

split, which means that we have (1.15) and

(3.3) =i, zb =ide 7L r=id, x=' =0, L =0

Alson we suppose that the following conunutativity relations hold

(3.4 DDz =6 57 =0 oY =a", QD) F =0 DD = o
Now. [rom (E1a) (3.3) and (3.4) we get

(1.3) = Thay, (D) =0 a4 B pF

and the first relation {3.4) becomes
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3.6 5 v TP

(3.6) R e A/ AICIR S| L YL
henee. by right multiplication with =% and &

{(3.7) & =z A =W ab s - e

gy SEnee I:) is Folinte. @7 s Toliale by proposition 2.0 and the first relfation
(3.7) shows that the announced condition is nevessary '
[\t -I\I““'.“'\'H])P(Js(l the condition is satisfiod, henee we van Tind 42 sabis
vine e first relati I T . el Lo
;},iI:Tn (11:” I.ns[l. ri.[.llmn {3.7). Ih(n_' we enn find o differentiable homomonr-
]] such that the second relation (3.7 holds toa, In fact, we know from
CRel T O NS N : : N

K dingram (r_\. B !!'l.ll z I~ o monomorphisne benee 1 has oo dilferentinble
left inverse 27 and il we lake - S
(3.8) (13 (i O Wt 2l 2

the second relation (370 will be verilied.
But in this case
iy ¢ . : ;
(3.9 L L 7L PR L I
v a A oeder folinte differential "
i tal operslor of svimbol & Clemma s
el I 3 a and the lemma s
- Lel :lsil‘cn_l:ll'k h'm.n Uhis femma fhat the problem of finding a foliate
Ly . “ 0 : - - N - . ’ "
/ | symbot  is ineaninglul only i dhe homoniorphism &= is foliale and
M1 ;L sequel this condilion is supposed to be alwavs satisfied. Moreover
LA IR ' . . ’ - B . 1 | : N . ] ’ ’ . ’
We a \I\El‘\.a (ll(m}it, 7 o and call it o foliate absiracl synbol.
r It is simple to see that i we know all the @ satisfving the first rela-
jon (.);. Jowe geb all the corresponding &7 by adding to (3 U:_j i term of the
O Foko 1 swehiere k=1 . - iy — H o
é.;”.“ & | where g1 N defined by (A% ). Then, by ihe sccond relation
3.3), i\l\(‘ oltam all the folinte operators of svmbol -
s / SIS SO DR ;
- )c:n(l\. l.~:1|1(.(._ D of (3.2) is just the foliate part of @ (1) of the loliate
..L\,h“l- (;s .()nlxetl l:u- onr problem reduces to the following @ viven a loliate
{-qu 1«:‘ - “.}lll.l ])fill 6, (lﬂlf“v there exist a foliate part. 7 of a 4% order foliale
rator ol foliate symbol & and, it Tirmati i ’ e
\ s . se alfirmative ease. wlieh are s .
T wive ease. which are all these
3.2, Now. we sh: - this ‘
e }trm. [\\(. shall study this vedwced existence prablem. As we already
s “(1[(,'(“, its solution depends on seme cohomological obstruction which we
. 1..11 define In]l()\.\'mg‘ {'lu‘ venerial schema of {1.6]0 As a malter of facl, Uhis
proy rl(l'r‘n is contained in the gencral theory ol [6] o '
or the category of @ (P modules, o (L4 s o exact funetor
s B o L . ) B i
vih values in the same calegory, whenever s locally free and of Tinie
vantk. This iniplics that the sheaves Extr (G6) vanish Tor p 2 7, whenee

using a known exael seanence for Fxl. we seo

of ll.a'c)h(:\\il'ir n ]-\n“ segnone, fo ]L-\l’ we see thal The exact sequence (8% 1)
s Somves rise fo the ToHowine exacl sequence of :

dules g exael sequence of M {1 )-nio-

'f’
|
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'
(3.10) O o LWEVE Py » LGS EE) ~ L (L (Tr, E)F) » 0

for every fv.b, £ oand £
Ienee, we can write down the following exact cohomalogy sequenee

5- 7 -
(3.11) e IOV, LIS E,F)) > (V. L (L (Tr, E), F))

SH VL UJEET) o

Now, let o — [F (e Iy = F Le o foliate abstract symhbol. Obvie
H BY LN H & .

ously, ¢’ can he considered as an clement of 719 (1, L {Lgm (Tr. ), F)) and
il follows thak we can associate to 5" an clement

(3.12) 7(o') = 3(s') = M (V, L(J37 B, F)).

