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SOLUYIL PERIODICLE ALL SISTREMELOR NIPERBOLICE DE ORDINUL |
CONTININDG UN PARAMETRU MIC

Rezumal

Autorul analizeaza problema existentel solutiilor periodice penlra pro-
Blema skab Bniari (2.1). (2.2). Feorema 1 este o teorema de existenta pentru
problema modificati. Teorema 2 introduce ceuatiile de bifureatic. Teorema
4 este o teoremd de existentd pentru solutiile problemei (2.1 {2.2). Rezul-
tutcle sint aplicate la cenatiile din exemplul final.

Analele stiingifice ale Universitigii LAl 1. Cuza® din Tasi
Tomul XX, s. T g, fase. 2, 1971
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s, Formulation of the problemi. A~ it v knewen [3) an eounlion of
he farn,

gt ety e paa)y 0

hax an analyvtie solution in the neighbourhood of o sigwar point vy of the
functions prand py . 10 and only il inay, o py has o pole of first degree at most
and py has a pole of seeond degree at most.

In this paper we shall give a resalt of that sort, for linear partial dif-
ferential systems, which peneralizes the one of [2].

Let 1.J = N, be two finite seis of indiees. and T = N Let K be a
nondiserete complete. valuation ficld.

We shall eonsider linear svstems of the form.

PO ) = () -
(1) Y Y S () DV () (e,

LES s k) E N
E8(1k) b

wheve () r(jy e L S L)< b /=111 ¢ % is the dilferentiation in
=¥}
Ki(lri=Yr.rel.
el

In what follows we shall suppose,
(A) the functions g, fugo: KT = K. wre analplic inoa certain neighbouwr-
hood of the origin of K.

We wish to oot conditions for the existence of a familv of functions
;s K7 — K.oanadvlic in o certain neichbourhood of the origin of K7, satis-
Fvine {10 and the Lnitial conditions.

(.—,} l): 1; (‘,I)l-!",-'Uz()_- 0=t o= r, (.}‘).- _.; =) iel

where =it [ v,
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We shall deal with this probleny in the ving of formal sevies, with wealk
tapologv, and then in oan adequate ving ol convergent series,

§2. Treatment of the problein in the ring of formal series. Le K[| X',
i = 1] = F, be the ving of the formal seres in indeterminates (X7 e ),
over K, with weals topology, e product topology in K1,

We recal] that the order of the formal sevies w = {w,cm = 1) =
is defined by e (1) = Inf §m a2 00 00 o 200 and o) oo f
=0, [1.6]. We remark that one ean define similavly the partial order of
the Tornkl series o with reaurd Lo any subsel of indeterminates. The siriet
order of a formal sevies . is delined by Q00 — v =(r i e Y= Ll
represents for every ¢ = Foothe order of the 1 lormal sevies o with veaand o
the indeterminate V.

[ /7, the problem (1), (2) heeomes,
N 1Y), (X) = 8 ()

{3) EYOY Son (NDDOR YY) (je ).
rLedali e
€500,k
(1} Q(uy=r()) (j=J).

where ¢ fige = F represent now the formal series corvesponding to ana-
Ivtic Tunctions g, . fig ). and D" s algebraie devivative in F[1, 6]

We shall show that if certain conditions are fultilled. then this problem
has an unique solution.

D" (()) (- 0.

;= (g =) €F, 1,
fITI

the projections u,,, being determined by the method of suceessive approxi-
mations in A, whiclt means that the series v, . are Hinits of certain iterative
sequence in the weak tapology of /.

Frest, we renwrk that frem (1) it follows,

i3) a0y =0 j=J, me=b rl)) —m#0

{we set e — ' =0 il < g for every o= 1), Tt means that every pro-
jeetion wey o =0, j = = 1 for which r(j) - wr # 0.

Let us Tollow Uhe way of delerminine the projections ob indiee = r ().
J o= For rthat we shall apply to ihe relations (8) the operators of partial
derivative DM § = . and we shall substitute X = 007 = 1, in the Tormal
series which are obtained. Thus we wel.

g {3 D g (o) — D) g (o) -
(G} +Y¥Y Y Y Coiy D L (0YDER " g (0 (=),
0 e

FES sl RbE mf .
€50, k) Lot 3]

g,
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where we have denoted O =TI C.5om ,m's Land G=p! /gt {(p—g)!,
el

mqgeN, p<gq _ )
To solve these relations with regard to the unknowns v, = D" 1, (0),
jo=J, we must suppose w (f,g,) # 0 for every indiee s(j, k) = S(j, k),

‘whiclh satisfies the relations |7 (k) <!s(n 4} = q{j), and o{fign) =0

possibly only for those indices s(j, i) so that [r Bz Ls (g, k) + q(j:}l.
Tn this case, (6), is a lincar nonhomogenous system in D", (0), 7 = J
if it is supposed that 170} g,(0) # 0, at least for an indice j & J.
We remark that if in the vectorial space KF (E = N, is a finite set of
indices), we consider the veetorinl norm | v =sup { v, e < K}, then the
matricial norm subordinaled to this, is [3].

