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THE BENDING OF NATURALLY TWISTED AND ANISOTROPIC
BEAMS BY A TRANSVERSE LOAD
BY
C. 1. BORS

Let us consider a beam limited by two plancs a3 =0, 2, =h (k> 0)
and a swrface (7, the equation of which is given by

(1) Sz —hegay, v+ hayay) =0,

where & Is a small parameter sueh that the square and higher powers of
I can be negiccted.

We shall eall sueh beams stightly fwisted beams. Some problems concer-
nine such beams were already studiedin 1, 2}, cte.

The problem of bending by a transverse load when the material of the
beam is anisotropic with one plane of clustic svinmetry is discussed in this
paper.

As in the previous papers let us make up the transformation

-

) E, = o, — hkay g, Ee =@, - by, iy =ay.
After this transformation the surface (1) becomes

(8) f( El sE'.‘:) =0,

which is a cviuidrical surface (F, in the space &, £,, &;.

We shall denote by @ the region occupied by the beam (1) and by
¥, the region occupied by the beam (3). We shall denote by S the domain
and also the aren of the cross-section of the eylindrical beam (38) and by T
the boundary of §.

It is easy to prove the following formulae :

i 8 F F ¢ 2
o= gkl =Skl
Gy O, | g, am, e&, eF,
&2 8 3 E 5
) ¢
R —k(az . 17—]
b S} a8, a8,
and

N — Marematicd
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H

(5) ny, =cos o -+ LEjcos 8, n, =cos B—FhE; cos z,
fy = —h{E,co8 00 — E cos B),

where n, arc the direclion cosines of the exterior normal to the surface (1)
and cos a, cos B are the dircetion cosines of the cxterior normal to the
curve I

We take the axis &; to be eentral-line of the beam und the axes of &,
and £, to be the principal axes of inertia of the end Z; = 0. In this case we
have

-

(6) -\Szldozo, SSEzdc—l}, SSEI&EJG —o0.

.

Let the end a; =0 be fixed and let the tractions applied on the end
®, = h be statically equivalent to a transverse foree ) parallel to the % -axis
and passing through the centroid of the end.

The lateral surface of the beam is supposed to be free from traeti-
ons so that we have no body forces in the domain @

Under these assumptions the stress components o, must satisfy the
equilibrium equations

(M) 6, =0 in @%
and the boundary conditions
{8) cyn; =0 on{F.

In our case the relations between the stress components o;; and the
strain components v,; are given by

I

oy =4 'y H v -+ G vy3 + @y,
Gy = Hyyy + By + Fygy + By
a35 =Gy + Fyas + Cgg + Ty s
o = Qyn + Bye: + Tyso + Dy,
a3 = Lyyy - Nyar

(9)

| O3t == Nyoy + My,

where 4, B,..., L, M, N are moduli of elasticity. The inverse relations of (9)
are taken in the form

*} We use the summation convention over the repeated indices. The index j, following
comma, indicates partial diffcrentiation with respect to ;.
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Y11 B V11 G117 Vs Oge T Vi3 Opp — ¥y Ggghy
¥z2 'E(Vm Oy Van Gpp o Vay Opn — ¥y T33)s
1 4
Y12 = F("m O11 =" Vag Gop - V33 O3 — V3 O33),
(10)
) 1
335 . (=vioy — v Gip — V3 G - Ggg),
>
(e, —N
Fon = Moy, —
Y3 M — A a3 Ty,
fo1 = =i (Noyy — Lay,)
YTar — S \i¥ Oy == LTy, ),
LM — Nz

where the strain coefficients E, v,;, v, can be expressed in terms of moduli
of elasticity (2, p. 197).
The strains +,; are connected with the displucements u; by

.

