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ON THIE CARDINAL SEQUENTIAL OUTER MEASURLES

BY
AN AL SIMOVICI

L. Introduetion. In our puper [6] we introduced the cardinal sequen-
tial outer measure (CSOM) induced by a semiautomaton . f =(I, 5, f:3,)
on its {ree semigroup. Here 1 is the alphabet of nputs, S is the sct of states,
Jo8 x4 - 8 is the transition function and s, is the initial stage of the se
miautomaton 4. We shall use the swme letter to denoie the extensior of f
to § X I*, I* heing the free semigroup gencrated by the mputalpghabet [
Fhis extension is obtained by induetion on the length of the words :

S5 pi) = f(f (s i), Wp e I*, [ L.
The cardinal outer measure wy : @ (£%)> 2, is given by
pa(E) =hs|f (s, p) =5, p = E}i, VE = @pI¥),

wiere | M | is the earvdinal number of the set 3.

It was shown [6] that the set of a4 -measurable seis is an atomic Boo-
lean algebra whose set of atoms of is composed by the languages fro mI* which
arve representable by only one state in the semiautomaton .{. Morcover, the
languages from of form a partition of I*. The closure operator £,: P (I*) -
— D (I*) related to the measure is:

lEy=V{H|Hesd, Hn E #@}.

We have proved that an outer measure wu: PI*)~ R, is induced by
a semiautomaton iff the following three conditions arc fulfiled :

i) the set of all y-measurable sets is an atomic Boolean algebra, whose
set of atoms is of;

ii) for cvery E € of, and p = I* there exists E, & of so that Ep c I,

1) u is invariant with respect to the closure Lu» which means that

(€ (E)) = w(E), VvEe @(I*.

The €SOM induced by the semiautornaton . is sensitive enough to
rceord the isomorphism type of the semiantomaton. It will be of concern to
extend these ideas to partinl semiautomata {8] and to automata.
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45k DAN A, SIMOVICI 2

Further we shall investigate the behaviour of CSOM with respeel. to
free semigroup homomorphisms, the properties of mcasurable functions het-
ween two scquential measure spaces is.o.

II. Partial semiantomata. A particl  scniaqutomaton is o s-uple A =
=(p 1, 8, f;s) where p = § x Jis the applicability relation, £, § and s,
have the previous significances and f: ¢z — 5 is the next-state function.

The relation p can be extended to o purl of § < I* by taking inducti-
vely on the length of the words

(spi)es se8 pel il (sp) ezand (fls. phi) € -
The extension of fis given hy

Slo:pi) =f(f(s, p)d) il (s, p) = p and (f{s,p).9) = ¢.

Let mow Ay =(z;, 1. 8. f:5,), § — 1.2 two partial scmiautomata.
A homomorphism of partial semiautomata is a mapping 7 : 8, = 8, which
satisfies the following three conditions :

1} R (sg;) =80z 4
ii) if (s,,p) = 5; then (h{s), p) = ;:2, Vs, € 8, p e I
iii) if (s, p} = 3, then L (f (s, p)) = L2 (R (s)), ).

The homomorphism % is an isomorphism of partial semiautomata iff

ke is a bijection.
A partial semiautomaton A = (g, I, S, f;s,) induces an outer measure

on its free semigroup of inputs by taking
palE) =l{s|Ip € En o [flsg,p) = s}

Here & = {p| (s, p) € p}. _
In [6] we have established the following

Theorem 1. Let A; =(1, 5. fi150), J =1, 2 be two semiautomata both
of which being connected by their initial states. The following threc assertions are

equivalent :
1) There cxisis a surjective semiautomata homomorphism h: 8, — S, .

i1} pa, (B) > uy, (E), VE= P (I*),

i) ua (E} 2 wa, (E), VE= (PI*), |[E| < 2.

This result can be extended to partial semiautomata. Let us consider
Ay =(pss I, 8y, fiisy), § =1, 2, two partial seminutomata an da; = {p | (5o,
p)E;; J =1, 2 the sets of the words which are applicable to the initial
states of the two semiautomata.
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Theorer i ‘e asserti ; 1
ot e n2 The j:allz_)zquag three assertions are equivalent for partial au-
vtiata connecied by their initial siates -

' /M > y 17 g o rg r el f g |
iy There exists a sw Jective parfial aulomata honwomorphism b : 8= 8,

D) wa (B) 2 wa(B), VE < PU*), o, < o,
H) wg, () 2 u4 (E), VE = PU*) NE| <2, 2 ¢a,.

Proof. Only the implications i) — ji i

. o .- At and = el 0 proof o

n} — iii) is obvious. ) ) fi) — i) need a proof since
1) — ii) Suppose that there exists o surjective homomorphism / - S, =8,

and et 8 = [s} Ip € E (s, p) = E1 i (501 p) =8}, 8" ={s,| Ip ek

($02: ) € pa f3 (850, 1) =8} The mapping 5: 57 " ogiv
) A 2 . _ appmg 3:.8" - 87 given by §(s) =
.=ff:’ ](fﬁz » ), wheve £y (sy , p) =5 15 well fle?llcd for, if f) (;’01 : q) =~f1 ('{5'011)5 r)
it fo(;)ws;)hﬂgi Je (’9802 2 ) =.f:2 (]:_(301): 9 =h(fi (s, p)) =4 (Si (so1. §)) =
G 2VPezs ). SIEE ¢ 1S A surjection we obtain [ 87 > | 87 it i
TRCRT A [ 2 1871 and 1t follows
It is clear, that, if p e %y, I view of the conditi i ii
o1 ear, LA p ’ : Itons 1) and ii) from tt
definition of homomorp!usms_of partial automata jt follo)ws thaf); ;) I; :1('3
1102(;0\;&)31‘, wlc can p(r?vlc) that i) implies o stronger property. If p e o, then
ta LiPg) =1 < wa, (10}) < 1 from which we obtaj is appl;
B hmlmcj- T obtam that p is applicable
iii) — i). Let us consider the mapping k: 8, - S, aiv
o Let C 1 0 =S, given by h{s) =
=J2 (802, P)» where s =f {01, p). This mapping is well defined. Indecd,( sin-
ce A, 1s connccted by its initial state for every s € 5, there exists p so
th}xt(s = fi (:93,1‘, IJ{?) hence ps oc}l and therefore p = «, . Morcover, if J1 (8o p) =
1 Son g) 1blollows wy ({p, g}) =1 2 wa ({p, g2 > 1, from which e obiai
s o D=1 (s ) B e eebtan
., omee A, is connected by its initial state s 2> the mapping h is a sur-
_]ccé-i:lve one. This mapping is also transition prcﬁérving, forf Ii)f 5 = Vi (:01 . ;)
Tf(?;p) = )P1_E’;"_0(btam h{fi (s, p)) =h(f, (/r So159), p)) =R (/1 (501> qp)) =
moﬁam?;l’ﬁgﬁl .—.. 2 (f2 S0z 9 p) =1 (R {(sh p). Hence 1 is a surjective ho-
Corollary 1. If .1, ={es, 4, S5, fi,505), 7 = ] )
={es, 1, Ja%ih 3 =1,2 are two partial -
tomata connected by their initial states a;;d war (I8) = 4, (E), pVE = sqe)nz}a*zg
VB <2, 0 =ua, then A4, and A, are isomorphic partial semiautomata. ’
If we drop the conc}ntr-on of connexity for A,, for instance, and p,, ==
= Har, oy =0, then A is isomorphic to a subscmlautomaton of Ay
prewi 0I.(ats,:—“l ‘=f'(I’ S, 0, ();, =5 3?1) be an automaton, where 1, S, f, s, have the
ous significances, 1s the output alpt : i
e put alphabet and g:5 x'7 - 0 is the
This function can be extended to S X I* by taking i i
e Yy taking inductively on the

