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and the determination of the function @ is analogous with the determination

of the corresponding function in the problem of Almansi - Michell [3).
In consequence. from the existence conditions of the function @ we

can determine the constants A, , A4, and ¢; in the same way as in [3].
Generally, the stress components determined above will satisly all
equations and boundary conditions excepting the conditions at the cnd
23 = h. Therefore, it remains to correct the boundary conditions at the end
x3=h by superposition of solutions of some adequate problems for the ey~
lindrical beam (3), hut we know to solve all these additional problems [2,5].
We can particularize the above results in order to obtain the results
regarding the orthotropic beam sor the isotropic beams. On the other hand,

taking @ =0 we obtain the results concerning the problem of torsion.
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BENDING OF ORTHOTROPIC MICROPOLAR ELASTIC
BEAMS BY TERMINAIL COUPLES

BY
D. IESAN

1. Introduction. The Saint-Venant’s problem in the lincar theory of
micropolar elasticity, for isotropic bodics, was studied in [1 —4].

In this paper we give the constitulive equations for orthotropic mi-
cropolar elastic solids and we eonsider the problem of bending of homoge-
neous and orthotropic beams by terminal couples in the linear theory of mi-
cropolar elasticity.

2. Basic equations. Let V be a region of space occupied by a micro-
polar clastic material whose boundary is 5. Throughout this paper a rectan-
gular coordinate system Oug (£ =1, 2, 3) is employed. We assume that body
forees and body couples are absent.

The constitutive equations of an anisotropic centrosymmetric solid n
the lincar theory of micropolar elasticity are given in [3]. From these equa-
tions, it is easy to derive the constitutive equations for an orthotropic elas-
tic solid.

The basic equations in the static theory of homogeneous and ortho-
tropic micropolar elastic solids are :
equilibrium equations

(2.1) Lig=0, My ;- €l =0,

constitutive equations

ty =y ey + Ay e + Ay 24, tyy = Ay 21y -+ Aoy €ap TAagEgy
tsg = Ay en + Agg 220 + Agg €35, tag = Ay 2oy + s 2o s
tyy = Agy ag + A5 <324 ty = As eq — As €13+

tiy = A €5 + Ags =13, Ly = oy g1p + clog 2oy

(2.2) oy == Ay 2o + A 2a1 s myy =By 9+ B ?2,2‘*‘313(?3,3’
Mag== Ba @11+ Bas @204 Bys 053« Mgy = By 011+ Bag 900+ BagPua:
Mag= By 950+ Bas 02,35 Mg == B15 93,0+ B P29
Mgy = By 91,5+ Bus 03,15 Mg = By 913+ Bes @31 -
Myg== By 21+ Bx 012, My = B @21+ B @i
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seometrical equations
(2.3} E4 == Uy T Ehim Py

In these relations we have used the following notations : ¢; - compa-
nents of the stress tensor, ny-eomponents of the couple-stress tensor, w-com-
ponents of the displacement vector, o -components of the microrotation veetor,
g-components of the micropolar strain tensor, e ,-alternating symbol,
A, B, (r,s =1, 2,.., 8)-characleristic constants of the material, the comma
denotes partial derivation with respect to the variables ;.

The surface tractions amd surface couples acting at a point » on the
surface § are given by
(2.4) Li=hmn, wm=m, n,
where n; are the direction cosines of the exterior normal to § at 2.

3. Auxiliary plane strain problems. We consider afinite regular plane
region % occupied by a micropolar clastic material whose boundary is I..

The plane strain is characterized hy .

Un = Ua (X}, ), wy=7 () ,), Uy=De =0 (a=1. 2).

I'he basic equations in the statie theory of the plane strain of an homo
gencous and orthotropic clastic solid are :
cquilibrium cequations

(31:1 fax, 5 =10, Meag, o -k Capy Tuy = 0,
constitutive cquations

L =gy gy gy 2y, toy = dyp zpy - Ay 2oy
(3'2) by =y g 4 Ay €91 s In dis g - Ag ey
Mg = By 95, Myg== By 9,
geometrical equations
(3.3) Cap = Uaa + €aaa 7

We consider the fullowing boundary conditions
{3.4) fax M3 =f4 , Myg Ny = ¢  On L.

