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versali foliata, Luerarvea ave T baza teoriile expuse Tn [1]. ]6] .[‘.!] N |ll3|.

Analele stiintifice ale Universitatii LAl 10 Cuzar din lasi
Tomul XX, s. 1 a, fasc. 2, 1973

CONFORMAL STRUCTURYES ON BANACH VECTOR BUNDLES
By

MIIEATL ANASTASEE

In this paper, conformal structures, in particular Weyl stractures on
Banach vector bundles are defined. We prove that there is a one-to-one
correspondence between the sel of conformal steuetures on a Banach vector
hundle and the set of reductions of ibs oructural group to the conformal
gl'()ll]).
The existence and the unigueness ol a conneetion without {orsion.
compatible with a Weyl structure on a Banach manifold are proved.

|. Lincar conformal space. Conformal group. Let E be a real, inlinit-
dimensional linear space.

Definition 1.1. < conforinal structire on B s a sel C(E} of scalar pro-
ducts on B denoted by (g « = J wohich sabisfy

{1.1) () =t )y @bE o,

wchere hay is a positive real wumber, and J a sel of Didices.
Definition 1.2. The lincar space E scith conformal struchue C(E) is cal-

led a conformal space.
Remark 1.1, In the conformal space E the angle Letween two veetors

can be defined by

(1.2) cos (i, v) = _ Yuwv=E a=d,
where | 1t |, = V{u, w),, the ratio of theiv Jeneths is well defined but their

absolute lengths are not defined.
If (,)is a fixed clement of C(E). (1.1} can he replaced by

(1.8) (, ) =2l + ) Vusd
This implies that all norms w ~ |1, ave cquivalent to the fixed norm
w = | = Pl ). In the following, the space E with the norm .| will

be supposed to be complete.
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Remark 1.2, Let Ri(E) be the set of all sealar produets on E, We have
(1.4) C(E) = Ri(E) = L] (E):
{Here LE(E) is the lincar space of bilinear and sviumetric maps s : B E - E).
Let L(E) be the fincar space of linear bounded operdors on B.

Definition 1.3, Woe say that | = LA(E) preserces the eonformal strictir
Cox s , . . -
af B if there is a wndgne a < T suelr that
(Mo dey — (ew), oo = B,

IF .15 denotes the adjoint operator of f with respeet o the sealar pro-
duet { . ) then we have

Theorem L. Let E be o conformal spave and 4 = 1L (EY. The followcing
conditions are cquivalent '

1) A preserees the conformal stricture of E

2y There is « wndyiee read wnmber Iy = O sueh thal

AT ey FUE ddentity operator)

3) LD reserees e angle between veetors of E.

Proof. Obvious.,

Definition L. A operator 1 = LA(E) which satisfics one of the condi-
tans of Theorcm 10 will be called a conformal operator.

Let CO(E) be the set of invertible contormal operators and O (E)
the set of invertible operators which satisfy 1. — [, We immediatety oh-
tain the following I

Theorem 1.2. The sets CO(E) und O (E) are subgronps of the sroup
GLA(E) of all invertibles operators.

We call COE) and O (E) the confornml group and the orthogonal
wroup of E, respectively.

Theorem 1.3, There is an ayutnorphisin
x: COE) - O(E) » R,

wheve B s the positive real nudtiplicative sroug.
Proof. For (I & CO(E) and 1% =/, 1. we put

j -
2 (.1) (U - . /.‘_,I):m(l for (B,1) € O(E) =« R = Y(B.1) — 1 8.
Y4
Let GL(E) be endowed with the topology induced by the norni topo-
togy of L (E). We identify the group £, with the homotheties group of E.
The following result is obvious.

Theorem 1.4. The sibgroups COE)., O(E) wid By are closed. and the
map 2 from Theorew 1.3 is « topalogical isomarphism.