Llpl) =g p)g(flsphi), Vs 8, pel* il
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We shall relate to an antomaton two semiautomala @ the trunk of the
automaton Te (A) — (1. 5. f:8,) and the partici somiauntomelon Pa (L)
= (g, [ >< () s, cp so) where the applicability relation is  given by s =
={{s. (i, O |rr 8, e) 0} mdo(s (i, 0)) = f{~, ). By definition, an auto-
maton induces on the Frec semigroup of its inpits the same outer measure
as Tr () does.

Letpry:d X O - fopr, o I > O = Othe pmi(cl?o 1s given by pry ({£,0))
=1, pr, ((.0)) = 0. Weshall use the same svmbols to denoie their extonsions
to the homomorphisms pe, o {7 < O3 — ¥ and pro: (I x0)* - O0* A\ word
from (I x O)%, r={(i;,0,){{s.0.) ... (/. 0,) will be denoted further r
=(pr, 7, pra 7). o . _ o

The extension of the applicability relation for Pa () is given by

s={(mg) 26.p) =yl

where I (p) =1(q). Here {{p) is the length ol the word p.

As a matter of fact we remark that the applicability relation of Pa ()
is, after all, the sequential relation gencrated by the awtomaton i

Let A,- =(,5,0,f.4 _;.90,-)__ j =1.2 be two auiouata having the
samc input and output alphabet. .\ Lhomomorphisin from ., to 1, is a nmap-
ping h: 8, = 8, so that

1) h(f (s, p) =Lo (h(s). ).
(2) g1 (5. p) = gk (s), p).

for every s € §, pe I
Theorem 3. The following asserlions are equivalent jor automala -1y =
=(I,8;,0,fi, & ;s connccled by their initial siates
i) therc exists o swrjective homomorphism. from Tr (4,) to Tr {d.) end
2y (So1sP) = g2 (S, ph VP& I*;
i) there exists a surjective homomorphism from ey to A, ;
ili) there exists a surjective homomorphism from Pa (4;) to Pa {4,);

iv) w (E) > u, (E), VEe P (I*) and g, (35, , p) =g (S02,0) Vp & I%;

v) sJ'l (E > u(E), VEs@PU*), |E| <2 and g (41> P) =52 (Soz»
ps VpelI*.

Pmaj i —ii): Suppose that there exists the mapping h: S8, - S,,
so that f, (s, p) =fa{h (s ) p) Ve e 8, p eI and hsy,) =34 - We have
to prove that g, {s, p) =g, (h(s). p), Yp = I", s & §,. Let us consider the
statc s € §; Smcc Ay s “conneeted by its initial state, thelc exists g € I
so that f] (s, . q) =, hence f(sy » ) =1 {s). Now g, (s, ) = & (/i (501> ¢ P)
and g, (s, p) is thc suffix represented by the last L(p) svmbols of the w01d
&1 (815 qp). On the otherkanv g, (k () ) = go (f2 (500 » ©)- . Ph and g, {4 (s), p)
consists of Lhe last {(p) symbols of the word ‘r_' (8g2 » qp). Since g, (s . ¢p) =
== g, ($gs » q) we have obtained the implication we looked for.
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i) —um): Let 4: 85 -+ %, be a homomorphism of antomata.
We have

B hUlep) =Ll p) Vs € Sy pe TR h{s) <8
(4) gyl ) =g (s)op) Ve = 80 ps ¥,

Tn view of (3) the first and the third condition from the definition of
homomorphisms of pavtial semiautomata is satisfied.

Suppose now thal r < (I < Oy and (s,,7) = 5, . where 5, is the ex-
tended apnlicability relation of Pa (A0,). Then @ cprpr) = pryr oand it
follows, taking into account (4}, that g (A (). pryr)  pror which implies
that (A (s} 1) = z..

itl) — v} Taking into account Theoremt 2 we oblain u, (E} 2 u, (E),
VE € @@ (') and z; € 2., Suppose now that ¢, (g, . p) =q.

It follows that (s, . (p.q)) = 2, anedd therefore (s. . (pog)) = «, . Henee
GGz ) =g = dlsg - Vp= I~

iV ) = vl vy =0 are obvious imeslications in view of the same
Theorem.

{11, Partitions and outer measures. Let = be apartition of the set M.
The outey measure indaced by this parltition a0 (MY — B_ is given by

aa (N W H == Hn K0},
Let ns remark that s (K) = 0 implies K =0 ond if ' = < co. it follows
that uz(K) < 0. VA = P
Theorem 4. . subset M, < M iy ug-measncable iff it is an vaion of

blocks befanging to =,
Proaf. Let M, be a ue-measurable sel. We have

e (K) = un (K 0 M) + unK 6 M), VK &=,
Choosine K us a block of =, we obtiin

1 = u (K n M) peiK 0 35
We conelude that one of the two sets Koo A, and K n Mf, must
be void, henee every block is ineluded cither in 3, or in M5 . Therelore M,
s an unton of blocks belonging to m.
Conversely, suppoze that M, = vy {II,|j= J. H; « =} It follows that
My =y i |j = J't and
ur (W) =il He=, Hn K # 0] =
{;iyex, jed, Iin K0y
Ml |\ He. ez, yeJ, [, n K #£08} =
= ur (K n M) = u (K n M) VK € @(M),

which implies that 3 is a ug-measurable sct.
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Corollary 2. The Boolean algebra of the uz-measuradle sets is always an
atomic Boolean algebra. The sct of atoms coincides with the members of =.
If Ca: (P (M) - P (M) is the closure operator defined by

w(K)=vu{ll|Hex, Hno K # 0],
hen uy is invariant with respect to T, which means that
e (C{K)) = ue (K). VK < M.

Corollary 3. Swuppose thal I* is a free semigroup and o < I* % I* is a
right congruence on I*. Then the measure uy indneed by the partition =, related
to the right congrience v is a CSOA, for the first and the third conditions from
the definition of CSOMs are fulfiled and if E & =, and p = I* it follows inime-
diately the evistence of an atom E' so that Ep < E'.