The necessary and sufficient conditions to solve the above problem
are [7]:

(3.3) g_fu ds =0, \-(&vlf., ) di 0.

L L

In what lollows we denote by eP C;Ig:. rrga’ , tos (o, & =1, 2), the
solution of the plane strain problem (8.1) —(3.4) corresponding to the boun-
dary conditions
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fo =0, ¢ =(By v+ By)n..
T m e . B . . .
and by v, w® . e, ala. ud) the solution of the plane strain problem cor-
responding to the boundary condibions

fe =0, &= — (B - Bag ) iy -
where
(3.6) C AAygday— oy iy, y _“Lni'_za ool
h, 1 . - oo -
oy, — 15 B A P £

It is kuown [7] that Ay Ay, — A3 >0,
. - ) [ y ol
Thus., the funetions o (g . 22), w'® (ry 2 ). efa 0y -0y ady () v
af @y ), (= Bog = 1, 2) salisfy the equations

50 Giia =0 ugua T Ca Oup = 0.
"":‘;J =4, ":p:} ] '"i!pﬁ- G!_Eg) = -k -'"1;1} S f{.ﬁ .
{3.8) '3‘192) = A (’(192' P b oyl G:;;l) == ol ("1?_.) -+ A r’.‘j" .
ufy = By w® . ulf =B, w).
{3.9) B =+ epas L in X
and
543 e = 0. ullt te = (B, vs — By) .,
(3.10)
1 fa= — (By - B v)n, on L.
Obviously, the necessary and sufficient conditions (3.5) to solve the above

problems are satisfied. In what follows, we assume that the funetions P,

w® are known.

4. Bending of beams by terminal couples. We consider a cylindrical
heam of homogencous and orthotropic mieropolar clastic material bounded
by planc ends perpendicular to the generators. The cross-section X is assu-
med o be a simply connected region bounded by a closed Liapunov curve L.

Throughout this paper the axis Ox; of our coordinate system will be
directed parailel to the generators of the beam. The beam is assumed to be
of length , and one of its bases is taken to lic it the @, Ow,-plane, while the
other is i the plane @y = 1.

We assume that the body forces and the body couples are absent, the
lateral surface is free of applied forees and couples, and that the load of the
beam is distributed over its bases, @3 =0 and w; == !, in a way which ful-
tils the equilibrium conditions of o rigid body.

Let the loading applied to the plane z; =0 be statically equivalent
to a force P (0, 0.0) and a couple M (M, , M, . 0},
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On the planc 23 =0 we have the following conditions

(4.1) gt:,, do =0, gta._, des =0,

(4.2) ) ( 1y do B 0,

{4.3) g (rg 135 + my)do = H.——.Ml, R(Tl lag ~my) do=M,,
(4.4) ) S (@) Lo — @y &y —: g} da =0,

P

The resultant forces and moments ealeulated aeross each eross section
satisfy the conditions of cquilibrium, so that the conditions (4.1) —{4.4) must
be satisfied for o3 =0 (0 < b < 1)

On the lateral surface of the beam we have the following conditions

(4.5) lak Ne =10, M Ra=0, (k=1,2,8; »=1,9).

The problem consists in solving of the equations (2.1) —(2.3) with
the conditions (L.1) —(4.5).
We try to solve the problem assuming ihat

1
o 2 & 2 i A, >
s o0 (G viai— voad) —ay vy 2y 3, — by, &ta, v ta, v,
- N 2 2y g2 : & 3
Up =2 —0y V2 ) &y — — 4y (g — vy ai+wad) —~ by, 2y + a; v+ dy Uy,
(4.6) -

Pr =823, Qo = —aydy,
Py =0y Vi Ty — @y Vo &y + @y W) - g, w®

where o, w™ (¢, @ =1, 2) are the solutions of the problems (3.7) —(8.10)
and the constants a,, a,, b will be determined in the following.
From (2.3) and (4.6) we obtain

gy =~ {g, o +apx, + b) + a, e+ a, &,
(4.7) S0 = — vy (a by + @y, + B) + ay e - ay ofF