By definition, % (a") is the announced obstruction to the exislenee of opera-
tors ' as needed in the reduced existence problem.
Proposition 3.2. The reduced cxisience problem has « solution for a given ¢

if wid only if {s") = 0. Inthis case, if Dy 1o - F is a solution, any other so-
fution TV s of the form -
(3.13) D' =Dy -+ oy

where 20 J3H(E) - P

In [aet, from the exact sequence (3.11), we see that £ (&) =0 if and
only il o = (D7) for @ = II°(V, L(J*E F))  which means just &' ==
—= O z, for a folatc homomorphism &7 JE £ — F and ihis is the desired
existence result, N

If one also has @ = @ ¢, it follows (P — @) =z, =0, whence ¢ =

- pf 251 which, i turn, implies the formula (3.13).
3.8 In this seetion we shall ealenlate the obstruction 7 (") for an ar-

hitrary foliate abstract symbol o : L’;,-m (Tr. EYy = F. A similar caleulation

for analyvtic conneetions is given in [1].
First, we give a straightforward representation of T (0"} using the

clissieal definition of the homomorphism § in the Cech cohamnology of ¥
with the corresponding sheaves ol coelficients.
The given svinhol 47 can he considered as represented by the 0-cocycele

0 g - 5 v B o - k —~

of an open covering U = (Ut of T with coefficients in L {Lgym (T, E), F),
consisting of the system ol sections f6'[yqt- Moreover, we can obviously
suppose that U is sneh that over cach [Jy one ean construct a foliate Att-or-
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rl‘('r conneetion on fofp - having the retraction o (£7) and the induced split
ting o (8. (This folows from loeal coordinate expressions. [For the conng-
ction. we use the notation  of th diagrnm (C* £ towether with “l("ll"("ll]l ~(t
{7y whieh indicates the corresponding nvigh[murluu:l). e
TN Vvl N EETEED ’ ' % .
f.(.J5 ;h;nl ‘E\h](m;t\ Hli.( :.]cl-n(:lqh:: I.Ilh?‘)!m]'?pnff)-:;‘['“&l‘;nlll:}‘;" [ "”"!Ti"‘i("”“ "
A ap =, 3. o the coevele s /"n:‘

} '“ f“””,“‘."l Ehat _ihv obstruction 7{s') is represented by the T-coevele of
Wowith coefficients in L (J5U 1) delined by the system .

(3.1.4) o' (o) =o' s (CW) (5 g

which is casily seen to e meaninglul,
- Now, we shall be able 1o represent 7 (s) by o dillerential Torne on 1
sty one previous de Rham Gype theorem for the cohoniolom spraees IO S):
where S is an arbitrary favh, on 1 f13. 14
Let us begin by reealling the mentioned theorent. Consider an arbi
I1':11')"_l{|(-111213111 metrie on Pl Then a decomposition T (1) = T{(§ ) @) 'I(" (%)
1N dvlm-:'(l_. where 77 (F) is arthogonal to T (§ ) and. (:nrrus|mt:din«»' to t‘]isi\
(lf':"'nmpu‘.slhnn. there is o classieal eanonical decomposition of the S-vahied
ditferentind forms on 1 as sums of forms ol tvpe (pog) 11314 Consee u(:nrl\'
the (locally defined) exterior differentiad splits info a sum d — fli” oy
w’fll('.r(- d" has the type (10) d” — (0. 1) and ¢ {2, —1). Ong oves Hl'i[‘
A ks globally defined for S-valued forms, ¢ — 0 and o' s::l}sil'ioq a 1oitiz
carc type temima, whenee, it we denote by APSY the xpu(-v- of .‘S'-I'm'mu
of type (p.g). by Zr (8} the subspace of the d-closed forms and by Qe ‘3'.]
the corresponding sheal” of gerns, - B

