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i Lntroduction. In a reeent paper Fox [2f has obtained solutions
of certain integral equations by using the teehnique of Loand L7 operators,
These solutions need a comprehensive table of Laplace transforns il it
Sveree. which exist, In this work it Tas heen shown by the application of
L oand £V operators that the given intepral cquations can be transformed
mto another integral cquation involving the H-function, as a svmmetrical
Fourier kernel given in an carlier paper by the author [8] and the solution
i« then immediate, We can express the f-fmetion by means of the Mellin-
Barnes integral |1, p. K}
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where an empty product is to be interpreted as unity and the following sim-
plifving assumptions are made

(o gsm<yg 0Osngsp:

(i) 2, and 8; are positive for i == Lo, pand J =T ¢;

(iii) All the poles of the integrand in (2) are simple

(iv) The contour € is a straight line parallel to the imaginary axis in
the s (= o - it, o and ¢ being real) plane such that all the poles of ¥ (b, + B;9),
for i = 1. m lie to the teft and those of T'(1 —a; — o 8) for & =1, 0
lic 1o the right of it.

A detailed account of the convergence conditions of the integral (2}
can be found in (1, p. 49] 72 (2) can be expressed as o sum of power series
by computing the residues at. the poles. These are usually an entire function.
For the sake of brevity, we shall write
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Ly () or 1T (»).

Verma [8] has shown that the funetion
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bebaves as a svinmctrical Fourier kernel.
““'. following theorem of Fox |2, P 300] will he vequived i fidine
the solution N
Theorem. If

() 2> 0. 12 s |- 85 0, 1> 0, (s —a 0 du. a5 and o holle real :

then

{5y L1 [{'.)r:i) ! \ Plos - BYI(s) 1 a0 By ! = (2mi)! \ I7 (5) kB 1 iy
o i v
where, for both inlegrals. the condour € may be the line 5 =12« line paratlel

to the lmaginary avis in the compler s-plane.
Fhe solution of the following mtegral cquation will be developed here -

(6) SHgmﬂggwﬂluwqumz_qm¢ (r> 0),
u
where ¢ (w)lix given and f() is to be found. The H-funelion will be expres-
sed by the following definition :
" .
(7) ”é'?;’fzﬂ’:,pé'hwrn {0} = (270 ]S Moy s, p, g (8) 0 ¢ ds,

¢
where
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wliere A denotes the Melhin transform.

We assume the following conditions ol validity are satisfied.

(1) Let s =0 - if, wheve o and £ are reals then the contour € along
which the integral is taken is a steaight line parallel to the imaginary axis
in the complex s-plane whose cquation is o —1/2.

(i) All the poles of the itegrand in (7) ave simple. The contowr € is
stueh that all the poles of U'(e; & (s —1/2)),

U ey 4 85 (s —12)) I'(% -k 8) lic Yo the left and (hose ol
ey =2 (s —1f2)), U (b —8;{s —1/2)) lo the right of .

i ! ]
{ii) N =2( i (> i oy - E 8, Z B, ) .
I 1 i 1

(iv)  (YDy{( — ) <0, for (7).

Jt may be scen by considering the asymptotic behaviour of the gamma
funetion that the condition (iv) ensures the convergence of integral (7).
2. The Laplace and Mellin transforms. The Laplace transform ol 7 ()
denoted by L {o (#)} is defined by
o

(10} L e (o) --=S(:""Q{?}d.v_g({).
0

With ¢ (&) and ¢ (f) related as in (10) the inverse Laplace transform
of o () is written as

(1) L7 (0] =4 (1)

Svmbolically, we can write
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(12} (='f LI '=1,

Usually £owall change the varviable ¢ to e and L7 will change o« Lo /.
I g h i) (s and M) =F ().

Ehen the Mellin-Parseval Theorem states that

(13) fe(ae) [} du (2me) \_ H ()P (1 =) s,

) [

P

where €7 s o suitable contonr in the s-planc.