T =a 6 + ar e, g, = a e’ 4 a, e,

€33 =0y &) + A @y -} b, Seg = €34 = 0,

where e are given by (3.9),
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Using (4.6), (4.7) from (2.2) we get

lap =y 5;15 - Qy 0';::; » lag=1a =0, (#, B =1, 2),
Ly = E{uyy + apay 3 0) + Ay (0 ) 4 a, )L
b aday () 08 - a, ).
(4.8) Mo =00 Wiy =0, iNyy—= —a; (B vy & B) + a, uld + a, o2,
Moy = —0ty (B vy + By) 4 ) ul + o, ol
Mgy =ity (Bog -+ Big vi} 4 ooy 2l 40, u$p .

My =ty (Bgs + D v)) + a, ull 4- «, 15,
where oy . usf are siven by (3.8). We used the nolations

ipt 1] [f)] |
(l.ﬂ) J = /133 r’l“] K HAI_,:! e .:"'3"1' == ];_“ Il'j: e = !;5:; T(':? .

‘Taking into account the relations (+.8). the equilibrivm cquations (2.1)
are reduced to
{1.10} lape =0,  Muage - tapalep = O,
and the boundury conditions (1.3) become
(4.11) loatty, =0, gg e =0 on L.

The cquations (4.10) and the boundary conditions (4.11) are satis-
ied on the basis of the velations (8.7) —(8.10).

The conditions (4.1) and (+.4) are identically satistied on the basis of
the relations (4.8).

¥rom (4.2) and (4.8) we get

(4.12) b= —a,2} —a,a},

where

1
118 zy =
(418) T

S[Ema‘:" Apeay + 4g5e ] do,
A being the area of the cross-section.
Therefore from (4.10) and (4.12) we obtain

tag = a; [E (v, —af) -+ Ay eff + Aoy e] + o [E (2, —af) + Ay ey +
+ Ay ).

From (4.3), {4.8) and (4.14) we get

{4.15) Lyay+Lygas =M,, Lya + Lyay, = —M,,

where

{t.14)
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Ln=§ {a 1B (0 —al) + Ay e + Ay o] = By v, -+ By — u® do.
L. =g iy (B (1 —a2) -+ odyg s ofy, 2] — 22 do,
(4.16) =
L, _'K W (B vy —af) - gl + oy o] - ufPldn,
L22=\ feg [ (ry —ad) + g el +— A e8] - By + By v, 4 2} do.

|

Let us show that the lincar equations (4.15) dctermine the constants
ay and 4, .
We assume thal the internal cnergy density

(4.17) 2U (1, 9) =tz + my 905 -
15 a positive definite quadratic form in =, and ¢, ;.

Let us consider two clastic configurations ], o;, =i . ty;, my; and
1wy, 9¢ 2y b, miy . I we note

{4.18) QU (W, 2 50", 9") =18y e - My Gp
we have
(4 19) U (!t’,, r?f ; tél‘f’ 9’!) e U [tt,", CPI’ ; EL', {.jl)~

U, 0;u.0) =0 {u, o).
It is easy to show that
g(t; ug + my ;) do _g(tf U, + my o) do —2S U, o u", ') ds,

5 3 ¥

{4.20) .
g(t, u, -+ my @) de = 2\ U (u, ¢) da,

af

5 v
where {; and m; are given by (2.4).
The relations (4.6), {4.8), (4.14) can be written in the form

1 2
(4 21) U = “&1) _:— a, ,u(‘2) s Py =4y (?(f) + @ (P(! )!

i 1 2 = 1} 2
ty =a b — a, 189, my = a, ml) - a;mP.

