Analele stiintifice ale Universitatii , Al. 1. Cuza* din Iasi
Tomul XX, s. 1 a, fasc. 2, 1974

ON FINITE-TIME STABILITY OF DIFIFERENCE SYSTEMS
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1. Introduetion. In certain practical situation, stability in the Liapu-
nov sense may be trrelevant. It may be more pertinent to require some fune-
tion of stake to remain bounded in o particwdsr wiy over a fixed {inite inter-
val rather than to consider asyinptotic properties. The theory ol finite-time
stabilily hus been created tnoreponse to sneh types of problems within a con-
tinuous time context. A quulitative theory for finite time stability parallel
to the classieal Linpunov stubility theory swas developed by Lo Welss and
E.F. Intante [3) starting from the discussion of ,practical stabilitve
in the monograph by J. Po La Salie and S0 Lefsehets [LL

We now develop some results in the theory of finite time stability  fo
difference control svstems. Our results will be velated to the works of 1.
Weiss and FoF. ITonfanie 4, AL N, Michel[2)and C P, Tso-
kos and 8 Leela {7]. Sufficiency conditions for finite-time stubility of
difference svstems were fivst obtained by AL N, Michel and S H. Wu (3]

2. Notations and definitions, Consider the difference system

{1} a{n = 1) = f{n, 2 {n). u)

where n & Z*, the set ol all positive integers, w € R and n & R7 is a vee-
tor representing a toreine function and in generval, # =w (n, x (1))

Then as Tong as [ is o well-defined haetion on Z* x R? x R7, there
15 no problem regarding existence and uniquencss of solutions to (1) star-
ting from anv given initial eondition, Let be Ty = Dy, 1y + 1,0 1y -+ NL
where. 1, . N € Z* and |, .|| the euclidean norm of a vector from RT or R

We use the following notations :

Blay =le e R7:{r" <a), B{a) ={x e R :lai<al. The inves-
tigation will be carried out by using a certain class of real-valued scalar
functions ¥ (r. ) defined on Iy % R, continnous with respeet to . Further-
more, corresponding to sueh a function, we define its total difference by

AV ) =Vm 41, (0, ali), 0)) — Fin, x{n)),
where f(n, v, ) is the function i the right hand side of (1). Let
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Vi () = max V(n, 2), VE =min V(n, 2).
lizll ga 12| <b
We define a diserete interval [#,, ni,] where »,,n, € 2%, 0, < 7y, as the
set of positive integers {n,, 0, + 1,..., 0y}
We now give the following definitions of stability on finite time discrete in-
terval Iy=|[n,, n, + N}

Definition 1. The system (1) is said to be stable withrespect to (a, v, «, 1),
« <y, i, for any trajectory @ (n;ng, ay) of (1), the conditions | x,| < = and
fun )| < e for all n < Iy, and © = (B{v) — B(«)), imply that | (n;
Ny, ) || < v for all n & I

Definition 2. The system (1) is said lobe quasi-contractively stable wcith
respect 10 (2, B, vy, <, Iy), « < B < v df, for any trajectory  (n; n, , ap) of (1),
the conditions ||y | <z and juln, a)||< cfor din € Iy, and x = (B (v) —
— B (a)), imply

1) stability with respect to (x, v, ¢, Iy), and

1) there cxists ny & Iy such that | a (n;n,, )i < B for all m = (n,,
1, -+ N

Definition 3. The system (1) is said 1o be contractively stable with respect
0 (o8, v, & In)y B<a vy, if, for any trajectory x{n;ng,x,) of (1), the
Conditions ||| <o and |u(n,2)| < e for all n € Iy, and » = (B (~} —
— B (8)), imply

i) stability with respect to («, v, €, Iy), and

1) there exists v, € Iy such that |z (n;n,, a)| < B Jor all n = (n,,
n, + N].

3. Main results. In the following we shall use an extension to finite-
difference equations of a result concerning differential incqualities, given
by B. G. Pachpatte [6].

Lemma. Suppose that the scalar functions o (n, v) is defined and nonne-
gative on Ly > R, and monotone increasing in v, such that

Ar(n) € o (n.r (n),
where Ar (n) =r(n + 1) —r(n).
Then, if v (n,) < v,, we have
r(n) <o ns g, v),
for all n & Iy, where v (n;ny, vy) is the solution of
Av (n) = (n,v(n)), vin,)) =uv,.
We give now a result concerning the stability in the sense of Definition 1.
Theorem 1. dssumc that the following conditions hold :

