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Multimea misurilor exterioare cardinal-sceventinle se organizeazii cn
o scmilatice disjunctivi ccea ec permite introduccren i :.shldl('.l‘(rilbIlflf‘llll.nll
de misurabilitate a unui lunbaj in raport en un 1eleal U din secasti s'crvmln-
tice, o gencralizare a notiunit de vegularitate. Se stabilese (:2!1‘:1&:[(’.1-‘]'1621!‘1 ale
limbajelor H-masurabile si proprictiti de inchidere, re; 13}11cl-u~5(: tht&:l pro-
prictiti de Inchidere ale elasei limbajelor regalate. Se aratd i daciv o i‘eun.l]l‘u:
de masuri exterioare cardinal-sceventiale constituie un idzal (:mn;ﬂ)lct,.lznm.m
de algebre unave atasate antomatelor conexe ce indue aceste misurt este o
varietate. o o

fn final, dupii prezentarea unor extensiuni gl()ln{ll{: ale :1.1.;15111'11(31'
exterioare cardinal-sceventiale se studiaza unele proprictatt ale functiilor mi-
surabile dintre spafii cu misuri exterioare cardinal-sceventiale.
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NUMERICAL SOLUTIONS OF TWO NEURAL MODELS
AND THE CORRESPONDING FORTRAN PROGRAMMING*)

BY
K. V. LEUNG, I MANGERON, M. N, OGUZTORELI, R. 1. STEIN

In the very ample and important framework of BIONICS, whose
main Iines of reseavch are to explore the principles  of computation in
fiving organisins, Lo establish the structwral and functional organizaiion of
such ,biological computers. and to utilize this knowledge in the design and
construction of cognitive syslems, conversant svstems, inductive inference
machines, ete., the authors investigated the solutions of the nenral cquations
considered in [17]. After studying the stabilitv of the steady  state
solutions to these equations in general, they discussed finite svstems with
more details, beeause their importance in laboratory work and computer
simulations.

In what follows the numerieal analvsis of the solutions is riven and
FORTRAN programs for the methods of variable step size and variable or-
der of approximations is exposed.

A partial list of relevant references is given at the end of the present
work,

L. Intreduction. The infinite system of ordinary differential equations

(I.l) (1§+1)10g1 fa‘i ='}’f4‘j§l ?’UIJ

and

I N 1 ,
1 - e,\'p{ —l o i s a;]}

i=1

F=1,2,3,.., have been proposed by J. I Cowan and R.B. Stein
fef. [17]) respectively to deseribe the nenral activities in o nearal net. In (1.1)
andd (L.2), 7 = oy(h) denotes Cowan’s Lsensitivitys of the i-theell, 0 < a; < 1,

*) This work was partly supported by the National Research Council of Canada under
Grant NRC—\ 1345 thirough the University of Alberta.
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< denotes the mean interspike interval, +; is the external input to the i-th
cell, B,; represent the strength of influence of the j-th ccll to the i-th cell,
B, =0, and o; represent the strength of sclf inhibition in the i-th cell.

It has been shown in [17] that Eqs (L1) and (1.2} admit unique solu-
tions for ¢ > 0 which satisfy the initiz]l conditions

(1.3) (0 =2, {0<y, <)

i ==1,2,8,... and these solutions are monotonic in sufficiently small in-
tervals.

II. Numerical solutions of finite (I.1) nets. Tu this scetion we deal with
the numerical solutions of 2 finite net (1.1). To this end. we put once more

& . (’ul'r
Loy AT L ey
(I1.1) '

;
u, = log A = (rh) (r=0,1,2..)
1 =24

where A is a sufficiently small positive numbier. We rewrite Iiq (I.1) and (.3}
in the form

N
(IL.2) (1 +sD)w; = a4 ¥ by w (0) =uo (i =1, 2...., N),
j=1

J

where
(11.3) a; =vilt, by = Bul~ (by =0).