-
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2. Conformal struciures on a Banach vector bundle. Al veetor bundles,
manifolds and maps considered in the following seetions will be assumel
ol class (',

Lel 42 amd M be manilolds, modelled on Banach spaces. and suppase
I conneeled. Lot = F = M he aoveetor bandle with Tihre the eonformal
space BEoWe denote by (=) the set of Rivnannian metries on = and we
deline the following cquivalenee relation :

Nig— e —pren J g @ Ni(x),

-

wheree 7 is a smonth lanetion on 3.
CPhe use of exponential funetion is a handy way ol ensaving positivity).

Definition 2.0, 1 conformal striclure on = is an equivalence class O weith
respeel to Xoof Ricmannian mefries on = _

Remeart: 2.1 1 the equivatenee class € contains only one clement. we
obtai o Ricmanman stvuetuwre on =,

The prools of the two lolowing theorems are standard. (See {3, Ch. 7]
for the particudar case of the Ricoanian sbructure).

Theorety 2.1, Lol = 85— M be a ceclor owdle with fibre B and suppose
M oadiits a partition of unity. Then the vector bundle = adoiits a confornal
stewetire,

Theorem 2.2, Lot =4 — M wnd =" 8 — M be veclor bundles il
lot {21 — I bea bundle morphisin sicl that the map f0 0, = £, wherr
Fmmpy and By == V(S (D) ds injecdive and suel thal f (8) has a
complementary closed subspace e B, Then a conformal stricctire on = eann-
wivally Dndiees o conformal straehure op ="

Definition 2.2, The veclor hundle =0 1 = M weih fibve B adwils a rediie-
o of its structural gronp Lo CO (Y. If and only if there vaists a hedle atlus
(U2 er. suel that the maps (=070, B= E for el poof U, n it helong
fo the dronp (O (B}

Theorem 2.3. Lot =l = M be o ceclor bundle il fitve B There
crisls o one-to-one corvespondence belween the set of reduelions of the struehiead
seonp fo the conformal grovp and the sct of conformal strietiures on =

Proof. Every reduction of = to the copformal eroup C'O(E) delerna
nes The conformal structure of = Indeed. we define

o) =5, T, Yoo e Eand o = I

The maps g0 p =+ g, define the sections of veetor bundie LT (=) (See |3,
Ci. 3] Tor the definition of this veetor bandle] and the set jg,) s a conlormal
structure on

Conversely, bet 1oy he a contormal strachiee on = and fet (UG ) en
be a bumndle atlas for =, We consider an arbitrary map s b =0 and let @
he the induced metrvie by ¢, with j — 2 (7% on &7 E by the isomorphisme 7.
There exists a |)miii\'(-'(h'l'inil(- syimetrie operator (150 sueh Hhat

1R , (I" W ( l, . IL'). Yoo Uy, vous E.
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We denote B, = ‘-’I ) and we put g, =1 27, ,. Then (l'_ ) @) 18

the bundle aklas we looked for, It is sulficient Lo prove That B U v~
— U;» E which is defined on fibres by I, map g8 on the sealar produet

{, ) of E. But we have
(£, v, B3, w) = (g o, o) = g2t (o, w).

isp
smee I3, s symnietric,

Definition 2.3, Lot = K — M be a vector bundle with a conformal strice-
ture C; € is ealled o VWeyl  struclure i and ondy if there cevisls o anap

H G - C=(™ M) which sotigfics
Wier. g) — W{gy —do,

where C= (T M) derofes the sel of scctions in cotangent bundle of M.

Remark 2.7, A Riemannian metvic g and a 1-form » on M determines
a Weyl siructure, munclv W € C= (7" ). where G is the cquivalence
class of g and W{e* g) = v, —di.

Theovem 2.4, Lot =: B — M and =1 &' — M’ be vector bundles with
conformal structures and [ I — E a bundle morphism compatible with this
conformal structure {in the sense of Theorew 2.2). Feevyy Weyl structwre on =
cunonicelly induees a Weyl struchure on =,

Proof. It (g, ) delines Weyl strueture on =, then (f*g. f*7) defines a
Weyl structure on ="

Theorem 2.5. Let =2 I8 — M be a cector bundle with « conformal strue-
ture, where M admits « partition of vnily. Then = admils a Weyl structuwre.