1) there erists a function V(n, 2) defined on Iy < RP, conlinuous in
satisfying
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2 |V (na) = V(i< K@) e —yl,

for me [y, 2,y € (B(y) — B(x), where K(n) >0 for n = Iy

2y the function o (n. v) is defined on Iy > R and the differenicc incquality
(3) AV, ) € o (n, Vn )
is verified for n = Iy . 7€ (B(y) —B(x):
8) for m & Iy, 2 = (B(y) — B (@)
(4) I f oy @t} —f{na, 0) Lo (ul)

where o (1) is nondecreasing in & and 5 (0} =0
4) every solution v (nimn, o) of

(3) Av(n) =e{me®@) o= K. vin) =0, u = I, satisfies
(6) v(nim, . v < Va(n), n> n;.
Then, if vy = Vi (w). the difference control system (1) is stable with respect

s Ts I v I .
o ]Y"roof.b}ml' 0 <% <~ > 0, ny e Ly be given and suppose that

Cr < oand e (n, )< e forne Iy, v = (B (1) B («)).

The proof is by contradiction. Suppose wy <2 and that tlhmtc exist 7, ,
n. & I, such that for the solution o () - w (n;ny, 7o) we have

Cafng g, )i € o rngsng, o) €Y

and .
a <x{n;ng, ) <v for n&(n,n,)

b i B+ — | win, z(n:
L: ) r/,(,né :1'“’)?; };Tn’z‘i ‘"'f))cﬁrff (tl'gr 75;:(:2311 32;11 ?f(ﬁc v (fa. 2 (51)).
Then. for n = (n, ., n,} we have:
rin 4+ 1) =Vn+lLa{n-1)) =VEn 1L, r#m+ 1)) -
Vin+ 1, f{,a@m),0) + Vie+ 1 f(nvn)0)<
<K an+1) —f(na{n),0)j+ Vin = 1 fnz (@) 0)).
and by (3) and {4) we oblain
(7) Ar(n) < K (n) 7 (g) -+ o (n. 7 (n).

Choose v, = Vi (n;). Then, since V(n,.7(n,)) < Vi (n)) =t,, by appli-
cation of Lemma, it follows that

rin) =Vin,z(m) <vin;n, voh for n € (ny, n,).
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By the definition of V7, (#) and the relation (6), we have nt n —n, .
Vo () < Vi(ng, v ()} Ko {naing, vg) < Vi (ny)

but this last mcquuhty is & conliadiction, which proves the theorem.
Corollaries. . I[ w{n,v) = 4 (n), and if we suppose that the hypo-
theses 1) and 3) hold and in addition

27) AV (n,ad < s ), for moe [y and & = (B (y) — B (2)
n—1

3') Y o (e) K(j) -+ ()] = 15 (n) — V5% () for all moe Iy
Je=n,

the theorem is also true.
Indeced, in this ease we have:
Av{n) = gy K(n) 4 & (n),

with the solution v (1 ; %, , %) given hy

vin;ag, ):, [¢ (=) K (5) + & (5)] + Vs (ny),

Jamy

if we choose v, = Vi(n,).
2. In the particular case K (n) = K =const,, the hypothesis 3°) becomes

-1
37) Y () < VA — Vit () —(n—n,—1) Ko (<), for all n = 1y,

J=m

Remark 1. When # =+, the Theorem can be formulated as foliows :
a) for every § such that 0 < 3 <, the hypotheses 1), 2) and 3) of Theoren 1
hold except that the inequality (2) is valid for a,y < (B («) — B (3)) and the
relations (8), (4) are true for x € (B(2) — B (3));
b) every solution vi{n:n,,v,) of {5) salisfics

c(nyn o< Fa(n), o> n,

if vo= Vi (ny).

We present now a theorem on quasi-contractive stability
Theorem 2. Assiwme that the following conditions hold

1) the hypotheses 1), 2) and 3) of Theorem 1 ;

2) every solution v (n; ny, vy) of (3) satisfies.

(8) w(nsmi.vg) < Vmn)h n> ny, 2y = Iy, provided vg= Vi (ny) 3
(9) ving+N;ny, v, < Vo (4, = N), nye Iy, providedvg = Vi (1) ;

(3) Ving - N,a) > Vi(ng + N), » = (B(y) — B (B)).
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Then, the difference control system (1) s quasi-contractively stable with
respect to (o, B, v, . Ty), o € B <.

Progf. The svstem is stable with respect to (%, v, g, Iy) by hypotheses
1) and 2) — relation (8). Now, if there is no trajectory a(n) = (n;n,, ¥y),
vhere | vy 0 < . which passes the boundary of B (3), there is nothing to prove.
Henee, consider an arbitravy trajectory @ (n), where | @ (1) | —||ao <o
.md suppose  there exists n, € Iy such that [a{n ;n, xp) | < 2 and
Bar(n:ag . ay) > @foralln=s (n,, ny -N) Forn € (n,, ng+N}, x(n; ne T,) =
= (R {y) — b’( a)) and thevefore e (i, a(n;ay, 2l < = I we conqldu'
the differenee inequality (7). where 7 (n)= V" (n, 2 (n)} for n= (0, , ny - N,
and i we choose v, == Vi (), by the applieation of Lemma it follows that
(10) piny =V {n, a0 (@) € v(hing.ay), for n s (n,ny + N
‘Taking 7 =1 + N, amd using the hypotheses 2) — relation (9), and (3).
sinee 2 (r, - N) <€ (B{v) — B(8)}, one obtains Vh(n, + N) < Vin, + N,
aing = N oln,--Nin,,v) < V3 (5 - N), which is a contradietion.