We wish to compute u;, to find z,, . We shall use the single step method by
Taylor expansion. By Taylor’s formula, we have

w b om L bt = B
(I1.4) v, =2, () = ;4 + ‘F Ui 2—t ot 5"}“:,0 O —gﬂ'.-_.ﬁ s
where
(TL5) ay =L
dtg t=l

Note that

1 ~
(11.6) uil = —-[ — et a+ Y by .r*m].

- Fel

We wish to find «} in terms of w{5? ..., i, w; 4, 7 =1, 2,..., N. For this
purpose, consider the polynomials P, (0) defined by the recurrence relations
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IL7) Py (0) — 0. P (0) =(0 - 03.%p ~r ol
(IL.7) (0 (0) =( 0)(101"'(0) 11(6)(“1)1'—1(0)‘

We have

P {0) =0 — G,
P, (0) =0 —30% - 208,
(ILs) Py(0) =0 — 702 = 1208 -~ GO,
P{0) =0 — 1507 4+ 500° — o0t 2 2408,
P (0) =0 —310* - 1800° — 30004 - 3600° — 12008,

It is not difficult to show that the coctlicients of the polynomials P, (0 =

r+1
: Z a,, 07 sabisly the recurrence relations
g=1
(IL.9) ey =80, 4 g =5 =ty g0, =L a; 4=—1,

Obviously we have I, (0) =P, (1) =0 for r -:1.2,3,...
By dircet computations we can show that

L, N .
(I1.10) ;; a2 (fe=1,2,, A
and
dua; du;
— =P r)—=,
s e
d* d*u; du; 2
(Itz. =Py (v) rf"’) +P, ("UJ)( ui_tj) )
ftd (
d? a; _p (T)(E“_NJH,HP (1‘)d3u1du; 2P, (3) i 3
an g TR e Ty 3’(dt ’
4w d* u; &3 u;eu d?u; |2
=P (z)) —Z 4P, (x;)) — =8P ' o
s ) 2 (@) ar  di 2 =) e
(IL.11) diuy  du; \* duy |}
LGPy ()= T2 L P ey =2,
pto) =2 %2) o))
Bz 5 1. G Y
E8 = Pie) ZU 15 P (m) DYDY 4 10 P, () T B
ar ar dit dt de de
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d? wy { dug\? d?uy )’ du;
L 10 Py (@ L 12 Py (x| 2| 2
o di:’(dt} . )( e ) dt
d g f du, ) duy \®
10D (x : 1A Py ()] - .
\ @) dti(dt) o )(dt]

Thus, putting

; du
IL.12 P Pofag, ), wlf) = a0,
( ) ry ¥ dt& 10
we find
1 - .
“'(f}(J.’ﬁ *—_l — Uy 57 4 T Z b;; ch,ol s
l k jal
| (2) 1 1y o ) o A1)
bl =~ ¢ —ug Z bis [P el 3
k jml
1 1 S (2 (1) (4,01132
) =~{ —ul ¥ by (PR + PR Y,
k S=1
(II.13) 1 N
il =“{ —u@ Y by [Py 4 3 P ol + PY (1R)°) 4,
k Fast
1 at 2)y2
wh = | =+ % by PG - 4 P + 9 PY (U +
i=1

' H) {1)14
6 P u® ) + PY (ulh 1}.

Substituting (I1.13) into (I1.4) we obtain ., =u; () which vields
@; (k). Note that, the error of & is less than the crror of u, since Az | =

1
=a(l —a)|Au|< y | A |.