e d oy
(3.15) 0 = 5 =A% (8) o A (s) >
is a ine resolution of 8 and

(3,743} TRV S) == Z00(S) [ 10 (8),

. It I’annws that t]l(‘. obstraction 7(s') can be vepresented by a d”-clo
sedl formy of type (0. 1) with values in L (J5 7 EF) and we want to ealeulate
such a form, |
T (IU‘HIIH. we must pul mnder an explicit form the isomorphism (3.16)
for 7 = 1. From (3.15) we have the exacl sequence of sheaves

oy
0 =85 = a"(8) - kerd] -0

[of comnse, d] is d apphcd 1o the forms of the tyvpe (0.4). which innplics
the exact cohomology SequUenee

- e 5 - &
C= HO(ELAM (S)) o IV ker dYy S (L, 8) - o,

——
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Now. let o bhe o d7<closed S-valued form of tvpe (001) on 1L Using
again o covering U fo/y, !l s a O-coey ele for ker o, which by the J7-Pom
card lamma can be pat under the form Yl (), tor somwe O-cochain of
AMLSY (henee o () s o eross section in & e pand d”o (18) el ,) Then,
by the definition of 8", we see that ' is represented by the T-coevele of
LK) Y TR 1. 3 . F t HNTYR R . ra
AMYY wiven by o () 2 (Ua )V e - The  correspondence which
seids 3w Lo the d7-cohomology chiss ol o is jus! the isomorphiso (3.16)
for i =1,

Now. we commie baek to the obstruction 2 (67). which is vepresented
by the T-cocevele (311). Let o JE = L (T R be the retraction ol the
induced splitting of an arbitrary adapted A% ovder conneetion on & (which,
as owe already know, alwavs exists). Theno over every Uy 0 we have

(A7) w i) g =0,

where o (17) are given by the doeal Tolinte conneetions used in (3,11 This
redation  assures that

(3.17) 2 (Ua) = o (a (1)

u e VT

is o well defined eross-seetion of L (S5 T ECF) o (whiche generallys s nol
folinte).

Comparing with (3.3 1), we see thal the T-coevele which defines 7 (s}
can e pub under the form {2 {0} 2 (Eo)]/0y ne,, wheneeo in view ol the
previous exphicitation of (3.16), we derive that the corresponding d”-closed
form s

(3.18) w = d" o (Uy)

with o (U given by (3.17). @ does not depend on the loca!l foliate connee
tions w (L7,) sinee, it we replace then by o' (Ug) and if we denote by ()
the corresponding cross-seetions, o' () — o (L) arve Toliate and d7 o' =
o, Ilence, we have

Theovem 3.3. [f o 2 LE (Fr E) = F is « [oliadle abstract symbol, the
corresponding obstruction 7 (6') Is the d”-cohomology class of the form gieen
by (3.18Y and (3.17). whiech is « d”-closed L (" 1V EF)valued form of type
(0. Hyon V.

In the ease b = 1owe ean caleulate o more explicitely,

Remark that, generallv. « (Uy) defines over Uy the  (F
operalor o (Ug) = o (U} j* 10 F — Foowhich is easily seen to be equal to

1 order

(3.19) 2 (Ue) = a" (V' {Ty) — V')

where V7 ave the operators (2.21) assoctated to the conneetions entering in
the formula (3.17).
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‘ Ik =1, _cp_(l,r'u) — o (Uy) and we ean apply @ to o, which oives the
following expression of the form vepresenting the ohstruetion

(3.20) o o d" V.