Let now h: .« - B be a mapping and p an ouler measure on B. Then
the mapping p,: @ (4) - R, given by u, (L) = w (h (L)) is an outer measure.

Morecover, if E is g-measurable A™1(L) is y,-mcasurable. Indeed since
(A7 (K)) =h~1(K°) for every K = P (B) we have:

RH N YK =h(Hn h"Y(K)) € h(H)n h(A71(K)) —
=h{H)n K¢, VH = P (4),
and .
h(Hn hmY{K)) € h{K)n K, YH = D (4).
Therefore
m (H) =p(h(H)) =p(h(H)n E) 4 p(h(H) n E°) >
zuhHn MHEN + p((H 0 (HE)) =
=w (Hn ATHE) + wy (H n (B7H(E))),

which implies that A~1(E) is u,-measurablec.

If & is an injective mapping, since I, = L™t (h (L)), a subset L P (A)
will be u;-measurable if & (L) is u-measurable.

Let p be a cardinal sequential outer measure on the free semigroup
I*, M (u)the Boolean algebra of all u-measurable sets and of, the set of a-
toms of this algebra.

Theorem 5. If h:1I] - I" is a frec semigroup homomorphism and u is
a cardinal sequential outer measure then the measure previonsly defined is a se-
quential outer measure ; moreover w,y 1s equal lo the measure induced by the par-
tition =, = {h™V (K) K € A} on I*

Proof. Let us consider firstly the seccond part of the theorem. We have
wy (D)= (h(L)) = |[{H | H 0 h(L) # 0. I € cty. Bub un (L) — | th=1 (K) |
[A (K)n L #0, K e A}, The mapping «:{H|Hn k(L) #0, H =
Sy} > (RHK) | RUK)N L #£0, K €t} given by o (H) =h ! (H)
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is a bijection for, it is ubvieus surjeetive and if 2= (I, = h=1(H,) it follows
immediately H, = H, . Therefore u; (L) = uq, (L).

In view of the corollary 2 it follows that M {4} is an atomic Boolean
algebra having the blocks of =,, as its atoms.

Let B &= and p = I]. Since I = =, there exists K = of, so that
E =h7 (K). We have Ep =~&71(K) p. Taking into account. that =« is a se-
quential measure. there exists A, = of, for which Kk (p) € K, . Therclore
Ep = b7V (Kh(p)) = h71(K,) and the existence of the atom A7 H{K)) =E,
mdieates that g, satisfies the sccond characterization condition of sequen-
tial outer measures.

Let now I < I be a language. In view of the definition of the closure
Sy, . We obtain

gl (N =u{(ViEiEex . En I £0}) =
=HEIE e, En H £0 =u (0,

hence y, is invariant with respeet to its related closure . We conclude
3

that u, is a cardinal scquential outer measnve. We shall denote u; by *u.

Let us now consider the mapping & : o ~ B and 1, an outer measure
on A. It is casy to cheek that the mapping w, : P(B) — B, given by u, (H) =
=g, (h7V(H)). YII = B is an outer measure on B. We shall denote it by
at. By %, we shall denote the nuclear closure operator x, P (A) — @ (4)
defined by

w(K)=1{a| 3k s K, hia) =h(k)

If =, (F) is w~-measurable then 2 (F) is uj-measurable. Indeed, suppose
that for K € 4, x, {E) is y-measurable and let K < B, We have

te (K) =0, (A7H(R)) 2wy (71(K) 0oy (B)) 4wy (B7HR) 0oy (B))

sinee x, (F) is w-measurable.
Afterwards

wi (RTHK) n BTV R(E)) + wy (RTHK) 0 (07 R(E))) =
“u (TR0 R (E)) £ w (RTHK) 0 BT (H (E)) ==
=, (YK 0 A(F)) 2wy (FH{K nh(£))) =u, (K nh(E)) +
4wy (K 0 B (EY)
which points that k() is u,-measurable.
Let us remark that if £ is an injective mapping, then =, (E) = E for

cvery & = () and, in this special case, the u-measurability of £ implies
the u,-measurability of h (E).
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Theorem 6. Lot 12 IT - 1" be an injective homomorphism of free semi-
groups and let vy be @ CSOXM on Iy, Then % is @ CSOM o4 the subsemigrowpy
k(Il) so that K = M (w,) {mplies h (K) € M (uh).

Proaf. Since A is injective the fanuly of sets o’ = {4 (E) | E e Ay, 15
a partition of the subsemigroun A (I). Here ofy, is the sct ol atoms of the
Boolean algebra M (u,). In view of the previous considerations. these sets
are pp-measurable. Let now R < (1), Then u? (K) = w (#”! (K)) ==|iL

Led,, Lnh YK #0 =h{L)|h(L)) n K # 0} since

Jn ATHR) £ 00T Ko b)) # 0 (beenuse K < b (13). Therelore M ()
is an atomic Boolean algebra, the measure u? being induced by the parti-
tion o'

Let us vow consider i () & of and the word p < L (7). Then P =hig)
and ¢ is the uniquc word baving this property. Therclore b (1) P
= h (E) h{q) = h (Iq). There exists £27 so that Eg < 1, fvom which it ol
lows L (E)p < h(K')e of'. It is obvious that the third condition rom the
definition of CSOMs is also satisfied.

Covollary 4. Let h: 1y — I'* be an isomorphism. Then for cvery (SO
p: P (L) = Ry the measwre b is a CSOM on I,

We observe that, if 1, is a measure on 1, u, o measurcon B, h: A — [}
and x, is the closure related to the nuclear cquivalence of b, we obtain inune-
diately that

Muh) = w0,

(Pught = p .

IV. The states of a sequential outer measure. In this paragraph we shall
use again the background of our paper [6), namely the measure semiautomata.
Let p be a sequential outer micasure w: @ (I%) — R,. The state of the
measure p in the word pe I* is the mapping u,: @ (I*) - R, given by
ity (B) = p (pE), VE = PI7).

Theorem 7. Every state of a sequentia! ouler measure is asain a seqren-
tial outer measure. Moreover, if Hg 1™ is o u-measurable language then the
left dertvative p | H = {r|r= I', pr = H} is v -measnrable.

Proof. Since u is a sequential outer measuve there exisls a measure
semiautomaton 4 =(1, S, f. m ;5,) inducing u on the input semigroup. We
claim that the seminutomaton A’ = (1. S. f. m;f(s,, p)) induces the mea-
sure u, . Indeed, let u' be the measure induced by 1. We have :

p (E) =m({s|f([ (50, phq) =59 € E}) =
=m({s|f(s.pg) =5 q € E}) =
=m{{s|f(sy,1) =8, € pk}) = u (pk) - w, (F).