Yy =, {(not summed)
Yo = U+ ;¢ ¢ # 7

and they must satisfy the conditions of compatibility of Saint-Venant.
In 01'de1"to solve our problem let us suppose that the displacements
n; are of the form

0 = — <8, 5,4 a[}; (0 8 — v 8) (b — &)+ hE —= z.g] + I,
D) fur ==& 8+ a(n il +2 % 8 (b — &) + ks,
|t = (5, &) —a[x(zl,zzw £, Ea(h—-% ia)}—rkug,

where u{ are unknown complementary displacements, = and a are constants
depending of the end conditions, ¢ and % being the function of torsion and
the function of flexure of the beam (3). They are defined by

Ao =0 in S,

(12)
| Do =(ME, —NE)cosa + (N —LE)cosp onT

and
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Ay 4+ (Mv, = Ly, - Nvy — E) & =0 in &,
1 - - . 3 1 )
DY = M vy 20 -= vy &) - N{{vy & & — vy g jeosz —
(13) 2 ’ \ 2 ,
1 2 e I 1 «o a ’
—|= N (v, & uy BB - Liv, gy &0 Suy & ) feos B on I,
2 =
where the operators A and 7 are given by
PH Lo £
(14) RN | gL 5\ S R .y
€] 6y €8y s
M =cosa|M 4 N —( - cos B (N - L ('-) .
2&[ (?E.‘l ¢ =1 [4X=m

|

The stresses o, corresponding to displacements (11} arc

P { (A - ) 8 G, + g (b — Z) [( - H) v % —
L Hyy Qv — Wl B —aG & z,a( b - ) } + ks

oz = — {:(B G H) & FHL - agg (b — &) (B ) vi & +
L {Bv, - R (v, —va)} &) —ak' & Es[k _
org =2 fs-{r(Q L R) & - TH, + aky(h — E) (R -+ R) v, & +

- {Bvg 4 D (v — va)} G1} — aT &, as( ho— Za) } + kT,

L | =

gy 5 m Ey (= &) ;{ (F+G) B~ CH, +aiylh —

- &) {(# - G) vy &y 5 vy - T (v, — va)} &] —aC € Ea(h -
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where =, are the stresses corresponding to the displacements uf and

by == (&, &a) —ay (& . &)
: . iy . Ohy
H, =5, = TG E
agy &2,

Taking into account the stresses (13) from the equations of equilibrinm
(7) we find that the stresses 7,; satisfy the cquations

H

g (G--M)?;! (T = N)== 2 — N

€2 = &g ; {5
- - o 3.0
2a {vy (8] — &3) ~ vq &, Sa} — aga(ei; n t’3\1;-ﬂ0“u[7’1 —a{v,+
=
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IH,
L _ L[‘Zriz -+

agl 5:52 0‘53 05:1 O\E
2 {9, (8 — ) — v &, £y} —aa_s(z . a)] —oN[=E, —

—a (v + va) & &) —ais{(k — &) [Byy + D (v —w) - (B -

(16)

62 h‘l _}* J_\T (aﬂ h‘l _ih] .
68, 0¢, a8 ey

= TF G M D) b {0 4 L) v g N (4
1B} —a(h — £) {[Lvy + N (v — val} & - [M (v, =

)
+ vy) +2Lv, + Nv; ~C —~E| £} —a(h 283) [£'v, +
+ T(vi —w}] & + (F -+ G) v, &] =0.

The stresses T given by

\%h = (4 + H) 84 CH, + aBy (b — ) [{(Hvy + @ (v, —va)} £ +
A H) v G —aG 8 (0 1 8,

T =t (B + H) & + FH, + aly(h — &) [{Bv, + R (v, —
V) B+ (B H) v By —aF g, aa(h - ;&)

(17) w=7(R+ R E--TH +aih —E)[{Rvy+ D(v

— v} &+ (R + B) v &) ~aT &, ;a(h = ea],

T = —aE & & (h — &) + < (F + G) 8+ CH, + aty(h —

— E)[{Fv, + T (v —va)} & +(F + G) vy &) —aC &, aa(h =

—;‘ E.aa)!
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- 'EII o 1 3 * »a i
T =L 65 P 278E Hath —2 B[ v (B~ ED) 4 v ) By —
= 1 (/}:[ i [P ¢ v
R e [ A LA SR A
: 5 7z,

. SfeH, | el . .
T =N !( it 27@3) &a - afll —28)[w (8 —&) 4 v & & —

I
"““‘l S Qfa.l)in':‘ ath—2 Z5) (v, -va) & Ee]

verify the equations (16) and the corresponding strains +}; satisfy the con-
ditions ol cumpatibility.
If we put

(18) A & + T

i
we find that the new stresses < satisfy the cquations

—

(19) T =0 in f),.