Proof. 1t is suilicient to prove that there is a global 1-form on M. Bul
this follows from [1, lenuna 1.3].

3. Connections compatibles with conformal structures. VWe shall give
below some results from the conncetions theory on Banach veetor hundles
which we shall use later.

Theorem 3.1. Lel = IX — M be « vector bundle and M adwiits « parli-
tion of unity ; then

1) there exisls a connection map K for =,

1) there caists a canonic bijective map franr the sel of conncclion niaps o
7 o the set of covariant derivatives on = given by
(3.3) Koz =VE, Vi = Bg (M.
where @, (M) is the set of the sections i =,

The proof is given in [1, Theorem 2.2].

Remark: 3.1. u) VZ is considered as a section i L, =): L (LM, Is) —
— A where «: T3] - M is tangent bundle.

L) FThe implication K - ¥V is given by (3.1} and without the hypothe-
sis of existence of the partition of unity on M.
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et ¢ 2 [0.1] = M be o piccewise differentiable curve on W We denat e
b 2,000 where £, € (6.1) the pan alled euspl(.um(nl from fo ¢ to By,
delined by the vonnection YV, AL The nag (2t 1 (001) Eletryy defmed h_\
{13.2) Qoltv) — (. P at) (e ek

is noveelor bundles isomorphisin, See [E Theovens 3.3

Lot 26, (¢) be the veclor spaee ol seetion o= along fhe erivve caned
el €= ((0.0). Koq,y) be tho vector spatee ol mapsof elass €02 ['!'1)111 (0.7). 1o Foy,
W consider ihe map Q. 78, () = CF (00 L) defined by

(:5.53) Yooy, Y = e (Y (1) YY & g (o) 1= {00).
Thearem 3.2, 1) @, is « veclor spaee ixoniorplisie:
D e V) = (VY
i

where N Y is covaricold differentialion of section Y along caree e
For proof see [T, Theorem S.6]. o ‘ .
T 1L the holonomy group of conneetion Vo A with veleretiee point
pe denoted by @ (p), s defined. For cach p ol M. llu- aroup B (p) ean be
venlized as o subgroup of the structuenl group of = The Theoreny 2.4 of
[+] snggests the folowing
Definition 3.1, Ll =1 & — 3 be a veelor buandle weith o conformal strae-
ture G, Phe connection N. K Ls compatible weith the eonformal stewcture Cf and
ondy if
(3.4 h(p) = CO(E). Vo= M.

where B is the fibee of = - '
[a the mau(almn ease when € i B ihe ~se time o Weyl structure,

we will use the Tollowing

Befinition 3.2. (Sce [2)). Let =1 1 = M be « vecdor bundle with « Weyl
strieinre (9.0}, The conneetion ¥, K is compatible witl the Weyl structire (4. 1,)

i and ondy if alond coery curee ¢ 1 {01 - M oand for ab least one g from G,

-\_‘L I.

where QL — P, |[,,u] poe=e(0) and Y, 7, € Ey

Remarte 5.2, 11 condition (3.5) is salisticd by one 2= Gt will besa-
tisficd by m(h & =¢* . g Trom C.