Let now IT be a u-measurable language. For every language I € I*
it holds :
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pipiLl)ys Ll and p(p|Ly < L.

From the cquality

w(pk) =u(ph n )+ v (pK n H°), VK< I*,
implied by the w-measurability of II, it follows that

w(ph) 2 w(pK 0 p(p|H) + u(pK n p (p| K )), ¥vKc I*
Thercefore

w(pK) = w(p K n (plH)) - w(p[Kn (p) HYY,
which comes to
2p(K) 2, (K0 (p D) + w(K n (p | IY),
hence pIl is y~measurable,

Let 4 = (4, 8, f) be a semiautomaton and let 4, = (1.8, f;s) be the
evelic semigutomata generated by s, j =1, 2 (2). If 4, and A, induce the
same CSOM on the free semigroup 7%, then s, and s, are called equivalent in
measure. Let < be this cquivalence. If f, : I* 5 § is the mapping given by
S (p) =fls.p), Yp=I* it is obvious that (s,,s,) = ¢ iff Ker f,, =ker f,,.
Ioe=v, A is called a measure-reduced semicntomaton, -, being the identity
on S.

Let Q () be the sct of states of the CSOM w induced on I* by 4=

=L 5, f) and let o (u) =(1. Q(u). f: u) the seminutomaton of the CSOM
u, where f, (.U-p s ) = g -

Theorem 8. If u iy the measure induced by the semicutomaton A {w)
o~
we have w < w. If A4 =(1.8, f;s,) is « semiawiomaton inducing u, the equa-

lity w = u holds iff A is sy - conniected wid measure-redueed.

Proof. Let us consider the equivalences « == {(p, gl flsy, p) =
=S {0, M 2= @ 1 fult, p) = fulz, )] We claim that « < au . We re-
mark that 2, ={(p. g) | w, =} ={(p, ¢) | 1w (pk) = w(qE), YE =P (I*)} ={(p, ¢) |
f (s, pEY =1/ (59 « q”)‘le Vi &P (I*); == Uy 0l |f(f(50 s P k)| =
= |/ (f{ss- ) E)}. Now it is obvious that, if (p, g) € = we have (2 q) € oy

Taking into account that the necasures u and u are induced respectively by
tie partitions related to the equivalences a, and 2, we obtain the first part
of the theorem. For the second part, if the semiautomaton is measure-redu-
ced, from | f{f(sq. p) B} | =|F(f(s0,q) £)|, VE< P (I*), it follows that
S50, p) =f{sy,q), hence (p.q) = «. Therefore » = zp and the prool is
completed.

Let us now remark that the set of the outer measures related to the
partitions ean be ordered in the following manner : if Uy, iy are two outer
measures induced respeetively by =, and =,, then iy €y iff the partition
=y Is finer than =, . Using this ordering the poset of ouler measures which
can be induced by partitions becomes a semilattice where w; V' ouy is the ou-
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ter measurc induced by the intersection =, A =,. We shall denote by SOM
the semilattice of outer measures.

In the sequel, we shall use often the suclear mcasure related to a lan-
puage xg, Iic I* which corresponds to the partition {E, I*\ E} genera-
ted by the cquivalence ker xg, where »g is the charaeteristic function of
E. We have obviously »g(E) =« (F°) =1, xg ([*)=2.

Remark, It is clear that the set of partitions of a set endowed with the
interscction of partitions, the sct of equivalences with the interscetion of
equivalences and the set of outer measures with the ordering previously de-
fined are isomorphic senilattices,

Restricting this isomorphism to the scmilattice of CSOMs, we obtain
that this semilattice is isomorphic with the meet semilattice of all right
congruences on the semigroup J*.

V. The semilattice of cardinal sequential outer measures. Let us consider
a partial ordering ., <*on the sct of CSOMs on the free semigroup I*, namely

wy <y I g (B) < o (), VE < P (I%)

This ordering is the same as the ordering we have intreduced in the
previous paragraph. Here we deal only with CSOMs.

Theorem 9. The st of CSOMs o1 I* with the partial ordering <™ is a
sup semilattice (SCSOM), where sup {u; . wa} = a0 <l and A, being two
semtiautomata generating on I* the measures w, wid w, respectively.

Progf. 1t is clear that wy,y,,=wqand gy, 2y . Supposc now that
w3 and w2 g,. Since w iy a CSOM theve exists a semiautomaton
A =(1, 8, [ s) so that u, = u.

In view of Theorem 1 we have the homomorphisms h: 8 — 8y, hy:
18- 8, . In view of the properties of the direct product of sets, there exists
LS -8, %8, so that pry b ==k, and pr,
h =h,. We claim that h is a homomor-

w7 . \\ff phism. Indeed, from A (s) = (5, . 8,) € §;X S,

h . it follows thatfy, (% (s), p) = f12 (182D D) frz

S, % §p s ———— T 5 heing the transition function of the product
~~ // semiautomaton A, > A, . From the definition
ﬂ?"u—, W of f1. weohtain fi. ({85, 5.). 1) =f=(f (51 P)

S fo (s ) =(f (pry k(). 2) f (pry B (), 1)) =

(7 Ohy (s D)y fo b (), P) = (s (S5, p))
hot f(s, )y =(prih), R(f(s. P} pra o (f (5,0)) = R (f (5. p)). We remarlk alse that
hy, hy, h arc surjective homomorphisms. Hence gy 2 14,04, and we have
proved that u,..,, is the supremum of yu, and w,. In view of corollary 1 of
the Theorem 2. the measure sup {u, , =, is well definded.

The CSOM = is bounded il u (I*) < cc. Let us remark that the sct of
all hounded CSOMs is an ideal R in the semilattice of all the CSOMs. We
recall £ is 2 regular language iff there exists a tinite semiautomnaton which
recognizes £, hence a bounded CSOM u for which E is n-measurable. The-
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refore it appears to be of concern to us to study a certain extension of the
notion of regularity. .

__The language < I* is measurable with respeet to the ideal H of the
SCSO%% if' there exists a measure », € H so that E is yu, -measurable.

Tence a lancuage K ois a regular one iff it i 1 iith r
to the ideal R of all bounded CgSOMs. it is measurable with respeet

It is easy to observe that, if E is y-measurable then £ is (u1]-measurable
where (g] is the principal ideal generated by wu. ' .

Let M (H) the set of all languages measurable with respeet to the i-
deal H. Consider the equivalence vp ={(p,q)|p,gs I*, p|E =¢|E} —
= {(p, q) | Xe (pr) =X (qr), Vre I*} and the ouber measurc g related to
the partition =y generated by the cquivalence v . '

Theorem 10. For cvery IS I* the measwre ug is ¢ CSOM. i ‘er
e M (H) iff up € H, for every ideal H of the SC§5JI . foreoger.

