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for all g =(g'. g',) = WZ(Q), C =const, C > 0, then: a) the funclional
(2.11) is bounded below on WE{Q), b) the functional (4.11) is strictly convex
on W2(Q). ¢} any minimizing sequence of the functional (+.11) is comuergent in
L, (Q), and its Limit is the generalized solution of equation (4.6) with the con-
dition (4.7), d) the generalized solntion is unique.
From theorem 3 (scct. 3} we get:
Theorem 3. If there cvists an element wy = W 2 and Cy> 0, €y > 0,
such that. for all w, g = W§(Q).

L()> €, Lwg > G\ {a g+ gl €} 40,
a
then the generalized solution of (1.6) belongs to the energetic space of the linear
operator (D &) (w,)-
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A THEOREM OF EXISTENCE AND UNIQUENESS
OF THE SOLUTION OF THE EQUATIONS
OF NON-LINEAR THERMOELASTICITY

BY
I. NISTOR

) § 1. Preliminaries. In this paper we sha i1 i

lincar thermoelasticity with boulr)ldgry corsllc;(ij}:lil(flf.;]&g? (;:l;(ljcc :fg(lllatt:r):se(l)"f tnon-

We shall prove that there exists a unique solution of the system of ch ta o

tions of finite thermoclasticity and that this solutions has'IIGIdcr-continqua-

qcconcIl (;:rd;li c)lci"lvati\'es. For other boundary conditions sce [3] o
. 3} be an operator with domain in a real Banach si)ac-e & and

range in a real Ban: ace 8’ & (s '

range lzl;la::‘gd.lS‘,B nach space 8" and let 1" (z,, R) be the ball | z, —z| < R
Let us consider the equation

(1.1) P(z) =0.

As in 'I(|l[l2}, ch. 2) we can prove
eorem L.1. Let the following econditions be satisfied :
z‘;ng:;oﬁ‘r?het der?;-cztivc é’)’ (2) exists in the ball V (zo{ R)‘a-nd is uniformly
wous for z € V{(z, R)i.e for any < > 0 there
E gt z.mphes A <J : ereis a 8 > 0 such that || z, —
2. There exists [P'(z)) and u | P (%) | < (1 —K)R

where ik

| o2

p=[[Pz}" !, 0 <K <1, R,=min

JEC
| 2
Then there exists a unigque solution of th i ; /

solut e equation (1.1) in the ball V (z,, R).
den ?2. Fundamental hypotheses and auxiliary space of functions. V(Vg con)-
-tioel lf):n elastic body and denote by €, a homogencous reference configura-
. nt l?e {:)};e bgdy. Let p be the deinsll‘;y of the body in (, at tempcraturg T,.
I‘e?;pectiveilyrf ary of C, and let 2%, y* be the material and spatial coordinates

The equations of thermoelasticity are ({1}, ch. VIII),

w
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a—;(y:@ 1) + oF% =0, gh+ W =0, acC,,
(2.1) u'(2) —af(2) =0, T() —0() =0, a=sZ
b4t :ﬂi Aeyy, T), qF=M"(uf;, T ;, T), 2e;=u'; + uli - u* ut.
CE;;

where we have used the [ollowing notations :

¥ — the second Piola-Kirchhoft stress tensor, F! — the components of bodx
force vector I, ¢* —the components of heat flux vector ¢ per unit area of
%, IV —heat source density per unit volume in €, M* are given functions
which satisfy the condition ([5], p. 362)

ME(u!y 0. T) =0,

u' - the components of displacement vector wu, e; — the components of
strain tensor, .4 — the free energy per unit volume in ¢, T — the tempe-
rature of the body, af(x), 0 (v) are given functions ; the comma denotes par-
tial differentiation with respect to 2*. Repeated indices are assumed to take
values over the range (1, 2, 3).

We assume that :

1) the reference conliguration is a configuration of natural equilibrivun,
the body is isotropic in C; and the vegion ozeupied by €, is compzct,

2) the boundary X, has Hblder-continuous principal eurvaturcs with
exponent x and it is possible to cover Z; by a finite number of regions Z¥
cach of which being parametrically representable on a dise B, and every
point of %, being interior at least to one XJ,

38} F, W are Islder-continuous in C, with exponent X;af (), 0(2/)
and their sccond order derivatives with respeet to the parvamneters of some
parametric representation of . (as in No. 2) are Holder-continuous with
exponent i,

4) the free energy function A is continuous togcther with its deriva-
tives up to the fourth order with respeet to p; =u;, and T, when they vary
in the ball E, of the 10-dimensional Euclidian space. having its center at the
point (0, 0,..., 0, T) and radius R,

3) the functions M* and their derivatives up to the third order are con-
tinuous in the ball E, of t3-dimensional Euelidian space p,,, p, = T, and
T', having its center at the point (0, 0,..., 0, Ty) and radius B, .