Theorem 3.3, Lot = I = M be a vector buiielle with the Weyl structire
(g, o3 cnd Tel N, N e « coniiection on =,

ey (Yoo 2y )

(3.3) 0, (@Y, QLZ) =uxp
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The followcing wssertions are cquivalend :
V) The connection ¥V, N ois campedible soih the Weyl stracinee (G00)
{
2} ; S (VoZ) = ae (VoYL Z) - o (Y ONLAY o o a (V. X))
!
Jor e |0 M oand Y. 74 =5, (M)
B) Nu (V%) =g (Vo V. Z) - ¢ (V. Va Z) 7 () 2 (V. %)
Jor WX = By (M) and Y. 72 = @, (M):
Proof. 1) = 2). For cach curve ¢ with ¢ (0) — g owe shall denote Yoy -
=Y, Ay =4, Y, =Y. 7, =% lor Y./ = G, (M)
I foilows from (3.1) and b) ol Theorem 3.2 that

L a1, 2) = tim L (g (V). 20— 2, (1, 2)
dt 40 [
t
o . ) ) )
N llilll((‘.\']) —{ ~f,]g,,((,g; Vo Q%) (I.A)))
‘ I ’
.f
=it exp | e | e (@ V@20 — g (V.7
—q ’
o ;
!
: ' .1 . .
Lo (3. Z) i fexp | =Kot | =1 ) =g, gim S, ¥, =¥, 7) 4
S todr f . _ YL
(1]
I3
- - { .
- (Yl Q7 —2) + gy (V.2) 5 exp & ;

g (VYL A e g (VN A et g (V7)) G ),

2) = 1). Let Y, Z be parallel sections in = along ¢, e @8 Y, ¥oand
QtZ, =7,. Asscrtion 2) of Theorem hecomes

! . . .-y
(3.6) %gmnluzn ¢ Loy (Yo, 7,
L

and we get (3.5) by integration.

The proofl of 2) — 3} can be obtained in the same way as in the Ric-
mannian case. Sce [1, Theorem 3.8)

Definition 3.3, We shell say that o manifold M omodeled lyg the conformal
space M is endowed soith a conformal structure if there is a colleetion of charls
(U, o). cocering M and sabis{ying

ey ——d
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{(3.7) D (0 7l gm ™ COQL) for all i j and p = U n ;.

wheve 1) denotes the differentiviion aperaioi.

Theorem 3.4, A nanifold M omodelled by w coiformal spaee M oadinily @
conforirad strietire O and only {7 the taigent bundle TM wdmits « conformal
straeefrd,

Proof. Lol (U ;) be the colleation of charts which defines Lhe confor-
mal structure on A The transition maps of T are Diejo 27 e,y and
belong te CO (M) Le, T adimils o reduction to conformal group, therclore
a conformal structure by Theorem 2.5

Converselv, o conformal structure on TW nuluces o redaetion ol this
veetor bundle to the conformal group CO (M)ic. the maps D {g;0 27 ¢,y be-
lone 1o (O (M),

Definition 3.b oL conformal anifold M is called Weyl snenifold i and
only i e conformal shraetire of T s o Weyl strueture,

Theovem 3.5, Let M be o Weyl sneiifold, modelled by the confornal space
M. Phere evisls o widque coninection ¥, K.osueh thad

N Y Z) =g (Ve VL Z) - g (V. Ve 2 — 7 (Y s (V. 74)
Jor X, V. Z € G, (M)

i) TV vl Y Ve X — XL Y =0, VYLV e By, (M)

where (g, ) is the Weyl structure of T,
Proof. Eaisterice. Let (UL @) be o chart for M at p. We consider the fol-
lowine equation with Fréehet derivalives

28 (Lo (v 0) = Do o (1) (3 w) +
(3.8) - D¢ | wip) (v) (. w0) — Do l‘vﬂ'pi (ac) (v w) + UES (”) L (e W)=

By {0) Ze (1, w0) — 1o (10) g (U, ©), YVi,v, w € M.

ir
where ge and 7. e local representatives ol g and «, respectively. This equa-
tion defines o map Ty = L (M, M), such that o (p) - T, is of class €=,
As the Py satisfies the usual transformation formula ot alocal connector.
undker change of trivialation, it defines a connection on M. The connee-
tion such obiained satisfies 1) and i) of Theorem. Indeed, 1i) has the follo-
wing local expression

r (‘\" ‘r)@(p) _'r""—(_u) ('\"F(p) Gl }"1:(11) ) - P?t'p) {-‘!f.ifp) & -\’¢(p)) =0,