Proof. Let us remark firstly that vg is a right congruence, for, if (p, q)
= v Lt follows (pt, gty E for every te I*. Indeed if %y (pr) =g (gr),
Yr = I* then yz {((pt)r) =y (P (1)) = ye (g (tr) = Xz ({gt) r). Thercfore, due
to the Corollary 3, up Is o CSOM. Suppose now that there exists a CSOM
u &€ I so that E is g-mecasurable. Then F is an union of atoms of the Boo-
lean algebra M (p) (in view of the Theorem 4) and K = u {H, |y = I’
[11’-, € oty }. Let us eonsider the semiautomaton A (u)= (1, oy, fu; F2y), whcié
E, is the atom containing the null word and £, (B, p) =£', E beinguthe uni-
que atom including Ip. Then I is representable in the semiautomaton . (u)
by th‘c set. of states {Hy|v<stU  H,sdt,}. Indeed. if f, (E,, p)=H, since
e s L'G we have ep =p € H, = E from which p k. ‘

The semiautomaton .f (u) induces on the free semigroup I* the
measure 1. Suppose that g is the measure induced by A (u). Then w' (K) =
=|{Ls| 8 = A Lsschy, Ls n K # @} = u(K), for every K < I*. We'in-
fer also that u is generated by the partition refated to the right congruence
va ={(p, Q) 1 fu(Eo,p) =fu(Fy, q)}. We have to prove that v, <vg. To
this end. lct us consider (p, g} = v, . Then, if f (&5, pr) = {Hy|{y<s g}
we have fu (Ey, g7) =fu (fu (Bo, @) 1) = fu (fu (Eg p) 7). =fu (Ey, pr) and
Ju (B, qr) = {I"I., v = I'gl. Ienee v, < vy and it follows that up < u,
since the partition corresponding to v, is finer then the partition cof-respo.n;
ding to vg.

The importance of the measure pz is emphasized by :

__Theorem 11. A language E<I* is vepresentable in the semiautomaton
A Hf v < g

Proof. Suppose pgp< ity, where 4 = (I, 8, f;s,). Since u, is induced
by the partition 7, related to the right consruence v, — I{p, (;f) Jlsg, prii=
= f(8,,9r), Vr = I*}, we have v, < vg. Therefore F is the union of some
blocks of the partition =, because £ is the union of some blocks of the par-
tition related to vg.

Conv:ersclyz suppose that K is represented in o by a subsct of the set
of states §; = 8 and (p, ¢) = v4. Then f(sq, pr) =f (54, qr). If pr € E we
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have f(sy,pr) &5, which implics f(s,, gr) & 85, or qre I Therefore
(p,g) € vy and vy < v

Let us remark that for a certain language E < I*, the measure p, i3
the CSOM induced by the seminutomaton Ag =(I, I* | vg, fr 1 [e]), hence
from Theorem 1 we obtain:

Corollary 5. A language £ < I* is vepresentable in a semiaulomaton iff
there exisls @ swrjective semiautomala homomorphism from A to Ag .

In order to prove closure properties of the family of languases
M (I we need some preliminary results. Let us consider the equivalenes

S =i{p @l p=E|g

for every E g I*, where E|p ={r|r e l* mp = E}; 3 is o left congru
ence on the free semigroup I*. Let oy be the outer measure related to this
equivalence,

Theorem 12. We have up= U {#g. |7 & I*} and 65 = U {upp | re I%)
in the SOMs.

Proof. Tt is more convenient to prove these equalities using the iso-
morphism between the join scuiilattice of outer measure and the meet semi-
lattice of equivalences, numely, to prove instead of the previous equalitics,
that v, = n (ker gy | r € I¥} and 35 = n {kev Lozl r € I*}',

Supposc that (p, q) € 0 {ker Zep r = IF] Then pe Elriffqg e Ik r
This implics that pr € £ il gr € I or r & p | L Aff r €¢ [ £ for cvery
ro= 1% Tenen p B =q| E from which we obtain (p, g} € vg. Therefore
0 Iker vz, r & [*} © vp. The converse ean he proved immediately s a
similnr argument works for the second equality.

Theorem 3. Let I be a languase, I8 < T*. The greatest left (right) con-
gruence eontained by ker yp is 3 (Vg).

Proof. We have 8z € ker %z for, il (p, ¢) = 3p then ¥g (rp =2z (rg),
vr e I* and, taking r —=e, we obtain (p, q) € ker xp . Aftcrwards, let B <
< ker 7 a left congruence and (p, q) = B, hence {pr, qr) € B, Vr & I*. Since
B < ker 7y we have (pr, gr) € ker yg for every r = I¥ ; therelore (p, ¢) = 3g.
The same proof can be used for vg .

Bemark. The last result implies that the least CSOM  greater than
“p IS fp - .

Lot now I be an ideal in the SCSOMs and £ the ideal in the SOM, ge-
nerated by I :

Theorem 14. We have D = M (H) iff »p = H. o
Proof. Let us consider a language D = M (II). Then pp = I in view

~ . vy
of theorem 10 and, since %y € 4, we have xg = [l in view of the definition

of ‘{\I

=1 3pe H<uh
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o~
Conversely, let », & I, There exists o rvight congraence x & I so that
»p < «. Op the other hand %, £ up and laking into account that u, is the
least congruenee having this property we oblain %, € up < 2 Then up = I,
in view of the definition ol ideads and 73 = M (1)

Corollary 6, Since up = wpe. Ve = 1% we obhiing vy, & H o and using
Theorem 14 we gel B[V &M (1), vrel®. We conclude that M (II) s clo-
sed woith respecl to left derivatives.

Coroliaey 7. We huve proved up to nowe thal the follscing Hhree asserlions
are equivatent for an ideal 1 of the SCSOMs :

D oe M. iiup = M. i) vy e 1.

Theorem 5. Fhe olass of seix M (H) is closed with respect 1o sel theore-
tieal wnion, intersection aud coniplenrentation.

Proof. It is obvious. in view of the definition of s-measurable sets that,
if B = MU then K¢ = M ().

Afterwards, suppose that K, K, = MU Then [ is op-measurable
and I, is w,-measurable. Henee, using Theoran 2 from [6], there exists two
semiattomata I, = (I, 8, . fy o) and o, = (L850 fo: foo) generating the
measures w, and w, inowhich Ay and E, are represencable by some subsets
S S, and 83 € S, . The seminutomaton L f, X A, generates the measure
oy Vou, & Hoaud since f2, 0 £, and £y 0 F, are representable by the sub-
set S7 3¢ S, U S, xS and S) < S respectively wa infer that both 2, u E,
and £, n E, are 4, ¥V u, -measurable.