Po=sap Y 11F, e = B

€

r

The svstem {6) has o unique solution, which can be obtained by the
melthod of suceessive approximations if we suppose

1 . [ -
() sup 3y N == i (0) 1< < 1,
sed bed st g () !

where Y,¢.0 « s extended over those indices s(f, k)| s (J: k) + ¢ (5} = | r (B,

jkoe .

' Generally, if we assume that for every formal series u;, j € J, we have

got all projections ;. m' & |m’ < |r{j)4 m|,| m| =constant, let us

Tind now the conditions of determining the projections iy . , for m’ € 1, I‘m’ | =
= #{j) <+ m |. To this aim we apply the operator D™** in botl of mem-

hers of the relations (3). We get as above,

CUhpy g (VT DTIVER 4 (0) = DD g, (0) +

|8 A _— — P
i ' AZEJ r-:.-.E.I-Z-E m .-Em'... ‘:::HUJ 2 .fs(i,ﬁ') (0) Dpahyrm Uy (0)
E¥(JR)  emoEq))

These velations represent a Jinear system in the unknowns D™ u;(0),
JoeJ, m el with ] =constant, il weassume that the orders of _formal
series 4 satisfy the condition. s (, ) +¢ ()< 17 (M + o (feum)d, ksd
We notice that the svstem (6) contains as many unknowns as solutions equa”
tion | in | = constant, has in 1, and the same number of equations. Let F' < N,
he a set the eardinal of which is the number mentioned above.

[ order that the system (6) has a unique solution in K7, we must suppose,

R e .
() sup XY Y w)—mwm_ﬂ? P D fun (0) | < n< 1
I:::Ies-lu Kex sim v L mtalh) q(.]) ’

jed
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where the sum ¥, oy bs extended over those indiees s (. ) Tor which | s (. £)
(4 () e (L) and the s Y, s extended over every pe 1L
for which p = Q (foa)k Finally this conditions has To De fullilked for every
o N Bt as owe can osee mmnediadely the sequence Lo oo T where
«r T

— _ meeth nr =1

(DO p g () —p) !

“’HJ

cotsidered as a simple sequenee (owing o the relalion of canonieal order
in Frois anbounded exceept the case po= g () when we have o, = 10 We ad
mit the fast hyvpolbesis. Bomeans Bhat we must use the striet ovder ol the
formal series fo . and assume that Q( 00 < ¢ () In This case the condi
tion (9) is fultilled obviously af

{10} sp 3 Y | D g () V2 20

PEd LET £

where = Q(f0). the other svimbols having the same sivnilicanee s
dhove.

I this condition is fulfilled, the system (8) can be solved by the method
ol successive approximations. and for every iterative sequence we have,

Ty Preke gt foy o O (o),

(Y-
More exaetiv. from {10) we have,

sup | prOrm gy — frore g (0) | <
ier
[ ise] == it
A

<

sup | proyEm gy fyraEe &0 {0y 1
P—7 Jed ‘
| ue) e

I ™ =0, then,

sup | DOm0y — Drovm (o) o<

JEed
foe| =t
(1) 7! ml z ‘
S s P e I g (0]
1—7 ied (m--q (i)

e

We notiee that if (10) is fuifilled (7) adso s,
It follows that the solution of the problens (3). (1) is. in the weak topo-.
logy of . the limit of auv iterative sequence () 17e N L j= J0 delined by

(12) Wil Q (W= (). jie JE N

o l,‘
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Ny ey gl — g (Y)

(cLi2) Y Y FunN) Uiy s g e N
FES sl E
E ~(i, 0

11 we asstme.
(B) for cvevy s(jo by & N(Job j b e Jowe furees s UL g () €50 )

o (Jeu ) and for cveryg s (i ) = B(1) we have o () Qe s
L) gl where,

Rij) —is (} Wyss(Fhy =S8 « (j. 1) () v k) o (o)t
LCY theve caiels ol least o= 0 soele that, D0 5 (0) 20

(Y we huare SHp }_. VD 0y =
s st l:-'
E 1)
wheve o —= Qfuin )
From that it lollows,

Theorem L. {f the conditions (BY. (C). and (D) ave sulisficd. then the pro-
blein (3). (W) has anandgie solution (i 1 j = J) wy= o=, This solution
ix i the weal topology of V. the it of any sequences a8 e N1 j = S ode
fined by (12). (130

§3. Treatment of the problem in the ring of convergent servies. Il u

(rtg Lot = 1 & Fowe sav oo oseries o is convergend, af ik exisisz e 7

(R such thal.
: M,
1|H||:|:Z_' = 2|F e -
rex !