Here the mdlces 1, 2.3 after comma indicate partial differentiation
with respect to £,, &5, &,

Taking into account (8), (13). (18} and (3), the boundary conditions
for the stresses 7;; can be written in the form

[-: 1 €08 % - vacos B =py,

(20) ‘ 712 COS 00 - 22(:05[3-—*-]72,

UES 83) - Py é; onlF,

g COS o — T4y C08 B == —ak £ (E,cos 0 — & cos B) (h —

where

P {\ o Sk, —a(v 2 EnTlv aﬂ ,—-u["” B

If‘:z 3!

1 L] b bl >
- :r:(v1 By — v, E0) }(g2 Cos o = &; cos f3),

] ahy . ( . 2)] [Ehl .
1 =11 - Tl —afv, & Ea L — v A N| =L —rg, —
f20 P * <1 2, &y Eo 3 &1 2, Ga

) og

bD | -t
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—} a(v, & — v, E,i):”(&2 cos = — &, cos B).

hy .. 1 L %
+ Rl —af wE Lty »__1)] (Leoso — N cos B) -

lEE2
[ahl H - by 2] :
+‘I = _"-'Ez—_)'a‘:vl gy Ny C.EE.*‘(NCOS:: — M cos 8) fofl, ok,
ik, - | ' 0k, 2k,

bt —al (=8 v b Gl Weosa b Leosg) TR0 80

+ <& —a (v, 4. va)'g, E_ﬁ,{.u cos 2 -+ N cos 8).

In this way the determining of the stresses =, is an Almansi problem [4].

Beeause the right hand sides of the relations (20) are linear funetions of
£; we can solve the obtained problem in an analogous way as that used for
the Almansi-Michell’s problem [3]. To that end let us put’

;.- —_32@ ) 1 1
Ty = a—E)g_ ““RI (wl — 01) _N(gal E:{ ‘5‘301&?)’

P 1 1
122_—_3—&-—11(@1—{-92)—1\7(51;1 B o 2)
Tz = — co —Noy,,

gk 9

(21)
1
Ty = Q "{“; E(A4, 8 + A, & - Ag) &3,

to =L =0 [(og + 0,) B+ 0] = N -2 (o -+ 0) &g + wp ],
ok, ¢ &,

. 0 . ¢
| Ty =N = [{oy -+ 0,) &3 + wp) + M ';(— [{ - 0,) &3 L+ @),
! 0&2 g8,

where @, w,, w, are unknown functions ol ; and &, which must be deter-
mined and

i 1, ... . e .
Q_15{‘-01‘1";[“:t.':'"a'_'"blﬁ-lﬁg‘l‘ffs(‘HGfTsz-:%'i“’sﬁ;ﬁ:)‘{‘

1. 1o . : .
' [3 Vi & ._Z Yy C.:) Ay ?"n“(g vy €y - 5”3 51)/12 E%}'
et , 'S RO . HER Y
Lo | M (w0, 4 0y — (~ a @+ e ai)] T L
=t 3 ¢y
7S IR R 2 ®
Li{w, = 0.} - .\'( b8 — = B+ vy ———= Nco,l
3 2 a8, ¢&,

o i [P o 2 [P
Ol—bIEJ & —e1 8 4, O =0y EYEs + ¢ %) Ga,

ay, by, ey oy, Ay, Ay being constants which will be determined from the
conditions of compatibility and the conditions of existence of the functions
w,, &, and @,

The equations of equilibrivm (19) will be satisfied if the functions
w, and «, satisfy the cquations

Awp, =0 1In 8,
Aw, 4 (Ed, 4 2Na)) &, = (Bdy - 2Nb,) &, + Edy =0 in §
and from the third equation (20) we get for these functions the following
boundary conditions :
PDw, = —alih & (E,cos 2 — & cosB)  onl,
Deoy =Py + A%, (5 cos 2. — &, cos B) —(ay & - ¢y 1) (N cos B+ L cos B) —

— (b E—cy E) (M cos« +NcosB) on I,

where the operators A and /D are given by (14).
The conditions of the existence of the function ¢, is identically satis -

fied and the existence of the function w, requires
1 -
Ay =—= ds.
s s -\r‘ Ps
The stresses =; given by (21) will satisfy the compalibility conditions if

