D. IESAN o 8

418

{2)

P and =

If we apply the formula (1.20), for w; = n, oy == %
oy = ¢ and use (+.24), (4.13), we get

(4.29) 2 W, =1L, =1L, .
From (4.25), (4.28), (£.29) it follows that
(4.30) d = Lll L22 - L:fz ?!: '},

so that from (+.15) we obtain

1
! L Ly, ) ke, ar e Lgl,).
(4.81)} a, "_—'a (Liss M, 4Ly My, a, = 1 (Loyy M, 12 M)

. s # )
Thus, the solution of our problem has the form (1.6), w hmc,l Vs ,w‘;
(o0, p=1, 2) are the solutions of the problems (3.7) —(3.10) and the con

tants a, are given by (4.31).
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Rezumat
fn aceasti Nota sint date ecuatiile constitutive ale mediilor elastice

micropolare ortotrope si se rezolva problema incovoierii de catre c1;plur1 a
barelor omogene si ortotrope in teoria liniard a clasticitatii micropolare.
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EXISTENCE THEOREMS IN THE THEORY OF CONTINUUM
WITH DEFORMABLE DIRECTORS

BY

S. CHIRITA

1. Introduetion. In the classical theory of finite elastostatics, the exis-
tence and the uniqueness of solution for a class of traction boundary vauiul
problems wasproved by F. Stoppelli[5]. The first boundary value pro-
blem for hyperelastic bodies, has been treated by I. Beju [1]. The main
aim of this paper is to establish restrictions on the density of action L, in the
theory of continuum with deformable directors, such as to assure the exis-
tenee of the solution.

We reduce the boundary value problem to the problem of the minimum
of a functional.

2. Formulation of the boundary value problem. Let (B be an eclastic
hody. We assume that the reference configuration of 3 is a bounded fregion
Q c R% with boundary surface dQ and that 6Q is sufficiently regular to
assure the common laws of transformation of surface integrals and Frie-
drichs’inequality. We shall use Cartesian coordinates %* (x =1, 2, 8) for the
place occupied by a particle of @ in the reference configuration, and Carte-
slan coordinates x‘ (¢ =1, 2, 3) for the placc in other configuration. In the
theory of continuum with deformable directors, it is considered that the mo-
tion of a generical particle of B , at the time {, is given by

2t =a' (8%, 1),

(2.1)
d(‘al = d(‘a) (&=, 1), & = aQ,
where df, (@ =1, 2,...,n) is a set of n spatial vector fields.

Let Dj,, be, the directors in the reference configuration. Throughout
this paper the summation convention over the repeated indices is used.
Using the Hamilton’s principle, Toupin [6] has obtained
—the equilibrium equations
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5 ol
Ti, +F, = — =
(2.2) -
o e L I s ¥
T S

— the constitutive equalions

T7 = “‘_7 3
o, o
2.3) ;
pee -~ e,
=:'d.a-,a
— the Cauchy’s formulac
T?A"rg e Tl- :U_.
(2.4) ”
H*N, —H® =0, € =eQ,

In these relations we have used the following notations: F, and Gi"‘,
arc certain generalized body forces, T, and H{" avc certain generalized sur-
face tractions, T7 and H*arc certain generalized stress measured  per
unit area of reference confizuration, Ny is the unit normal to ¢Q, the comma
denotes partial derivation with respect to the variable £% . and L is the den-
sity of action

(2.5) L =L (33‘5 $(.!: ’ J'::a d;ia:.x']-

e have assumed that L does not depend explicitly on g% . It is con-
venicnt to introduce the funclions

(2.6) W —at — & e =di — Dl -

In what follows we consider the boundary value problem which con-

sists in solving the cquations (2.2), (2.3), (2.4), (2.5) with boundary conditions
w' (£9) =u' (8,

(27) i( i ~i ] P -
e (B} =ug (&), & =dQ,
whare o', 1lgy arve prescribed functions.

3. Langenbach’s theorems, Let Q be a bounded region of R* , with the
boundary surface ¢Q and let 7 () be a Hilbert space on Q. The boundary

surface 9 is assumed sufficiently regular to assure the validity of the com-
mon laws of transformation of surface integrals. Let P be an operator with
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domain D (P) and range % (Q), D(P) = & (Q), D (P) being a linear subset,
dense in 7 ().