(Garding's majorant [L)) where Mo —sup ||«
A Z %
¥,

We denote,

sl B ke N, and

Coy=tznw = ulg < - w.

10 can he seen casily that (Ce. 0y ) is o complete nored ring,

For cvery convergent servies o we eall convergence bhound. the real
nmunbers z (i), which is the convergenee radius of the numerical power se-
vies Dl o s 2 Obviously i o= C, then ¢ {u) = |2 . Likewise
{1i) ey =i e () e (B0 2 (D) =z {up v =1
for every convergent serics w, .

We consider now the problem (8). () in o ving of convergent series..
Let us assimne g () # 0 and 2 (fi,) # 0 k= d. Let 2 & |

v oezmin a(e), s ) g =
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From (1) it follows that for every iterative sequence, defined by (12)
(13), we have &} = (i, j eJ.t @ N, i uf = (g5 € J. -

By virtue of the theovem 1, if the conditions (B), (C), (D) are fulfil-
led, then cvery iterative sequence {ff?, t € N}, j € J, defined by (12), (13)
is convergent in the weak topology of F, for any initial approximation. In
what follows we consider the iteralive sequence with the initial approxima-
tion ' =0, j =.J. .

On the other hand, from (11}, by using another » & I7, with | =
than the one considered above, it follows,

loss

R -t

: 7.
- i

{15) e ity [y € ——+ . 1,

where 4 is a constant depending only on « and ¢ ;

From that it follows 16 — i, & Cpy and since | w5 e € w5 — 15w -
A4 8 e, one gets 1 = (. In addition, obviously lim #f = ;. Then,

Theorem 2. Let be the system (1), (2}, 1f the conditions (A), (B). (C), ()
are fulfilled. then theve exists an wnique family of functions u;: K! = K, aialy-
tic in «a certain neighbourhood of the origin of K, which salisfy the relations (1),
and the initial conditions (2). Power series solutions in the aeighbourhood of the
origin of K1, are limils, in the weak topology of I, of any sequedices of power se-
ries deftred by (1V2). (13), where o™, j = J, are convergent serics.

Remarks. 1) When Card (1) = Card (J) =1, onc gets again the well-
known result for ordinary equations of order r, of Fuchs type, if one suppo-
ses that all indices s in the right-hand members are less than » (the condition
(1D} is then Mmifilled obviousty). T Card (J) =#n and Card (I} =1 then one
obtains o result of the same sort for systems of ordinary dilferential cqua-
tions. Henee, our theorem generalized these results for partial differential
cquattons.

2) I (13) is replaced by the stronger condition

(B for every j. b .0, we have,

s 0 g (D < L) - o (fun),

then R (j) =0, and the condition (1} is superfluous. One obtains in this
way the resalt from {2}, o

3) The theorem 2 can he adapted for system with an infinity of un-
Lknown functions. '

1) I g, =0 (the case of homogenois systoms) or even il the condi-
tion (€ is not fulfilled, then we have to adimit that the system {6) has non
vanishing solution. Obvioushy this takes place when.

(1) the rank of the malri.

' ( ]),-f;(._“(n):_i.f.-f-l'-»:'_,f.f.-: LU= "“)

g (]
is less then Carvd ().

~1
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In this way one obtains o result. concerning the existence of an ana-
iviic nonzero solution fur o homoegenous linear svstem, as follows,
Theorem 3. Lot be the problem (1), (2), where gy =00 1f the conditinns

i
(A, () ED) (1) e frelfilled. theii theve coists al least a faonily of nanero frone-
frons ;0 KT = Koanalytiv in a deighbowrhood of the origin of K10 whieh salisfy
(1 |'.‘!)

.‘3) The conditions ¢ II‘(,‘,)} ='Q (l‘( J‘-)) Y I:J(:SU.I.‘)) ={f I.).). N (J'. ]‘.) = I (J:,
can not be weakend, When for example o (f;) =] ¢{j). one can ge

ol
that the sequence Ja,, e = ois unbounded. sueh that the condition (9)
can nob be salisfied for any systenr ol funebions,
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Rezamal

In aeensta luerare se obtine o generalizave a rezultatului din [2]. Sint
considerale sisteme de ecuatii eu derivate partiale de forma (1) eu conditii
inttiale (2). Problema este abordati i inelul seritlor formale, inzestrat en
topologia slabit (ceea ce face ca rezultatele sa fie nmai venerale decit in |2}
unde se utiliza topologia tare} si intr-un mel convenabil de serii convergente,
Sint prinse in acest mod sisteme de cenalii cu derivate partiale de tip Fuchs
& (Learcima 2). precum si anumibe clase de sisteme {(conditia (3)) in eare in

membrul drept intervin derivate de ordin superior celor din membrol sting.
- solitin raminined analitied,  Teorema 3. s¢ referd la sisteme omogene eare
an solutie nennli (conditia {I9)).