1 1
a, =vy A, —;VaAu by == v, A, —-;v3z12

and the function @ satisfies the equation
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4P g1 AN a4 ~4
{32 — == 23 NET aF 4 2B —aas — 2 . ‘ =
2 aEg ﬁ 33&;} 3E2 + (1333 i B]-) agi, 0&% b 188&'1 "'Eg —l Bll 5‘3‘;‘.’3

o2
"_"(-Mﬁ'lz + Lﬁzz T Ngzs - “’2) 0_6_5‘;1 - (ﬂfﬁxa - Lﬁzs T Nﬁan -

. a* o
=+ va) —% T (MPyy + LBy, + Ny -+ v)) ¢ ‘—(0_1 + 2[(MBy + vi) by & -
a‘il 2 dEs
T (Lfys + va) @y By] A-(NByy — LBw) (2a; &, -+ ¢;) 4 (NByp —MBys) (20, &, —
=) - (2vy va L vi) A, in S,

v

where B =1/E(v;—v,;v;). From the first two cquations (20) we get

e* P &= O 1
N T P=p 4 iMoo +0,)+-Ni-q & -+
¢ &} Gy &y 3
1 = as M a2 P
i a1 Zf)] cos 2 -- i\ml cos fB; ——— 08 % + — COS =
2 0% &8, o8

v A1, . 1 i
=1, +— N,y cos 2 | I[L {0, o)+ N ( by &3 ~~—rc EE: cos B on I
i} L} ]

- !

and the determination of the function @ is analogous with the determination
of the corresponding function in the problem of Almansi-Michell [3].

In consequence, from the existence conditions of the function ¢ we
can determine the constants oA, , .4y and ¢, in the same way as in [3].

Generally, the stress components determined above will satisly all
equations and boundary conditions excepting the conditions at the cnd
23 == h. Therefore, it remains to correct the boundary econditions at the end
3= h by superposition of solutions of some adequate problems for the cy-
lindrical beam (3), but we know to solve all these additional problems {2,5].

We can particularize the above results in order to obtain the results
regarding the orthotropic beam sor the isotropic beams. On the other hand,
taking a =0 we obtain the results concerning the problem of torsion.
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BENDING OF ORTHOTROPIC MICROPOLAR ELASTIC
BEAMS BY TERMINAIL COUPLES

BY
D. IESAN

I. Introduction. The Saint-Venant’s problem in the linear theory of
micropolar elasticity, for isotropic bodies, was studied in [1 —4].

In this paper we give the constitulive equations for orthotropic mi-
cropolar elastie solids and we consider the problem of bending of homoge-
neous and orthotropic beams by terminal couples in the linear theory of mi-
cropolar elasticity.

2. Basic equations. Let V obe a region of space oceupied by a micro-
polar clastic material whose boundary is 8. Throughout this paper a rectan-
sular coordinate system Ouy (£ 1, 2, 3) is employed. We assume that body
forees and bhody couples are absent.

The constitutive equations of an anisotropic ecntrosymmetric solid n
the linear theory of micropolar elasticity are given in [3). From these equa-
tions, it is easy to derive the eonstitutive equations for an orthotropic elas-
tic solid.

The basic equations in the static theory of homogeneous and ortho-
tropic micropolar clastic solids are:
equilibrium equations

(2.1) Lig==0, My + ety =0,
constitutive equations
ty =y ey + Ayp €pp + Ay 33, tyy = Ay + Aoy 2oy TAsyzyn
tyy = Ayg €1y + Apy 2 + Ayz €5s5 log = Ayy 23 + s o s
lyy = Ay S5 + Ags 55 fy = s eqy — A €13
tg = Ay ey + Ags 2135 tyo = Ay 2+ ag 29y s
(2.2) Ly = A 21 + A a1 myy =B o, B @2,2+B|3<?3,3’

Mag== Bp 011+ Bas @204 Bos 953 e = By 011+ Bag 90t Basuae
Mg Bay 930+ Bos 92,3, Mgy = DBy5 93+ B Pazs

My = B 91,5+ By 315 Mg = By @15+ Bes 93,1 -

Myg= By o1+ Bx 01,0, Mgy = B 931+ B @1,