Let u be a veetor-valued fanction and T a sealar-valued function de-
fined on C,. We denote by § the sct of clements v = (w. T') having Holder-
continuous second order derivatives withh cxponent 2. We put
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3 8
2 Y (max || Emax ] T )+ % (maxluly| +max | T,
io ‘)) (=1 zEC, FELC, i 1 TEC: TED,
Il—l_
3
B+ max| T+ (max |l | 4 Bl

TED, idk=1 2EC

where BY, and B;; are the Holder-coctTicients of uf. and T, respectively.
With the norm (2.2}, 8 beeoimes a Banach space.

Let 4, o be veetor-valued functions and let @, 4 he sealar-valued fune-
tions. We denole by 87 the class of clements

Z = (‘D.- @: P L:/) = ((Dl: b, oy, O: P P2 Fae 4’)

with following propertics :
a) the functions @, @ arc defied on ¢ and here  Holder-continuous with
exponent » in G, .

b} o and ¢ are defined on X o, & and thewr second order derivatives
with respeet to the paramcters of some parametrie representation of £, are
Holder-continuous with exponent .

We put
3
(2] =Y (max O + max|e| + B+ D) - inax 0] - max ]+
(2.3) i=1 FEU TE€N CE, FER,
- D+ B,

where D,, D are the IHodlder-coefficients of ®,, @ and B,, B are defined
as in [4]. It can be verified that §° with the norm (2.8} is a Banach space.
From hypotheses ), 5) it follows that the free encrgy function with
its derivatives up to the fourth order and the functions M* toghether with
their derivatives up to the third order are continuous in the ball ¥ {z,, B)
of the space 8§, where 2z, = (0,0, 0, T;), B =min (R, , RB,).
It is obvious that the equations (2.1) can be written

(2.4) P(:) =0,

where P (2) is an operator defined in the V(z,. B} of the space S and
having its range in §".

§3. Theorem of existence and uniqueness. In order to prove a theorem
of existence and uniqueness of the solution to the problem (2.1) it is suffi-
cient to show that P (z) defined by (2.4) satisfies all the conditions of theo-
rem 1.1,

We use the notations

— (Ul , o s UG, T'), b o= (‘Hl, w?, 13, T).

where, ¥ € V(z,, R) and & is an arbitrary point of §,
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g (dy ¢ : :
JII (:) =In; (d'cj tfj) Q (:) =C’:EL.;‘. an (v,‘j) T. i T )

o' (z) =0 —at, b(z) =T —0.

From conditions 4), 5) it follows that P (z) has Gateaux differential

SM,{(z. h) = 7 (z) 4+ - ;
(3 ) ot ot @) ot ot Y
L, ant artl (z) N (8‘ n _a_v:) i(é"!"-’ (3) kL (=) T
(3.1) o U7 T e\ wr, 07 )
Sof (2, h) =u', &Y(zh) =T,
g [ oM (=) oM (=) JM? T]

36 (2. b)) =— uf, - T, +
S amf[ at, T oer, T T

& ut el (Et” (3)_[,‘ |, 9t (z) T] n

We denote by H,. H, the largest of maximaof the absolute values in the

ball V(z,, R) of the functions o M*¥ and their derivatives of the
Cij
first, sccond and third order with respect to their arguments.
If = = V(z,, B) one obtains

& (o~ oo i
i(a‘ (*))‘ < RH, —‘“-(“ (z)] < RH,,
(8.2) éal\ ouky P2 WY
A T Sk (o - k[ - M
E ((J[ (..)J RH| 2 (aﬂ[ (z )J; o |i(f:w ()JI<RH"
ak\ aud, P | |

From (8.2) it follows

(8.8) [3M;(zn)|<(2+3R+ B)Hy|lhl, 8Q(z2)<(+ RYH,|k]|.

It can be easily shown that the Hélder-coefficients of the functions M, (z, &),
3Q (3, h) and the functions 8¢ (z, k), 3¢ (z, k) satisfy similar relations, the-
refore one may determine a positive number H, such that

(8.4) | 8P (= R)] <H,| k|,
which shows that Gateaux differential 8P (z, k) Is continuous in h at the
point A =0.