Theorem 16. Lot 12 < I* and I = wn (EY de the momber of distinet lef
derivatives of the language I with respect to words belonging to K. Then the niom
ber of distinet right devivatives of tie language 1 with respeet lo words belon
ging to E, ~p (E) is bounded by :

logs up () < 6, (E) < 2707,

Proof. Following theorem 12 we have o, = U {4p|r € I*} =

2
= U {ung r€ {ry,..., rp}}, which implies that o, (E) < 1 xfjlp(E)sf.’"——"Q“D(m'
i=1
. n . B
Since a sn:mlar argument gives up (E) € 2°2%, or log, up (E) € op (E). the
theorem follows.
Corollary 8. Taking E =I* we oblain
i
log, up (I*) < op (I*) < 2%077,
henee the number of left derivatives is situated between log, b and 2%, b beivig the
wumber of right derivalives.
We intend now to reobtain some well known closire properties of re-
gular languages. Let us denote by LK = {pg| p e I. ¢ & K} the complex
o
product of £ and K and by E*==y I/ the star-closure of the language
J=0 - B
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£, Here 19 = {e} and 2740 = 17 ], ¢ being the null word of the free semii-
aroup I*,

Theorem 7. Suppose . K & M(R). Then EK < M (R) and E* =
= M (R).

Proof. Let us prove firstly that uyp € up U U spggn and uge <

rele
€ U %gogm . In view of the isomorplism between SCSOMs and the meet
reli*

semilattice of right congruences it will be sofficient to prove that vpe> v
n(Yiker g |7 = I* = 2o Suppose that (p ¢} € 2. U pr e EK
we have pir = w, 00y € ., & K oand there ave Lwo possible stituations :
cither £ (p) < [ (), or T {p} > [(n,). In the first case 1w, =pwe and r =z, ,
w being possibly the null word. Taking into account that (p, g) € vg we ob-
tain qw = I, ¢r = (qw) u, & EK. The sceond case gives p =, w and
[CTESR

Then we KN r, p=—w,we E(K  r) and, since (p, ¢) € n ker Xgum it
follows ¢ € E(K |r) or ¢ =2,1,, where v & K. Therefore gr = ER.

In order to prove the second inequality, we shall prove that ves >
> 0 {ker Xpewy | r = I*) = 8. Suppose now thal (p.¢) € 2and pr e F.
There exist py, py, ry,resothat p =pips.r =ryra, p,, 7. € E* po, sk,
Therefore p =p,p, € E* (£ |r,) which implics g E* (F|r,) or gr, & E*
E cE* Hence gr =qryry & E¥ E cE* and (pr, qr) = g for every rel*,

It E, K= M (R), we have ug (I*) <oo, 0.x(/*) < co"and using theorem
16 we obtain that there are oy (I*) and 6y (7*) distinet right  derivatives of
the languages £ and K respectively.

Hence o
Hex S Ug UU{V-ELKlr, J =1, o (I*) and up < U {KE‘(Erk'l =1, eg{(I*)},
considering in the right members onlyv the distinet measuves. Now g (D) Sup
(D) T {xcsery (D) |5 =T, o (1)} and use (D)< U ey (D) Ih= 1, o0}
Since %, (D}< 2 for every L, D € I¥ it is obvious that uy, and pge ave
finite CSOMs, upy, wze = R, and EK, E¥ < M (R).

The concept of measurability with respeet to an ideal has also an al-
gebraic interpretation. Let 4 = (I, S, f; s,) be a semiautomaton and let U(A) =
= <{fili =1} y {5}; 5S> the unary algebra rclated to this semiauto-
maton, where f; (s) =f(s,%) and s, is a 0-ary operation.

Remark. 1t 4 is a connected semiautomaton the unary algebra ¢ (4)
has only trivial subalgebras. Indeed, since every s € § can be reached from
So,8 =f{sy,p) and s =f; (... f;,(s)..) where p =i, ...i, = I*, hence every
s is an algebraic constant [sec [4], p. 59]. Afterwards it is clear that the smal-
lest subalgebra of @ (1) is @ () itself (see also [4], p. 45, Lemma 1).

A converse result also holds : for every algehbra B = <F, S> of the
given type v = <1, 1,.., 1,0 > there exists a semiautomaton Aut(B
which 1s a connected one iff § consists only of algebraic constants.
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Suppose now that A, = (1. 87 7. ). § =1.2 are two semiautomara
and £ SY > 8% is asurjeetive homomorphism of semiautomata. Then b (f1(s.0))
=f2 (I (s).4) and k () =55 Using the operations of & (). we have h (£} (s))
=fF(h(s). ¥i = 1. henee b is wlso o surjeetive homomorphism ot algebras.

Conversely, each surjective homomorphism of algehras is a surjective
homomorphism of semianlomals,

Using the well known characterization of varicties of Birkhoff (e
[5] p. 123, .2} we obtain

Theorem 8. Let U be o class of wnary algebras having the same ype
T = < 1,1 0> consisting only of dgebraic constants and Aut () their
refated semiquiomata. Suppose thai for ceery algebra B & U the operator do-
main is indeved by the seme set I, B~ < FE 88 = with FE —[[F1i e I

Then W s a variety iff the set of CSOMs indwced by the semiantomata

Jrome Aut (A} s complete ideal in the SCSOMs on the free semisroup I*.

Proof. Let U be n class of unavy algebras satisfyving the previous con-
ditions and suppose that the set JF of the measures indueed on 7* by the se-
miautomata from Aut (AU) is o complete ideal (closed with respeet. to arbi-
trary unions) of the SCSOMs. To prove that ¥ is a vaviety, we shall prove
that ? is closed for taking subalgebras, arbitrary direct produets and epi-
morphie images.

Taking into account the previons remark it is clear that 20 is closed
with respeet to subalgebras.

Afterwards, et B = U 4 B — € an epimorphism. Then Aut (C) is
an epimorphic image of Aut (B) and sawm 2 dawe - Sinee e = I
it follows that vawe € I, henee Aut (C) = Aut U, or € = AU, which means
that A is closed with respect to cpimorphisms.

Let {B;|j € J} < U be a family of algebras, {Aut(B,) j = J} their
corresponding semnlantomata indueing the family of CSOMs {u;|j = J}.
Then Aut (Il B} =11 Aut (B;) and this last seminutomaton induces the

ied ied
measure U g, |7 = J} which belongs to H since I is a complete ideal. The-
refore Aut (I B;) €U, henee U is a variety. -

Jed

Conversely, let 2 he a variety. Then U is closed with respect to ho-
momorphic images and arbitrary direct produets. hence H is a complete
ideal in the SCSOMs.

Indeed. let » € H and u, € x. Then u is induced by a semiautoma-
ton A = AutU If 1 is the seminutomaton which induces u, on I* then,
using Theorem 1 there exists o surjective homomeorphism from A to oz @ (A,)
is the homomorphic image of @ (A), hence @ (.4,) = U A4, € Aut{A) and
ny € H.

A smuilar argument shows that if {3, 1§ = J} < H then v {u,|j € J}
= II, hence I is a complete idenl in the SCSOMs and the proof is completed.