Corollary 3. When o (n.e)= ¢ (0), if we suppose that the hypotheses
1) and 3) of the Theorem T hold and in addition,

2) ,_\1,' (ri, 2} < Y (n), for ms Nand & = (B (v) — B{e):
3) Z o (YK () - S ()< Fan{nd — VS (i) lor all me Ly

=

ne+N .

Y (o () K () - 9 ()] < Vlng + N)— Vii(ny), for o, & Iy:
=y

.T:)V(n.(, a2 VR ('nU E N, for o = (B(v) — B(8):

then the theorem is also valid,

Finallv, we give o theorem on contraciive stability for systems of the
form (1}, '

Theorem 3. fssume that the following conditions hold :
1) the hypotheses 1), 2) and 8) of Theorem I cxcept that the inequality (2} is va-
lid for 7,y = (B(v) — B(8) and (3), (4) are true for » = (B{y) —B(B);
2) the relations (8) and (9) and the hypothesis 3) of Theorem 2 together
with

{11) vty +N; g, Vg (ng)) < Vi (my + N),
where Vi (ng) = max  {ng,a);
z & (Bla! =~ BB

Then, the dif ference control system (1) 1s contractively stable with respect to
(o, Byvog, Ip), B <t <. . )

Pr aof By hypotheses 1), 2} and 8) of Theorem 1 and the relation (8).
the sistem is stable with respect to (x, v, €, 4y). Consider an arbitrary trajectory
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z(n) =a(n;ny, 1), where | ay || < o and suppose | 2 {n)| = B forallne I,
Then, for # = Iy, we have a(ni;ng,2,) = (B{y) — B (8)) and hence
[fee{n, & (n:n,, xy) | € e If we consider the difference inequality (7), where
v{n) =V (n, z(n)), for ¥ € Iy, and if we choose v, = V§ (n,), by the appli-
cation of Lemma it follows

ri{n) =Vin, @) <vn;ng, Vin), for n e I.

Taking n =n,-- N, and using the relation (11). since x (6, + N) =

D

e (B (y) — B (), we have
Ving+ N, a(n, = NY) < ving+~ N;n,, Vi) < V5 (0, + N).

But, by hypothesis 3) of Theorem 2, this is o contradietion : hence, there
exists n, = Iy for which |a{n,)|] < 8. The remaider of the proof follows
that of Theorem 2.

Remark 2. In the casc o =y and § < o, a result analogue to that gi-
ven in Remark 1 can be formulated.
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ASUPRA STABILITATII SISTEMELOR CU DIFERENTE PE INTERVAL FINIT
Rezumat

in accasta luerare sc consideri sistemul de controb de forma (1) in di-
ferente finite pentru care se definese notiunile de stabilitate in raport cu (=,
v, & I ), stabilitate enasicontractivi si stabilitate contractivid in raport cu
CH

Utilizind o functie V' (n, r) cu anumite proprietiifi, mai putin acelea
de a fi pozitiv definiti sau descreseenti, sc dau criterii de stabilitate in sensul
introdus.

Rezultatele obtinute extind, la sistemele in diferente finite, uncle re-
zultate asupra stabilitatii sistemelor diferentiale ordinare, pe interval finit

din [4] si {7].
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ON A GENERALIZATION OF MEIJER TRANSFORM

BY
GOPAL JI SAHAI

1. Intreduction. The gencralized Meijer transform is defined bv the
integral relation®’ )

@) =p\err oy, Lo G;;g[ e[ ]f(w) da=
(1.1) 0 o ’
=p\ () sy i,

'0

where W . 1 _(3)is Whittaker function and G::%[ 2| | = ais the well
5
known Meijer’s G-function. The relation (1.1) exists proi'ided
{i) Sflx) =0 *) for small o,
Re(l+ A2 L+m+b432)>07=1,2,.,a
3>v; 2(x-+8)2v+ 3, Re(h + %) 0, [arge <[oc—§- 8—

(il )

1

—str+ 8)]=,

(iii) Z (py @) is bounded for & > 0; Re(p) > R (P,) > 0.

mafi la m, s Oy e,
*) G [.r e ] denoteG [.-r s G Op ]
b q bd 0, q bx L bz [hde bﬂ'

Re (x £ f) > 0 denote Re(x + B) > 0, Re(z —f} > 0