3. The solution of (6} as an integral cquation. In order to solve (6),
we first apply (13) to the Teft band side ol (6). We assume ) = L, (0. o).
Then by considering the asymptotic expansion of JIgkalrde 0 (y) for v
posiitve  and > 0 in the T1est ease, and for snall positive o and @+ > 0 i
the second enses it ean be easily shown that the use of Theorem 72 |6, P93
is justified with A = 1/2 Thus using (13) ta the left side ol (6). we have

(re) e lr) =2 N M, e TP —s)ds, (s 0),

T,

wheve Mo is) e and 2 (8) ave Mellin transforms of Hyrud b o e ()
and [ () respectively,
We can write (14 in the form
. ¥ [ S
15 7 Wl 259) ! -IIH nopy (\) I‘(] S
(13) () = 2mi) Mo e

&Y ds.
‘

In this part of the problem we shall eliminate the two gaamia fune-
tions from the integrand of (15) by the methods of L and L =V operators. We
shall make further the simplifving asumpiion that : /(1 —s) €L, (1f2 —{ co,
1/2 - feo). Tnoan carlicr paper of the anthor [8]. it has been showi that.
Mg (5) 15 bounded on the line 6 =12 Thus, by using asvimptolic expan-
sion of the gamma funetion [7] along the line s — 12 - i1, o Tavge |1, we
can infer

(16) My a P —) I (- 5]V & Lo (12 =iz, 12 ¢ i)
Henee we ean use equation (3} with = =1, ad 8 — 7. to eliminate ' {7 )
rom the integrand of (13) by means of the operator L1 Thus, we can wrile
{(¥3) in the form:

. . - . 1" (7 -5 &)
(Y7) & o (w)y=(2xi) '\ V/ (s {1 —% ( "o ey,

lm,aopoy B
P4+
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Now by applying L7 operator, we have
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Again, {18) can be written in the {form
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Now we use, L operator to (19}, and we have
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We can write (20) in the following form :

Ir, (1 =) t“’ds}a’t
I {n43)

)

(21) a# L {6 L1 o= o (@)} = (2r4) 2 \’ My o pe ) F (1 —syz=* ds.

If we write

(22 §(0) =far L {2 L7 e o (9},
(21) can be put into a conecise form :
(25) (2i)~1 SM,,,' mova ()@ F (1 —s)ds = (2),
[
Qr
(24) (250)70 | [ HE% i son (1)) @~ F (1 =) ds = § (a),
[%

in the light of (9).

On using [5, p. 301, equ. {12)] to the left side of (24), it can be expres-

sed by an integral involving the product of H.
result, thus found is:

13 — Marematic}

mt, pEg
2p+%, 2m+en

{(z) and f(2). The
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(25) | I, Bt (o) f ) it = 5 (),
L]

where H (an) is defined in (3).
Since H (xu) is a symmetrical Fourier kernel, shown in an carlier work

of the author [8], we arc thus led, formally to the solution as :

o

(20) Fla) =4 ) B 5 () d
i)
(27) S{u“L fE=3 L7 [y o (1)1 HE i 8 (20) e
]

4. Particular cases. (i) By taking p =0, ¢ =0, n =0, m =1, 7 =0,
u =1/2,v; =1, j =1,...m;¢ — 12 =, in (6), and using [1, p. 217,
eqn. (25)], we get

(28) 7% (2 sin am)* { [F2a {0 — T2 {1 (@) du=g (@), (2> 0)

whose solution is

flx) = =¥ (2 sin az) IS {ur L {t#=2 L7 [u= 5 (w)]}}
2 (e} — 2 {(xu)"?}] du,

where J, () is the ordinary Bessel function.
(i) Taking n =0, ¢ =0 in (6), we obtain

(29)

(30) SH B (200) f (@) de =, (@) (x> 0),
whose solution is
(31) f(x) —S{m“L £ L1 b g ()]} HE, 2 (2u) du,

where HE: %, (z) is the symmetrical Fourier kernel introduced by Fox (4]
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Lemark. Such integral equations can also be solved by following the
method of usual fractional integration operators. The given integral cqua-
tion can be transformed, by the application of fractional integration ope-
rators, to another 111tco'r'1! cquation with symmetrical Fourier kernel and
the formal solution is then immediate. The me thod of fractional integration
operators has been frequently cmploved in finding the formal solution of
certain dual integral equations.
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SOLUTII ALE UNOR LCUATII INTEGRALE CU AJUTORUL OPERATORILOR
LsiL-t

Rezumat

In aceasta lucrare, folosim puterile anulatoare ale operatorilor L si
L™, pentru a gasi solutla unor ccuatii integrale. Ecuatia integrali datd a
fost transformati, prin aphcarea. opcmtonlor L si L7, intr-o “alta ccuatie
integrala cu nuc'leu Fourier simetric si solutia ¢ imediata. Apoi sint discutate
uncle cazuri particulare.