Here, we used the fact that v (Ug) and & ave foliate and 77 V' is recarded
as an L, LA Tr, E))-valued 1-form in the following way l

(3.21) [V (8)], () (@) = [d" (9" e ()], (1)

where te T(F),.v= Tr(F),, e =K, c s E, and ¢ (1) =

The formi 7 V" has an interpretation related to the curvalure of thic
used adapted conneetion, In fact. Tr (F) can be identified with the bundle
7" (5#) which 1s normal fo the foliation, henee in (3.21) we can consider 1 € T (:F)
and © & T () which shows that d” V' can be considered as an L '(E, E)-va-
lned 2-form of the type (1,1). I Q is the curvature form of the a(hilp["cd CON-
nection which defines V', given by (2.31), then usual (but long enough) cal-
culations in loeal coordinates show that

(3.22) d'VLY) = QN 1)

for any two vector fields X, Y which are respectively of the type (1.0) and
(0. 7). Formula (3.22) is just the anuounced interpretation. '

3.4, The expression given for Z(g') in the previous section shows that
the answer to the existence problem is related to the existence of a foliate
connection on £, In faet, if the fivb. I has a ¥ order lolinte connection,
we can take in (3.11) the retractions w (Up) = w/y, where wois defined by
that foluite connection, which gives Z{a') =0 for any «". Hence, if ¥ has
a k* order foliute connection there are I'* order foliate differential operators
£ = I of any given symbol o such that a=* is foliate. B

All these operators can e obtained, as it is indicated by proposition
3.2 and in section 3.1, i we obtain one foliate part Dy of such an operator.
As one casily sees, we can take for Dy the operator given by the formula
(2.22) with o' replaced by o=*. -

.-\_s' for the problem of the existence of a At order foliate connection
on an Lv.h. ) we can sce that il enters into the sheme of the reduced exis-
tence problem ol sections 3.2, 8.3, In fact, we know from proposition 1.3
flmt the existence of such : conncetion is cquivalent to the existence of the
induced foltate splitting, which in turn is equivaient to the existence of the
corresponding operator V7ol (2.21) whielh is an operator ot folinte svmbol
s = id. Heneeoa foliate % opder connection on K evists if and anly {f -

(3.23) 7 (i) — o

_ Z{id.) is the obstraction Lo the existence of a A% oeder folinte connee-
bon on £ and. i the notation of the formula (307} iU is represented by the
differential form '

.
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(33.2:4) o =d" | (U} — o fe)) (57D

For &= 1. we get as al The end of section 3.3
(-‘5.'.’.')) ) R

and 1he formula (3.22) shows that the obstruction given here differs only
in sign from the obstruetion obtamed ina straightforward manner by M o-
[ino |9

Morcover. we remark that, when looking for the obstruction 7 (%" @ =)
to Lhe existencee of a (o, zj-=connection on £ (see the notation of seetion 2, 1),
ane sets o form o which. just like d” 97 ean also be interpreted as the (£ F)-
valued 2-form of tvpe (1.1) defined by o (X, ¥} = —Q (V. V) where W
has the type (1,0) and ¥ — {03} £ being the corvature of an arbitrars
sihepted (g zj-connection on £

Following Moline {up to a difference in sign), we eall the cohonotogy
cliss of the Torm —d” V7 the Alivah class of £ and denote it by a (£). Ana-
loconsly. the elass of the form (3.24) will be the 4% Hiyalh class af (1) Henee

Proposition 3.4, The fe . 1 oadmils « K order folicts conncction {f
and only if its I Abigeh class vanishes.

The foliate manifolds 1 such that a {7 (7)) =0 were studied by
Molino [0 10} who called them., foliate manifolds with projectable transterse
connection. Sueh ave. for instance. the folinte manifolds with bundle ltke
metrie (Rembart’s spaces [13])

On the other hand. one ¢an lind examples of foliations which do not
admit projectable transverse connections. In fact, let us consider R ous-
carice’s foliation as deseribed by Bott [2a] In Botts notation, one sees
hat the Ativah class of the transverse bundle ol this foliation is represented
bv dv and his is o d-exact form i and only il there is on the respective
manifold M= G S (2. R) o globally defined function 7 sueh that dy

- (3.0). But this timplies

! N Y a2 = dindl)

L4

which ix impossible in view of the compactness of H.oas it is explained in
[2al.
Using a known construction of a A order conncetion [11] we shall
prove the following interesting property of the foliate manifolds with pro-
Jeetuble transverse connection.