The flowchart of the above single-step method with variable step size
and variable order of approximations for the numeriecal solutions of ligs (I.1)
with N-cells is given below. The program listing for this process is given in
Appendix A,
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FLOWQIART *9R £g5 i 2)

I&'n-nl: palysomials Pn(ﬂl

Read M,,D':"‘,,F, hoi &y

& [

He T; €, f maz

Lo t=¢

e
' e

Frint z.
1 4

]

=%z
B =50 + 1

E‘rml e by Ey £ .‘M,,_'.ﬁl

HI. Numerical solutions of finite (I.2) nets. In this section we deal
with the numerical solutions of a finite system of equations (I.2). To this
end, we first put

1
1L g%

% 1 e

(TIL1) 2 j » =T (w) = s =y () = - E Bi s = (8-
: : i=1

Then, we rewrite Eqs (1.2), (1.3) in the form

(I1L.2) -&-t-' A = [ (), 2 (0) =,
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We wish to find @, ;, =a, (&), where & is a sufficiently small positive number.
By Taylor’s formula, we have

h R B oo P
(IIL.3) @,y =a; (h} =,y + o afy + 21 Yo - am(f:,” + a1 g + 51 Ted F e
where
i R

Fr Ay =
(H11.4) L R
Hoem]

We now introduce the following sequence of polynomials @, (0)=Y; a,, 0",

(IIL.5) Q(0) =1, Q,(0) = (20 ~1) @, ,(0) + (0 —1) @, (0).
The coefficients a,, , satisfy the recurrence relationships

an,m _(7”‘ 'I'])(au 1, m.1 —day, l,m):“a,—] _0’ a0 _lv

o Uy =0 i m>n
We have
@ (0) =1,
@ (0) = —1 5 20,
(111.7) R:(0) =1 —60 - GO,
@,(0) = —1 - 140 — 3607 — 2409,
Qs (6) =1 — 300 - 1500% — 200" + 12001

We can casily show that

(III.S) (jui = u’. zi Ql (ZL)! zz — ZA (vi) - ul' (z"l) "%
i
and !
dz,
— =z —1).
(IT1.9) i (

Similarly we have

=1 7 @, (=)

¢

d?u, - L % Sl
(11110) d;f = u;, I Q2 (*-.)- db? u; 5 Qs(":] — &

for any n. Note that
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-du N de
(IIL.11) R Y
i’ Fo1 de - -
. : i, d'o .
Hence, putting +{ —=—'| and oy =22 | we find
(h); =0 drr t=m0
AU , 1) 1
Y — R &+ u-ﬁ,,)’ Vi »
(2) i 1
o = — Nl -+ w0 U(ff()} s
A3 £2 , 2) 12 1) 02
Tig = — kA L u [”5.0 (‘)E‘,t; + ”‘f,l.: Uiols
5 A4 {3y , 3 {01 2) A1) 120 | a0l (3
(1I1.12) Tep = — A &g + u [u}_o’ (v9)® + 3 ui U‘,c; Ui -+ g Vi),
(5) . 4y . 4) (o) 3} (o (1 12
Ty = — N 33&,0 + wlug ('—’f,o)1 T+ 6 ¥ (01,6)21%,3

¢ (2) a2y (2) pot1) 3 (1} (4
-+ 3 “a,c)u (UI,I;)Z 4 "f,(% Vio U8 + Uo Uc.d I

Thus, combining Eqs (1L.3), (II1.8), (I1l.10), (IIL.11} and (I11.12),
we find the value of a, (f) at ¢ = h.

The flowchart for the above single-step method with variable step size
and variable order of approximation is given helow, and the program listing
is given in Appendix B.

Let us note that the numerical methods presented in this and in the
preceding section can be casily extented to neural nets where the constant
mnputs, v, ’s, are replaced by sufficiently smooth functions of 1.

To illustrate this case we refer to Appendix C.

In our investigations we observed that hoth newral models {I.1) and (1.2)
arc very sensitive to the variations in the inputs when they are in the neigh-
borhood of their steady-state positions. In both models the 7, (t)'s generally
approach very fast to their steady-state position from any arbitrarily
given initial position whenever they are stable. An apparent pattern adap-
tation around the steady-state solutions can be ohscrved casily by
periodic inputs. Two examples are given in Appendix C and Appendix D.