We consider the functions
g(t) =3M, (2, +t(z; —2) k), f(t) =3Q(z 4+ t(z, —=z,), k),
defined for ¢t = [0, 1]). We have
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SM; (2. h)— 3M, (2, h) =g (1) — g (0} =g'(&)),
SR (), h) —3Q (. B) =F(1} —f(0) =["(&,),

Taking into account (3.2) and the fact that =, + (3, —z) = V{3, . R)
we obtain

| 8M, (2, h)—8M, (=, B) | < [(1 +R)Hy + (3 -+ RYI']. |2
18Q (2. k) —3Q(x, k)| <(2H, + RIL) |z, —z | h.

where

(0 < E:l <1)'
{0 < Z, <1).

[ 21,

|23
=]

i’ =max [II,, RI,).

It ean be proved that the [older-cocfTicients of the functions
SM (=) . h) — oM (2, h), SQ{z.h) —3Q(z,, 1)

satisfy similar relations, henee one may determine a positive number H
such that

(3.6) P (=, by — 8P (z, 0| <H| 23—z, . Al
‘The relation (3.6) shows that the Géiteaux differentia! 32 (=, ) is uniformly
continuous in = for x & ¥V (z, B).

The conditions for the existence of the Frichel devivative are satis-
fied. From {3.6) it follows that the Fréchet derivative £ (z) is uniformly con-
tinuous in = for z& ¥V (z,, R).

The vanishing of the Fréchet differcntial of the operator P(z) at the
point 7, is equivalent with the system of the equations of nncoupled problem
of lincar thermoelasticity, which is a linear elliptic svstem, hence it admits
solution having Hélder-continuous second order derivatives with exponent J.
1t is obvious that

P (zg) = (pF%, oF? oF% W, —a, —a?, —a%T, —8

Thus we have proved the following theorem of existence and unique-
ness of the solution to the equations of ther moelasticity :
Theorem 3.1. If hypotheses 1) —3) are satisfied and if

ul Pz | <1 —K)R,,

where

b s R & . €
J'-HI[P (ZD)] ' s 0<K<1; Ro_mln; ;Js bﬂE:

then the system (2.1) has a unigue solution in the ball V (z,, R,) and the solu-
tion has Holder-continuous second order derivatives.
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[E

O TEOREMA DE EXISTENTA S1 UNICITATE PENTRU ECUATIILE
TERMOELASTICITATII NELINIARE
Rezumat
In acest articol se demonstreaza o teoremni de existen{d si unicitate
pentru ecuatiile termoclasticititii neliniare n cazul static, cind pe frontiera

se dau deplasarile si temperatura. Se arata ca solutia admite derivate secund e
hélderiene.
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ON THE CARDINAL SEQUENTIAL OUTER MEASURES
BY
DAN A SIMOVICI

L. Introduetion. In our paper [6] we introduced the cardinal sequen-
tial outer mensure {CSOM) induced by a semiautomaton . ={I, 5. f;8)
on its free semigroup. Here £ is the alphabet of inputs, § is the set of stakes,
S8 x 1 - 8 is the transilion funetion and s, is the initial staie of the se.
miqutomaton 4. We shall use the same letter to denoie the extension of ¥
to 5 3 I*, I*being the free semigroup gencrated by the input alpghabet I,
This extension ts obtained by induction on the lenath of the words :

(s piy =f(f(s. phi)y Vp & 1%, i 1.
The cardinal outer measure w, : P (%) 2, is given by
2a (B) =|s IS (85, p) ==, p s E}, VI = (p(1#),

where | M | is the cardinal number of the sct 3.

It was shown [6] that the set of u,-measurable seis is an atomic Boo-
lean algebra whose set of atoms of is composed by the languages fro mI* which
are representable by only one state in the semiautomaton . Morcover, the
lunguages from of form a partition of I*. The closure operator £, : P (I%) -
— (P (I*) related to the measure is:

L(E)y=U{H|H<sd, Hn E # 7.

We have proved that an outer measure u: D{I*)— R, is induced by
& semiautomaton iff the following three conditions are fulfiled :

i) the sct of all u-measurable sets is an atomic Boolean algebra, whose
set of atoms is of;

ii} for every E € of, and p = I* there exists £, & of so that Ep c I

iil) u is invariant with respect to the closure Lo, which means that

wWu(E)) = w(E), VYEe@I*.

The €SO induced by the semiautomaton « is sensitive enough to
reeord the isomorphism type of the semiautomaton. It will be of concern to
cxtend these ideas to partial semiautomata [3] and to automata.
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