VI. Global extensions of csoms. Let L — (7, S.f} be a semiautomaton
and 5, = 5. Se shall consider three outer measures on I* which are derived
from the CSOM induced by 1, namely
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us, (B) =sup {u, (E) ] s = 8,

ug (F) =X {u,(E)js = 8} and

s (B) = |0 {f (s, B s, e8]

being the CSOM induced on 7* by the seminutontton 4 = (I, 8, f:s).
Remark. 1t is immediate  that w e ug, and ag are outer measurcs
on P (1) and uf < ug < ug < IS .\lul(..:_)\(.l 2y, 18 again a CSOM
N - - 1 “. T o .
Indeed, letus eounsider the seminutomaton ::(1,7)(15),1 ,I.Sl) \3‘]11(,1(,_.
FS0) =0 )]s e 8 Then o, (B) = | U 4/ (0 p) 5= 8} [ =
T rEE

<] UL B) [ 9= S = ps(B). o
We note also that, if $, .9, then uf, Sug s ug <ug and alsq -”-s.s:.f‘*.s,
Suppose now that & is a uf-measurable language and oA is a finite

scmiautomaton, Then uf, (K) = u%, (K n 2y + uf, ({x U Fe) or {;up_l_u‘, (K)!

s =8 =sup {u, (K n E)|s 8+ sup {u, (K n k)| isss}, for every

Kz I*. Since u, (K)< p, (K n EY 4 u, (K0 E9), it follows that there c.l\:lsts

a state s, = .5, for which both suprema from the right member ave reached,

hence ) o

wo (W) =0, (K n &) + u, (K n ko).

We obtain )

Theorem 19. If E is a ul-measwrable language, there evists a state

5y & Oy so that E Vs w,-measwrable, where A, =(I, 8, f1s,). _ .
Suppose now that £ is a a3, -measurable language and 4 is a finite

semiautomaton. o o e
Then ug (K) = pg (K n E) -+ pg (K n E9) for every A = I*

This comes to

Z{m(K)|s= 8} =Z{u, (K nE)|s € 5} + Sy, (K n E) s € 8§}
or

Z {py (K) — (K 0 B} —u, (K n E?)} =o0.

s

SES,

Since u, (K) —u, (K nE) —u, (K n E9 € 0, VE, K =@ (I*), we have
e (K) = u, (K n E) + p, (K n E) hence I iy representable in every semi-
automaton A, =(1, 8, f:5) with s = §,.

IIence we have ‘

Theorem 20. If £ is « ug, -measurable language and A =(I, 8, f) is
a finitesemivutomuaton then 5 &s u a, “measurable for every s €8, .

VII. Sequential measure spaces. A sequential measure space (SSM)
on the free semigroup I* is a measure space § = ({*, M (uw). u) where p is
a CSOM on I*
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The class of SMSs on I* can he partially ordered by taking S, < §,,
where 8, == (1%, M) u) j=1,2 it “r S pp. Since the partial ordering
on the set of CSOMs on [* isa semilatticial one, the class of SMS on [* con-
joys the same property. We shall use further the semilattice of SMSon [*
denoted by SSMS (I*).

The mapping h: I} > I3 is a S, 8, -measurable function if for cvery
£ e MM (4,) we have A1 (E) e M (w). "

Remark. If his a 8, , Sy-measurable funetion, then i is S1. 85 -mceasu-
rable for cach pair (S;, S2) with 87 > 5, and S, =28,

Theorem 21, Le eI~ I, be a mapping and 8, =(I; o M (1)) )
J =142 two SMSs. Then » e € wp U hds a S, Semeasurable Sunction.

Proof. Let us suppose that » 42 S ¢;. Then, from the argument preeeding
Theorem 5, it follows that for every Is € 3 () the language #71 (%) belongs
to M (*u,), hence h=1 (E) is an exact union of atoms of the Boolean algcbra
M (Puy). Since *u, g wy every atom of this algebra is an union of atoms of
the Boolean algebra M (). Therefore k™1 (E) < M (1)), Conversely, let
h: Ay = I be a measurable funetion between (1, M (eg)eowy) and (2o, M (),
uz). The set of atoms of the Boolean algebra M (*,) consists of the set of
lnnguages {A~U(I) | I an atom of M (o)} But, cvery langunge A=t (H) is
also a py-measurable set hence it is an union of atoms of the Boolcan ulgehra
M (). Sinee every atom of the Boolean algebra M (*4,) is an union of atoms
of the algebra M (u,), it is immediate that B € ouy.

Remark. Let h: I} = I be a hommnorphism of free semirroups. From
the construction of the CSOM "y it is clear that il u, is o bounded measure,
then *u, also is, hence, if Eis a regular language then 4™ (F) enjoys the same
property.

A mapping o:I7 - I} is a sequential operator if {for every p, g &
there exists r € I so that @ (pq) = o (p)r. We shall denote r =3, (q). It
ts casy to check (sce {[2], p. 13)) that o, : I} - I is again a sequential ope-
rator. The memory of the sequenttal operator o is the set Q,= o, pe I},

We shall investigate the behaviour of CSOMs with respect to sequen-
tial operators having finitc memory.

Let 9: I} — I, be a scquential operator and A (o) =(I, Q., f,; o) the
canonical semiautomaton attached to ¢, Where fo (o, , 9} =0, . If B,is the
right congruence on I} given by Bo={(p,q) |p,q € I}, ¢p =o,}, then the
measure induced by A (p) on I is given by pae (K) =| K/Bq|.

Theorem 22. Let be H< I and E = W H)S IT. Then pp< i Sy

Proof. Let 8y ={(p,¢)|.0(p) | H = ¢ (q) | H}. We have r € p | E iff
pr € IZ which is equivalent to ¢ (pr) = o) =H, or o, (r) =so(p)| .
Ilence r  p | Eiff r = o3%¢ (p) | H) and we obtain pLE =9, (o (p) | H).