This equality 15 satistied heeanse g,y s 0 Bilincar symmetrie map. The
leal expression ol condition 1) is

’):—559 wlp) (‘\"Fl;l)) ('}"v‘f,n) g Z'-;f,u)) 7——-,’3"-,(?,) ( I‘a(]:l (“':(p) ): Z‘J‘(p) ) -{—

'—:'F'_-)) (‘Y";(p) - I.lfv’(p) (-\'dp)r Z'J(,n) ) — N (-\"a(m ) f‘-j'v"(p) ('Y‘;(p) : Z:?"p) )
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This cquality ean he easily verified using (3.8).
Uniqueness. 1ot 1‘,;“,, e ancther loeal connector which verifies 1) el
i, It follows that 19

N R b o . S . Al
p usbosalishy cquakion (3.8) jeo 17 = Ty,
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STRUCTURD CONFORME PUOFIBEATE VECTORTIALE BANAUL
Restnad

I accasti Noti se defineste struetura conformia pe librate veetoriale

Banach s in particutar, struetura Weyl,

) Se arald e existi o corespondenta bijectiviv intre mnliinea struetu-
rilor conforme pe un fibrat vectorial Banach si nultimen reducerilor STIpU-
lui stroetural ab acestui fibrat veotorinl Banaeh la erupul conforn. Se demon-
streazit ¢ exasti st este unicii, o conexiune lintaric fari torsiune. compalibili
cu o strieturi Wenl pe o varietale diferentiabila Banaelr,

—
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PLERIODIC SOLUTIONS OF FIRST ORDER HYPERBOLIC SYSTEMS
CONTAINING A SMALL PARAMETER
BY

DAN PETRROVANU

$0. This paper handles the problen of periodic solutions of the hyper-
holic systems

(0.1) TR A AU TR T T M SRl CR O VAN AR R

where ¢ is a (small) paramcter, « and @ ave the unknown veelor i'u'uct.ions
(in general of different dimensions). By this same it is & continuaiion  to
author’s paper [15). 1t was alveady clear in {13]that there is a close  analogy
bebween the investigation of periodic solutions of 'Fricomi’s problem (cha-
racteristie problem) for the system w, = (v, y, w,9), vy, =G (@, ¥, v, v} and
the investigation of periodic solutions of the eharacteristic problem for the
cquation u,, =f (&, ¥y, 1, 1z, 20). (See Cesari’s papers [2], {3], [4], [5]),
see also Hale's paper {7)]). -

As in [15)}, we use the method of Cesari and Hale. The theoretie ground

of this method should be found in [1] and also in [8], [9]. For {urther details
and for difterent veferences, we send to [6], {9} {10]. The papers [G], [10]
sive an excellent survey on the use of this method in all the ficlds.
' "The veader shonld compare the results of this paper with the ones of
(20, 18] [+ 150 [0k (7] 110], (1], [12), (i8], [19], [22), (23], [26]. The papers
“T I [].-‘)J! [“311 ll‘l‘]: 11(;!* H'TJ- [18]! [1915 ["”013 121}! [22], [23], [Z'L!?[QS]’ [261
sive a partial, but good indieation of the results obtained in the field of pe-
riodic solutions for hyperbolic systems.

In handline the problem of periodic solutions for svstem (0.1) we cou_ld
follow closer the method of Cesart-Tiale as deseribed in (2], [8], {4], that is,
i oy ense to proceed as in [+ (as we did in [15], where we tricd to  keep
close to the weneral Tines of [2], 18]). For the sake of variety we choosed to
keep closer to the general line of [7]. Furtherinore, it was in the intention of
he auther to lollew this line as close as possible, in order to make casy the
conparison hetween the results ol the present paper aud the ones of {7] (and
v This same the comparison with the results of {4] or those of [23] also).