Definition | [1). The operator P kas a lincar Gélecuy differential on
w = D(P) for h = D(P), if there evists an opevator (DP) such that
(DP): o — L (D (P), (Q)), and
]iln P(.Z‘ s ﬂl) 1) (l)

t -0 /

where L (D (PY, %6 (Q)) is the sct of all linear operators from 1 (P} in %6 (Q).
Remart: 1 [1]. The relation hetween P ooad (12P) s given by

{3.1) = (DPY{2Yh, v = w, h & D(P),

(3.2) Pe — Py, - \{i)]’) (7 S+ —ah ro) dt.
0
Definition 2 [4]. The operator Pissaid 1o he monotone if. for all u, ve D(P},
(3.3) <Pt —=Po.ow —v> 200

The operator P is said o be strictly monotone if it iz monotone and < Pu -
—Prow —v> =0 ondy for u =v.
A, Langenbach [3] has invesiionled, the nonlinear equation

(3.4) Pai=

wilth linear and homogeneous bonndary conditions
(3.5) Low =0, {i=1,2..p.
Iet be

{3.6) Ly(P) ={ueD(P): L =0},

and ict f be an element of % (€2).
Theorem i. [3]. If
1°) Dy (P) and D(P) are Unear sets, and D {P) is dense in % (L),
29y for all u, h & D (P), P has a linear Glicana differential, and {DP) (1)h
i continuous mapping of u in every two-dimensional hyperplane which  con-
faing the point 1,
3% P(o) =u,
) for ali w & D(P). hog € Iy (P} we have

< (DY h, g > =< (DPY(@) g, b >,
3% for all v e (P, h & Dy(P), h =0,

< (DP)(u)Yh, h > >0,
then :
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a) if there exists a solution we = Dy(P) of the equation (3.4), it is unique, and
@ attains on Dy (P) the minimum of the functional

1
(8.7) Fu) = \ <Ptu),u>dt— <fiu> ;

o
b) conversely, if an element of Do(P) attains on Dy(P) the mini
' lement $ inimum of 1
Junctional (8.7), then it is a solution of (8.4). i A
. Theorem 2 [3). If the conditioni 5°) of theorem 1 is changed into the stron-
er one,

(3.8) <(DP)(u)h,h> > C|h|3 u e D(P), h € D,(P), C> 0,

C == const.,
then :
%% i]}ze §unctiona§ E 3.7) is bounded below on D, (P),
e functional (3.7) is strictly conivex on D, (P ] =)
o T, i o (P), that is, for u,v = D,(P),

Flu+ (1 -f)v) <tF(u)+ (1 —F (v),

c) any mrfmimizz'ng sequence of the functional (3.7) is convergent in 2 (Q).
D’ef‘lm.tl‘on 3 [3]. We call a gencralized solution of (3.4) (3.8) the linvit
of a minimizing sequence of the furictional (3.7).

Theorem 3 [8). If there exists a u, = D, {P) such that the condition (3.8)
assumes the form

(8.9) < (DP){(uw)h, h> 2 C, <(DP)(uy)h, h> = C,|h{* C,Co> 0,
then the generalized solution of (3.4), (3.9) is an element of the energetic space
of the linear operator (DP) (u,).

4. The first boundary value problem. We consider the space consis-
ting of all vectors with (8% + 8) dimensions in Q. Let us denote by u the
vector (zi‘ R _:e_q‘“,) and by T the vector (T, , H{#') in this space. Let u be the
vector (u', u,).

) If v is a vector in Q, so that v (£%) =y (E2), Ex < 2Q, then, introdu-
cing the unknown vector w through the relation w =u —v, we can make

the boundary condition (2.7} to be homogeneous.
Taking into account (2.3), the equations (2.2) can be written in the

form
3&3_1 s 2 o

(4.1)

oL
]t = e ea

] g,
Gd(a).c il o
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9

We introduce the operators

L 3L
dou =[]+ 52,
! [Ew‘.a Iy = oxt
(4.2) . .
oL éL
A= —| | b
gd{a).a s Fd L]
We note
(4.3) oty =[ ). F=(F" ,
AP u G¥
so that. the equations (4.1) becomes
(4.4) Au = —F, Er e .
Introducing the operator & by
(1.5) S =cdu —chv =dz ~ w) —otzh
we obtain the first boundary value problem iu the form
(4.6) S =f, & = Q,
(4.7) w(f) =0, & = Q,
where
(4.8) f=—ctv —F.