VIL. Description of the programs. In both FORTRAN programs for
Eqs (I.1) and (1.2) the following parameters are used :

N : number of equations in the systems,

NA : order of approximation used in the caleulation,

NB : number of times that the normal step size is halved,
TC : the time ¢,

yi : normal step size of the caleulation,

T : the time that caleulation is terminated,

B{{,J) : the matrix Sy,

A (1) : the input veetor,

Eps : a small positive number.
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FLOWCHART FOR £Qs (I,1]

ithu-alc polynonials P“ (n:.)[

reak N, &k, By fia

A, Ty 4 o mows

OT‘.

T

Prnt 2, , & average
i

Lo ————e

e

Ip-r'...-. L, 5 e ay g alt), WAy f.’.‘.ﬂ

Furthermore, in the program lor Egs (I.2) we have the following two
parameters :

ZL (I} : the quantities i,
2\ : the quantits u.

In both programs, the single-step method by Tavlor’s expansion is used.
For flexibility, a method of variabile order of approximation and variable
step size is employed. To do this, the eoutributions from various order deri-
vatives of the solutions z, are checked in each iteration, starting from the
sceond order derivative. If the contribution from the j-th order derivative,
say, is less than e, a very small positive number, then the solutions z; will
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be determined by the j-th order approximation formula. If the contribution
is greater than e the contribution trom the (j - 1)-st order derivative is
checked and so onu IfJis reached and the contribution from the J, -th
derivative is still greater than s then the normal step size will be hal-
ved and the contrtbution is cheked again, and the same procedure is repea -
ted until the eontribution is less than . In this ease, the o are determined
oy the J_ -th order approximation formula.

For hoth of the systems {1.1) and (1.2) prosram listings are written in
Fortran and are run under FORTRAN IV G, in the University of Alberta
IBM 860/67 Computer, Numerieal examples are given in Appendices A, B,
C and D.

APPENDIX A. -- Numerical solutions of equations (I.1) with a cons-
fant input vector.

Two examples are considered. In the first example, the sum of the cle-
ments in cach row or column of the matrix 201, J)=(5,) is less than 1,
and the parmineters used are:

N =4 I G4 > 1078
TC =012 Eps =0.1 .. 1wt
0.4 | 0.2 0 04 —02 01
A() = —05 g =| 98 By~ =04 O 0.3 —0.15
0.9 : 0.5 | [ G2 —0.3 0 0.26 |
0.6 | | 0.7 —01 015--026 0

The solutions are monotonically increasing or decreasing to their respective
steady-state solutions. The graphs of the solutions are given in Fig, 1.

=N :

=] Xt

’ Xy

=14 X2

g ! } .I l L I i 1 ] Kl i 1 i 3
00 CO8 ow  en U2 0w U 0% Obs D07 Use 088 086 1 12 o

X0

—
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In the second example, the sum of the clements in cach row or column
of By is of the order of 100, The parameters used are the same as in the First
example exeept that B (1, J) in this case is :

0 4 30 - 20,

B0 — 45 25 =10y
-30 — 23 0 10

20 10 —40 0,

<

The solutions first oscillate and then approach to steady-state solutions.
The graphs of the solutions arc given in ig. I1.

Xi

o R T 00 00 0@ 0% 5 072 0B om o T
{ X101} —

Fig. 2

APPEXNDIX B. — Numerical solutions of equations (1.2) with a con-
stant input vector.

Two examples are given here, in the first one, the matrix B (I, J) is
chosen such that Y. By < 1. The parameters used are identical with the

ones used in exarr;lgi:z I of Appendix A, together with
' ZM =80
90 |
ZL (1) = | 9
-1
185 |

1t NUMERICAL SOLUTIONS OF TWO NEURAL MODELS

The solutions are menotonically increasing or deercasing to their ste

stale solutions. The graphs are give

163
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[
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Fig. 3
e
2]
g X
= X
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1 X3
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=
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In the second example, the condition z | B =~ 1000 is used:

0
B(L.J) — —*00

250)

-~ 100

0 0% o0k o 0% 00 0% 0% o5y 0z 0
(X0

—t

Fig. 4

iori
400 — 250 100
0 320 150
320 0 — 210
150 210 0

ady-
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All the other parameters are the same as above. The solutions first oseillate
and finally come to steady-state solutions. ‘I'he graphs are shown in Fig. IV,

. APPENDIX C. — Numerical solutions of equations (I.1) with an oscil-
lating input vector
_ Two examples are given here. In the First one, the input vector o (1)
15 oscillating while . (2) and . (3) arc kept constant. All other parameters
arce the same as in example T of Appendix A, except N =3 in the present
cilse.
A (1) oscillates with a magnitude of 0.8 and a period of 10 steps (ite-
rations),
A(2) = —03 A(3) = 0.