Theorem 3.3, Let UV be « foliate manifold weith projectable franscerse con-
nection and 1 a foliate coctor bundle on Vwcith canishing first Wiyade class. Then.
Jor every fe b L veery indeger f 2 1 and everyy abstract syumhol o LE (T 1) -1
sueh that 572 is foliate, Here are ' order foliute differential operators 1) PR

of symbol o,



ik 12U VAISMAN o

. Ihe ll_\'pplllﬂs(*a imply that the fv.b 70 (F) and E admit first order
l.ulmlc (-onnechm}u. I'he theorem will be proved it weshall beableto constru Y
from them, a foliate A order conneetion on Fo . o
Lot Vo he iy ifferentinl of o fol; 2
e .‘V,‘,, e the cﬂu\‘m.ml dlilieunlml of a foliate conncetion on 7% (:7)
wn, it is elassical 7] that the formula ‘

Va (V) {1 =Xz (1) — 2 (Y, ) (X))

ws it = Tr. . N T (1), defines o connection on 7r%, which is easily
seen to be foliate (as o consequence  of proposition 2.5. o
Now. chosing a decomposition 7" (1) = T9* (F) @ § and an arbj
trary connection on 5. we can extend the connection on 7* (‘7;) o N hoe.
tton Vo, on 1 and. using it, we obtain the connection v on L®"‘ T“l ti.gmnec—‘
given by the corollary of theorem 9.1 of {11} From the ZY IS0 [g V)“‘(? J'h
ven in JFTLat is easy to see that V¥ induces a folints .clonn t]'l S
subbundle &% T0* (7)) & I — ) ‘ EE e oniti
. Finally. using the theorem 7 of [11], we get on £ the 4% order ¢
tion with covariant differential ) l e e

D, = SR gy,

where SF denofes s T —_— .
I)I‘O(}):;Si:i(“(‘1(,;(;‘['(s syimetrizatton, and thas connection is loliate in view
T!Ii\i cids the proof of the announced theorem.
‘ We also note that, if we start from adapted connections on 7% ;
£ and use the same construction like in the previous proof, we et ; ) P
ted Ao (31‘(1er connection on £, which could be used in the ex yressi «)111 d(ﬂﬁp-
obstruetion of theorem 3.3. It would be interesting to look f-‘()[r' t.lllf‘(ll‘:ﬂ?t'{hc-
het\\_‘(‘ml the form o of that obstrucetion and the (:l?l'\"l['lll'(‘ It} 1 con
nections on Tr and £, ( s the e cons
We end by the remark that the problems treated in this paper obvi
ously :l(ll]l}f. a generalization in the following directions. Imtc;ulI (oll' thz)} lt—
bundles ol seetion 1.4 one can consider the bundles of nonholonomic -Jcl
semiholonomic jets as defined in |7]. For the semiholonomic jet hundl '(-mf
(Il:_\gl'qm like (A% K) can be constructed and the considerations of s‘cé;" )
1.5 with apply to adapted and foliate semiholonomic connections. ‘Then .
tead to study differential operators one will consider the semiholonomic "ll'T
ferential forms of [7) and one shall generalize for them the ('ont;idcr']ti“;
of seetions 2 and 3. The obstruction to the existence of a foliate s ('I Oln‘
noice (.IIH‘(‘I'(‘]‘lli:ll form will be eiven by a formuta lke (3.17) \\'Il;_'l‘(‘ ‘r.[ ]n.l m-(‘)li
hf“‘ 50"“"”‘”'_‘““”" connections. In tihs manner. one will 11'01 m\ulfl\o ll‘i‘”"?l:'-
ding the existenee of foliate semiholononiic differential forms of o r-'r\tell
‘;;\)']mh(;!. \t\ih](-h are sitlar Lo 1hose viven previousty for (“lT{‘l'C‘llii'{] ()T)(‘l"l-
w. T q . BT [gannt A T ) )
l;“m“(._\l-”n',-:f ::llﬁ:’n;)q‘;l'l\li/;.)lllimm Lo more general maps 12— 17 then the veetor