Suppose that (p,q) € 8, n 8. Then o3l =7l o (p) | H = olg) | H
and it follows that p | K= o031 (o (p) | H)= oW (g) | H)=¢q| E which im-
plies (p, q) & vg, hence Bon 8y < vy

14 — Matematici
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Let now be K < I, From the definition of the measure 1z it follows
. - - o ., » TN A Iy Fas g
immediately that up (K) = | K| vy < K18 ndy iR 8, ; .’I},‘_”\’
= waw (K) | K/By|. Afterwards there exists a bijective m:q)]'n.n;,rlf K3y —a
— ¢ (K)/vy given by A ([p] 8y) =[2 (p)] vy since (p. ']_) = (Ii\" < K) l.'))oy V:
o (p) | H =09 (q) [ II which is equivalent to {o (p). 5 (¢)) = (o (K] = o (K)) 0 vy
Therefore | K/dy (= | ¢ (K)fvg | = ttu (¢ (K)) =2y (K). e
We conclude that upx (K) € wae (A).%u, (K) which gives the
uality we looked for. ‘ o . .
! 60rollary . If o isa sequential operaior having finite semory .(I{‘_I..‘l Ly
is a bounded measure then po—1, 15 again @ bounded measure, for, il .Qq, = o it
follows | pa (K) | < | Q, |for every K < J{. Hence we obtain al wc}l '
known 1"133111[1? ' namely if 2 is a recular langnage and i:p Is ]u :L;[ue:]tm LOEN.;—
L) | ; age. We remark also that ®uy is not ne-
r then 71 (H) is a regular language. We remat ; P ne-
Zzzgql'ily a E‘SO(.\I )though D;LL,, is, sinee, Theorem 5 is valid only for homamno
phisms (which are special sequential operators with 1ng, =1}, .
Let now K be an ideal in the SCS50Ms on I*. The lincar closure of the
ideal K is the set:

K={u|p=SCSOM, 3u, =K, = € By, p < 21}

K is an ideal for, if ', u” = K then thcrg exists %, <) GHR+ 3 }.11_, iy "-—-')
e SCSOM (I*) so that o' <€ ap;. o' <€ By, hence p' V 4" < max (o_c,fi

' E T : K it follows obviously »' = K.
thy L ). Afterwards, from ' < pand o € K it fo s ob :
e V\’%:z )rcma,rk that’ the ideal of bounded measures is linearly closed.

Theorem 22 allows us to formulate : ) o

Corollary 10. If ¢ is a sequential operator o : I - >'{3 which )zs 241116;::;2
rable mapping from S, = (I3, M (), i) fo 8, =13, 3 (1) ) and hasa
finite memory: then the preimage of each us,-measurable la.ngua.élc i om
with respect to the ideal (u,). ‘ o - '

In view of Theorem 21 since ¢ is a measurable mapping we have z.th }i ttLlH.'
Theorem 22 implies that pe-1m < ttaw- ®pa. Takmg into accoun _
is a p,-measurable mapping, in view of Theorem 11 it follows that r .s ty Y

L & NCC Ug— € e Uy € Uaie Ype € Mag - iy Therefore
or *uy < ®uy, hence up-rgn € paw T

(i . M ((15)).
-y € (@] and ¢V (H) & M ({1, _
W (Lct now consider k:ly — J3 a 1neasurable mapping fromlSi -(gi :
M{w), u,) to So=(I7, M (), w). k:I7 - I; a mapping and let us
note by D (k, k) the language :

D(h k) ={p| k(D) # k{p)}

Then we have
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Theorem 23. If © (), k) is @ sel so that every L = © (h, &) is wesmeusu-
rable, then Iois a measwrable mapping from Sy = (I} | M (s V ou) g V ou)
o N, .

Proaf. Suppose that H = A (#2). Then L= (1) = [kt Iy n D@, I
SR 0 (D (h, 1)) =L IH) u D(h k)] v (27H(H) 0 (D (0, B

Sinee AU (H) s 1-measurable and @ (2, k) Is v-measurable it follows
firstly that (D (h, £))¢ is also  w-measurable and A7H(H) 0 (D (k1)) is
4y ¥V ogemeasurable.

Afterwards, since k1 (H)yn D(h k) = D, k), Trom the property of
D (h, k) we have A H)n D k)= M (w). Therefore A=1 (11) = M (i) V )
hence £ is measurable,

Lfemarl:. Let U be a finite language. Then there exists a finite semjau-
tomaton 4 —(1, §, f; ¢} 50 that U is representuble in . by asubset & = &
and cach of the subsets of I is representable in the same seminutoniaton by
other subsets S;c 8, < §. Hence every L U is a p-measirable language
where w is the measure induced by @ on I*
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ASUPRA MASURILOR EXTERIOARE CARDINAL-SECVENTIALE

Rezumat

Se consideri o masurit indusa pe un semigrup liber de un semiautomat
al carui alfabet de intrare coincide cu mulfimea generatorilor semigrupului,
Se studiazii relatia dintre misurile induse si homomorfismele de semiauto.
mate pentru semiautomate partiale, comportarea masurilor exterioare car-
dinal-seeventiale fati de homomorfismele de semigrupuri,



''''' DAN A, SDIOVICI o

Multimea masurilor exterioare cardinal-seevenfiale se organizeazi o
o semilatice disjunctiva ccea ee permite troduceren st studicren notiunii
de masurabilitate a unui limbaj in raport en l;il‘lil'.:l] IT' din acensta s.c!.ml:na
tice, o generalizare a notiunii de regularitate. Se stabilese ('““‘lf‘.t.(.l.‘l?‘.ll“ :flc
limbajelor H-misurabile si proprictati de 1|1c-hulc-rc‘. rt':-rus_uulu-;( “(.u,t if p"i")?
prictiti de inchidere ale elasci limbajelor regulate. Se arati i dac i o ‘fun_llg.g
de misuri exterioare cardinal-sceventiale coustituie unideal (*mn;-l.-t,‘_ f..llnl..l.l.
de z}lgcbrc unare atasale automatelor conexe ce indue aceste masuri este o
‘armtillﬁhfinul, dupd prezentarea unor extensiuni :Q'l(ilii-llf' ale 1.1'1'{15111&1(.):'
exterioare cardinal-sceventiale se studiazi uncle proprictati ale functiilor ma-
surabile dintre spaiii cu misurt exterioare cardinal-seeventiale.
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NUMERICAL SOLUTIONS OF TWO NEURAL MODELS
AND THE CORRESPONDING FORTRAN PROGRAMMING*)

BY

K. ¥. LEUNG, D, MANGERON, M. N. OGUZTORELL R. 1. STEIN

In the very ampie and important framework of BIONICS, whose
main lines of reseaveh are to explore the prineiples  of computalion in
living organisnis, to estublish the structural and functional orgamzation of
such ybiological computers, and to utilize this knowledge in the design and
constritetion of cognitive systems, conversant svstems, induetive inference
machines. cte., the anuthors investignied the solutions of the neural cquations
considered in [17]. After studving the stability  of the steady  state
solutions to these equations in general, they discussed finite systems with
more details, heecause their importance in laboratory work and eomputer
simulations.

In what follows the numerical analysis of the solutions is given and
FORTRAN programs for the methods of variable step size and variable or-
der of approximations is exposed.

A partial list of relevant references is given at the end of the present
work.

L. Introduction. The infinite system of ordinary differential equations

d T @
I1 T—+1|log—— =~ + B, x
(L1) ( Yy ) El = / jglriu i
and
(L2) (._-.'.’_ : “"J"" N
dt

f=1,2,8,.., have been proposed by J.D. Cowan and R.B. Stein
(el J17]) vespeetively to deseribe the nenral aetivities in a newral net. In (I.1)
and (L2, v, == r (1} denotes Cowan's wsensitivitys of the i-theel, 0 <2, < 1,
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