Definition 1. The operator & will be called the operator of finite elasto-
staties with deformable directors for the first boundary value problem.

Let L, (Q) be the Hilbert space of vectorial functions with (37 + 8)-
components square-integrable on . The norm of this space is generated by

the scalar product

{1.9) <UV> = R(u‘ ot 4 g, Vi) dQ,
Q
where w — (u', ufy). v = (v%, viy). )
Let IV (Q) denote the set of clements of L, (Q) belonging to C* ()
and satisfying the eondition (£.7). It is known that W3{(Q) is a linear set,

dense in L, ().
Let us denote & : W2 (Q) —» L, (). We assume that f e L, ().

Theorem 1. If the function L has continuous derivatives of second order
and satisfies the following inequality :
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L 4 L
R{ = - & i gfe + — . gl | g’(’b) 5 + 2 L 5 gf gr A,
oF o 3T al,x N s
dy Olp Ciliayx Cediny s gt far
[+
L. 82 L gl ar P | C)l L { r EJL‘ L i r
Cady, edy, FwSm VI e a8 T o e a8 T
4‘10 ) 1]} oy L E ja
( ) J* L ot L d* L
— : gf ar e _i.‘*; . o g - - . ot or
oy r vE ) - - al,x ot . Sigl,e 2y
C.?'_g Bdw_g d C(n’m]'ox Cl?:r Cdlai.a Cdrb} 24% L
-+ & — . oar ot l Al =~ 0
edly, et ST )
(ay = i

for all w, g e WZ{Q), g =(g', gl,)} # 0, then
a) if a solution wy<= IWWE(Q) of the equation (1.6) evists, il is wnigue and atlaing
on WE(Q) the muwmme of the functional

1
(4.11) (F (w) = \ <&({tw),w>dt — <f,w> ;

0
b) conversely, if an clement w, = WE(Q) aftains on WZ(Q) the minimum of
the functional (4.11), then it is « so!wtzon of {4.6).

Proof. Tt is casy to show that the conditions of theorem 1 (scct. 3) are
satisfied. Thus

1°) TW§(Q) is linear set and dense in L, (Q),
2°) for all w, g & W§(Q), & has the linear Giteaux differential

&L 6L &L
(DEJ@) g= = —r—s & F g G F o T
‘ g éxle OaF ol édly 79 el oaly P
8*L : ot L ¢t L ,
" &l T e T
aa w g s i P s’ 2a” éx’ édi it
¢* L 2 L
: grﬁ - 4 oqar . g(ra; n
(4.12) o' caly ’ ' ddg s .
&L ot L 8 L
DEM () g = — peral i iy : T &t
SO edly o da” U el idy, T cdm oy O®
. 4 ], s
G—L.. ar _{.__L‘r_;’_r. :_L_._ .g:b)_;_
Ed:a)_a é‘drb)_g i & Ed;‘-m f cd(a) Bw?b,
&L it L

(1" S

r
Tt ST LA oor R
édiay O2lg cdia) Edipys

7 THEORY OF CONTINUUM WITH DEFORMABLE DIRECTORS 425

3%) from (+.5), & (0) =0,

4°) for all w. g, h = W5(Q), g =(g\ gla), b = (k' h%,)), we have
£ )

#L 2L
conmar> ={[EE gy .
DE) () & , {a;u,‘, s & iy Olllyy g tana T
L 2L 2L
- L S grh_( ' —_ af h! + rh! : h,. 1 L
E-rr 5‘1“ Pd(a} ad(b) S 0333 GL (g g'x)
G o
r o (b(aJ h‘ + h .a) K (bm K] h‘ + hm] B a) +

t
(J X ed(m aﬂ,‘_a Bd[r.,,,g

_ ¢t L o L

L gh, gy —— (gt hf L g +
Edfa! “8.7' ( tate Pla) ?f‘d:a).a é’d-fb; &) ez 161 b.am)
__1_ al L r i
AL ,D)} dQ = < (DE) (w) h, 2 >,
{a}

5°) for all w, g & IW2(Q). ¢ #0, using (4.10), (+.13) we obtain
< (D) (w)g, g> = 0.

The proof results, then, from theorem 1 (scet. 3).

Lemma 1. If there eists a solution w = C*{Q) for (2.2), (2.3), (2.7) then
this solution is unique.