The solution oscillates and show the characteristic of pattern adaptation.
The graphs are shown in Fig. V.

X3

X1

4

t T T =Y.

W 05 0k o on on da ia o on 0w om om e
(X 10™

—_1

Fig. 5

In the second example, the input vector A (1) is given an abrupt change
(impulse) at the 100 step of caleulation while at the rest of the time it is
kept constant. The magnitude of the mmpulse is 10. All other parameters
are the same as in the first example. Due to the presence of the impulse, the
solution «x, increases abruptly, passes the value of the steady-state solution
and then decreases monotonically back to it. The graphs are shown in Fig. VL.
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a0

080

X5
X4

050

X2

600 UD8 A6 0k 0% 0w @ 056 G%LI W2 oth 023 0% i oi3 o
(X10h —

Fig, 6

APPENDIX D. — Numerical solution of equations (I.2) with an oscil-
lating input vector

In the example given here, the input vector A (1) is oscillating while
A (2) and A4 (8) are kept constant. All other paramcters are the same as in
the first example of Appendix B, except N =8 in this ease.

A4 (1) oscillates with a magnitude of 0.7 and period of 12 steps.

A2 = —05 A(3) =0.9

The solutions oscillate and show the characteristic of pattern adaptation.
The graphs are shown in Fig. VII.
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VIH. Remarks. We would like to note that the results in Section IIT
for the stability of the mfinite systems (I.1) and (1.2) are considerably res-
trictive. Ve feel that a more comprehensive investigation ean be made in
the framework of Refs {7] and [8]. Further, for finite (I.1) and (I.2) systems
the powerful analylic and asymptotic methods of Refs [12) and [13] can be
used to investigate oscillatory solutions. Ior systems with relatively small
number of cquations certain speeific results of Refs [5], [11], [18], and [23]
can be emploved to deseribe more accurately the behavior of the solutions
to these equations.

In Scetions V—VII, we used frecty Refs [3], [9] and [16].

Ior the physiological interpretations of the results siven in this paper
we refer to Refs [1], [4], [6], [10), [11], [17], [19) —{22] and (24].

In a forthcoming paper in this series we shall present more results for
the neural nets (I.1) and (1.2) and for their extensions.

IX. Acknowledgzments. Tt is the authors’ very pleasant duty to cxpress their sincere
thasks to Mrs. 3L Willard of the University of Alberta, for lier help in some of the comjntter
sitnulations, We wonld also like to thank Professor V. Lakshmikantham for his valusble conte
ments and to the University of Alberta for use it its computing facilities.
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SOLUTII NUMERICE A DOUA MODELE NEURCNALE §I PROGRAMAREA
FORTRAN CORESPUNZATOARL

Rezumat

In cadrul actual al dezvoltirii dinamice multilaterale a BIONICIT,
autorii, continuind studiile proprii, consaerate determninirii solutiilor ecua-
{iilor cc modeleazit retelele nouronale, exammnindrii stabilititii acestor solutii
siconfruntiirii rezultatelor teorctice obtinute cu experiente adeevate de la-
borator, expun analize numerici a solutiilor modelelor matematice a rete-
lelor newronale (1.1) si (I.2), in ipoteza retelelor finite, si prezinti schite de
programare '"ORTRAN referitoare la metodele de pas si de ordin de apro-
ximatic variabil. Un numar de grafice Husbrative, corcspunzitoare unor
modcle conerete este reprodus la finele prezentei luerir,