It is easy to show that
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Tl et — A2 FT
(4.22) 2U (n, 9) =ai U (v, o) - 2 ay ay U (1, o) 5000 o2y o
+ a3 U (ul), ofd),
The internal energy is

(4.23) 211'=2\U(u, ) d= =a} W, -+ 2a,a, Wy, + a2 IV

v

22
where

W, = SU (™), oMz, W, = SU (101, QU ) o g o
(4.24) v v
W =§ U (™, o) d-,
.V

The internal energy is a positive definite quadratic form, so that
(4.25) Wy, W — 14 > 0.

Let us apply the formula (4.20) for the functions v (=1, 2).
On the surface @3 =1, we have

{x)

fhiti== b

. led _ plx (et} (2] j |
=08y =ty , m =mg . m” =ml |, m® —o,
gL [ 0yl 1) .
(1'6) Uy’ = l (‘?’l - a’l)ﬁ ?1 = 0: (?!& = _'Is “532) =1 (‘?:2 = g)’ ‘Pltlz, = 13
(2 _ & = ;
@2 - 0’ (‘-‘ - 1! 2):

and on a; =0, we have
(£27) 4 =t"=0, uwl¥=o, i =oi=0, mM=o, (a=1, 2),

Taking into account the boundary conditions (4.5) and the relations
(4.26), (4.27) from (4.20),, (4.24) we obtain

2W, = lg {('7"1 —~ ) [E (2 — 372) + Ay el - Ay ] + By vy +
T

— ot —
(4:_28) +B$5 E‘LEZ} dc l‘Lll N

2 W,y = ls {{s—aY) |E (2 —af) + Az e - Ayy )+ By +- Byv, +

=

+ uif Jdo =1Ly, ,
on the basis of relations (4.13).

12— Marotnarics
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If we apply the formula (1.20), for u; =uM, o =" and uy = uj
o; = 0P and usc (4.24), (£.13), we gut

(4.29) 21¥,, =1L, =1Ly, .
From (4.25), (+.28), (+.29) it follows that
(4-30) d _Lll ng - Llfz }é ﬂf

so that from ($.15) we obtain

1 B
(4.31) a1=:—i(L22h’2 LMY, @ = = (L My Ly M)

lpt £k

i g i the form (+.6), where vy, w®

hus, the solution of our problem has : . i

(« p—T 11 2) are the solutions of the problems (3.7) —(3.10) and the cons
) = by =

tants a, are given by (4.31).
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Rezumat
fn aceastdi Noti sint date ecuatiile constitutive ale mediilor elastice

micropolare ortotrope si se rezolvii problema incovoierii de catre cl;plllrl a
barelor omogene si ortotrope in teoria liniari a elasticitafii micropolare.
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EXISTENCE THEOREMS IN THE THEORY OF CONTINUGUM
WITII DEFORMABLE DIRECTORS

BY

S. CHIRITA

1. Introduction. In the classical theory of finite elastostatics, the exis-
tence and the uniqueness of solution for a class of traction boundary valul
problems wasprovedby F. Stoppelli [5]. The first houndary value pro-
blem for hyperelastic bodies, has been treated by I. Beju [1]. The main
aim of this paper is to establish restrictions on the density of action L, in the
theory of continuum with deformable directors, such as to assure the exis-
tence of the solution.

We reduce the boundary value problem to the problem of the minimum
of a functional.

2, Formulation of the boundary value problem. Let (B be an clastic
hody. We assume that the reference configuration of @ is a bounded Iregion
Q < R% with boundary surface 2Q and that aQ is sufiiciently regular to
assure the common laws of transformation of surface integrals and Frie-
drichs’inequality. We shall use Cartesian coordinates & (x =1, 2,38) for the
place occupied by a particle of @ in the reference configuration, and Carte-
sian coordinates a* (i =1, 2, 3) for the place in other configuration. In the
theory of continuum with deformable directors, it is considered that the mo-
tion of a generical particle of B , at the time £, is given by

f o 3
(‘) 1) & = (E 9t)’
diy =db, (%=, 1), &= =50,

where dfg, (@ =1, 2,...,n) is a set of n spatial veetor fields.

Let Df, be, the directors in the reference configuration. Throughout
this paper the summation convention over the repeated indices is used.
Using the Hamilton’s principle, Toupin [6] has obtained
— the equilibrium equations