Proof. Let u, and u, be, two solutions of (2.2), (2.3), (2.7). If o from
(4.4) is strictly monotone on C*(Q), then < cfu, —chuy, wy —~uy > =0
and u, =u,. To prove that of is stuctlv monotone on C? (), we use the
theorem of Minty [4]: If D(cA) is conver. then a sufficient condition for
ot to be strictly monotone on ’D(oﬂ) :s' that the derizative

(i:—t[ < ol +1g), 8> Jimo

exists and is strictly positive for u, v < Dict), g =v —u, g #0,
In our case onc can show that D (o) is a convex set. The directional
derivative exists for all u,v & D(cA), g =v —u, ¢ oo =0, and {rom (4.10)

g-t[ <A+ 12), 8> Jimo = < (DE)(u)g. g > >0,

On the basis of theorem 2 (sect. 3) we have
Theorem 2. If the hypotheses of theorem 1, are satisfied, and if
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= g:_. C,F"EL i - g%‘ g" -{._ .__..._..:d_-:;L_.—.— . ot r + _("2 L__ ot gr
Nozloaay *5% " ddioa tdina " Soo ¥ e EET
&L L a?
,,;_,___ . af T + 2| — — . t L I e 1 | G
o, ol Gy 88 TRy
é* L a* I a* L

. ot r '] '
 Sayad + u:.ag{m_r'

{
adm).g ox

TE0 g . glﬁ I + P I
Ga"’.‘a idiarp s Ed:a!-.a (.‘dr:bl
_l__.th_‘ C g g e > CS{gcg: + gl g 1dQ,
odiay 8 e
a

for all g =(g. g,) = W2 (Q), C =const., C> 0, then: a) the functional
(4.11) is bounded below on WE(Q), b) the functional (4,11} is strictly convex
on W2(Q). ¢} any minimizing sequence of the functional (4.11) is convergent in
L_2 (), and its Limit is the seneralized solution of equation (4.6) with the con-
dition (4.7), d) the generalized solution is uwnique.

From theorem 3 (scct. 3} we get:

Theorem 3. If there cuists an element wy = W By and Cy> 0, €3> 0,
such that. for all w, g = W§(LQ),

L)> G Ly > G (g + gl €l) 2
a
then the generalized solutioni of (4.6) belongs 1o the energetic space of the linear
operator (/D &) (w,)-
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A THEOREM OF EXISTENCE AND UNIQUENESS
OF THE SOLUTION OF THE EQUATIONS
OF NON-LINEAR THERMOELASTICITY

BY
I. NISTOR

§ 1. Preliminaries. In this ' v i

) 1aries. I paper we shall consider the equati

l{{;gmi] tﬁermoeiatsﬁnmti with boundary conditions of place al(}(l tc(r):ll;c(l)‘itllﬁg-

shall prove that therc exists a unique solution of the sy ‘ -
tions of finite thermoclasticity : i i e ot contina
2TO y and that this solutions has Iélder- i

qccon(} (;;rd;li c)lci"lvatn'es. For other boundary conditions sce [3]I rontinuous
. 3} be an operator with domain in a real Banach s

range in a real Banach space 8" and let 17 (= ) bo the ball | o0 Py

SRR p (%, ) be the ball | z, —z| < R
Let us consider the equation

(1.1) P(z) —0.

As in 'I(‘l[12}, ch. ‘1.2) we can prove
eorem L.1. Let the following conditions be satisfied :

z‘; ;l.'he Fréchetw de:'rivat:'vc » (:) exists in the ball 'V (zu{ R)‘a-nd is uniformly

niinuous forz = F’ (:'0 , B)i.e forany <> 0 thereis a 8> 0 such that | z, —

=] <3 z.mphes’ TP (z)—Plz) | < = '

2. There exists [P'(z)) Y and u | P (%) ] < (1 —K)R

where 0>

Rﬂ=miu'[-a}—B J

w=[ [Pz}, 0 <K <1,
|27z

Then there exists ¢ unig: luti 1 j :

que solution of the equation (1.1) in the ball V (z,, R
. §12n :;:;tilgnl;el:ital hﬁp(c)ltheses ls)md auxiliary space of functions. ‘.‘(Vg ,con);
sider : ody and denote by € a homogencous refer figur:
tion of the body. Lét o be the density of the hody in €', at temperature T

. dy in C, at te rat T
S the bo nsity of the body 0 mperature T,
reospectivelyrf ary of C, and let !, & be the material and spatial coordinates

The equations of thermoelasticity are ([1], ch. VIII),