of
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OBSERVATE ASUPRRA OPERATORILOR DIFERENTIALL
PE VARIETATI FOLIATE

Rezumalt
in luerare, s¢ fac o serie de consideratii privind studiul operatorilor

diferentiali limiari intre fibrari veetoriale foliate. In primul paragraf , Fi-
brivri veetoriale foliate”, se deserie eategoria acestui tip de fibrir, se consi-
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dera fibrarile de jeturt asociate nnud Fibrat vectorial foliat. obtinindu=se di:

_u'l‘amcl(:‘ mportante (A" K} o1 se introdone conexiunile ;ulupln.l;: st fToliat t llll-'
un ordin oarceare pe un fibral veetorial foliat. Cel de-al doilen )‘l‘l"lt"'lf' (1'
~Operatort diferentiali pe fibrav veetoriale Toliate "se ocupa (l("lll]lt‘.ll“ hl)"!

prictaty gencrale ale operatoritor diferentiali linart LWloliadi™ intre clmr} llt'?-
ln':n'_l ‘.\t(‘ll.)l.‘i:ll(‘ fobiate cu acecast baza, adicii operalort a vivor parle |l"'lll‘~]:
versad” depinde namai de Tois ol aiet sint date exemple de ilh("l;lcnf‘i! (‘\ w-
ratort sise cerecteazit legitura intre operator vareenre si conexiuni in l'i}n('
in ull.nmﬂ paragral (Probleme de existenta™ se ealeuleazi ()i)\l\‘ll;"['i'] ('nu:
mologici fa existenta unat operator diferential foliat de simbol tl:ll"(-si s
(l(.:nu‘anf.ly(-:l/.:'l existenta unor ascmenca operator? alune cind existi cone-
xiuni foliate corespunzitoare. Mentionam ¢iv fob aici se indici un exemplu
de luh:\i_'l(‘.{c'unﬁh‘uitﬁ. de R. Roussarie). care v admite o conexiune ll"llns-
versala fohiatd, Luerarea arve o bazic teoriile expuse n {1, 6], .['J] S ]1:‘5].

Analele stiintifice ale Universilatii LAL I Cuzar din last
Temul XX, s. 1 a, fasc. 2, 1074

CONFORMAL STRUCTURES ON BANACH VECTOR BUNDLES
Y

MIITAL ANASTASIE

In this paper. conformal structures, in particular Weyl structures on
Banach vecetor bhundles are defined. We prove that there is a ocne-to-one
correspondence between the sel ol conformal structures on o Banach veetor
hundle and the set of reductions of its structural group lo the conformal

aroup.
The existenee and the unigeeness of a conneetion without. torsion.

compatible with 2 Wevl structure on o Banach manifotd ave proved.
|. Linear conformal space. Conformal group. Lct E be o real, infinit-

dimensional Jinear space.
Definition 1.1. .1 conformal structire on E s« sel C(E) of scalar pro-
diets on B denoted by (g « = J wohich satisfy

{1.1) () = tap( )y @b E o,
WChere hay 15 @ positive real wmber, and T a set of indices.
Definition 1.2. The lincar space E wwith conformal struchue C(E) is cal-

led a conformal space.
Remark 1.1, In the conformal space E the angle hetween two veetors

can be defined by
(1.2) cos (. vy =——— Vi, v & E. a=d,

where | w |, = V(u, w),, the ratio ol theiv tengths is well defined but their

absolute lengths are not defined.
If (, )is a fixed clement of C (E). (1.1) can be replaced by

(13) ( : )a 5 }‘u( , )a Vu = .
This implies that all norms w ~ |1, arc cquivalent to the fixed norm
w = | = V{w, 1) In the following, the space E with the norm || will

be supposed to be complete.



