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1. We reeall that in a previeus paper ([4]) we considercd submodules

i the diveet product 1 M of an arbitrary family of left (vight) A-modules -
el

and we ealled these submodules linear velations ;A denotes a ring, not ne-
cessarily conmuutaiive, with an identity clement. These linear relations
represent the generalization of 1he so-cailed additive relations (see {2] or [3]
p. 51 —33). or homomorphical velntions ([1], p. ¥ —15). i.c. submodules of
e direel sum of two left (right) modules over the same ring,

Lot B = 1M be a linenr relation, pic 1AM - M the canonical pro-

iet jel
jection onto My and g M, = LA the canonical injection of 3, Denote
iel
Iy Ker; B the submodule p (o g, (M) of pd{R): we call KenR the
Lernel of indew © ol the tinear relation R ; clearly, «; = Kery B iff the family
(h)jer, whose i-th component is «; and whose remaining componcents are zero,
helongs to R Denote also by £ (@) fora, € p; (R), the setof clements {a), ¢ 13}
of TU M, . such that each of them, together with a,. form a lamily (@);e1
from K (from now on, we denote (@), ¢ () by {a)ess). It's natural to eall
I, i U R A{a,) the image aof index i of the linear relation R.
ey )

It may come as a surprise to the veader that it is sufficient. to assume
that Tor one (& f we have 2R (a) - wl{b) = B {k, + wh,), Tor any
rowoe dow, by & p(R). so thal the cubset K< 11 M, is a linear relation

el
and then the above equality of seis holds for all j = I
Proposition 1. [f R = 11 M; isalticar relation. the for all €1 0R (a ) A
el

e = R (- b)), where nou € o aid ap by 2 pi(R); conversely,

if for a subset & €01 3 there evists i € T such that we have 20 («;) - 2R (b)) =
ied

RGa, 1 oub). for avyg now e A aph, = p(R). then R is o linear re-
fttieni.
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' ' “is clear that for B homomor-
o have B = (€ 2 ((1). Hoas eier
We have f:en.-H,’){cr}: o . I
V.. Dol B =M, and Ind B =0 and so

heine in this sttuation the well-known

Proof. Tas casily verifiod  that 2R () (b = R (e ouh)
To wee that the converse inetusion is atso troe let s consider = = R (e

: ' i phisin from M, o
ah ) and et e and i be clemends from R (e0)). vespeetively R (1) : clhria

= U {27 (10,) % jeyl)

i I (/_u_-). wi = B{ah and - o= B ah) so that 2 (o 7.4) a i EINTRIReL he cokernel Mo fKer B and the image T K.
& R (g oy, isomorphisim between the ok -0
10 remains to be proved the last assertion. Lot (o)) e and (b)Y c; he
bwo Familios ront B Ford = viven in Lhe hypothesiso we have v (o)) = L o T 1"’,
Sladamd yo =g, & R{b). bhenee 7o doay = R {ret, b)) Tor 7, Vel f_\ PR fk
= LT dollows then, as required, that (e, +— ubdigre I i . L T
Lee die stracelure theorem Tor Tincar relations siven in our paper [ men- e -
Honed aboves we proved thal for each 7 = we have Lhe commmtative dis
wram in N bowhere £ s ancadditive (hinaey linewr) relation umiquely de
termined by R (a)ieie B () il (tihigs s I:‘{ nen arve l.iu- ratural pro | . ™ Der i
Jeetions o4 and s, ave the stracture epimorphisms and s (he stroetnre I I 7 Werkt
i~omorphism, ig. 2
' . qole v B fori = T
i g . : .ol - denole in I
JINE L - . ;"" 1 o Consider o limear relation R Ejgr I and ; :
- ¥ {) ) . . ; T thal s fi,, —
T, P 1 j+ = 1 the binary linear velation nuluculll‘.\ R ]”‘ M, @M, . "
- o A3 e e Rowith bo=a, 0 b, —=a. . .
R; - o) =) (‘ ))J.Ef it lincs ;. WOLCER . o establisl the conneetion
N o By means of fhese hinary Tinear velatia {.‘
i N hetseeen sirucetire diagrants }J! I f’if{‘;{")”{{ﬁ”“ “(‘;‘;) wd e ILRIR (0) ®
: . e _ ) : = Tl
L . NrE We assert st that K € p; ::b ! LAY . ot NG o
2 ¥ piidd) 170 lefined by o, (R {a)) = (B {a)a, = By (@)} -
Tm; = T Kewn Lng, RIR (04) cletine Chich establish the conneetion between the strueture
Kor binary lincar relations which establish the i
Fig. 1 dineram of index i and the structure diagram of index /s

it ) = p{R}) a,=
Proposition 2. u) 1, = (B (@). B {a )], = iy, (ag), ”,' ]'pr,’g‘mzz m;m-
& p (R} is a binary linear relation wehieh males the following diad
Weshowed also that the disjoint equivalence elasses : Arphreee sy it
Ve showedalso that the disjoint equivalencee elisses from T quadient mo iz Ui, 3)

dide Ty, RIE(0,) are all distinel sets of form R (0, with a, & p, (R). and

that K- J (C 0 2, 003 The last stictement is a0 very sugoestive result t o R

ey R Ker; 1 D {y ————— L -ﬁ—:.i“

which shows that the set B <V M, is the wniosi of all disjonil cariesian pro- ; o
=y ! !
ducls of forne €05 (C) where € is a0 coset of p, (R} Ker; i and », (C) s i i
the corvesponding coset R («)) Trom T, RIR(0) (e, — b, = Ker, B oy i ik |
ao s p (R T R (a) — R (b)), j :

Tie struchire i.s-nufrn'p;'ri..a-m 20 p (R)Kev, B — T 1R (0) i5 in Jael ! 1 g R

the general form Jor the wsuad iswmorphism betzeeen the coleernel cnd the it ge of peR)  —me— - R0

a hmoniorphism. Fig, 3

It R s M @M, i a hinary linear relation (which may he regarded
as amany-vatued homomorphism defined on o paet of MO we denote as
mo 2] or (3] Kery B = Ker R Ker, B = Ind B p (B) = Dol R, Pa (1) =

I R:obviouslv, R0 = Ind R R (0,) == Ker B and the struetare dise-
grame for & — 1 = [ = 120 coincides with that Tor § =2 (flo. 2):

(R) (on) lo p(R). then the structure epi-

B isa hemomarphisi of p; ]
by IF i i a HONGE) i 1y et

' reides i Csfruelire s phasm g, enid g
sarphisn &, coipeides woith the struehire fsomaorphisin =z, i

niisu.
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Proofo a) We mnst verifyv that Mo (R () == 0y, (R (D)) in case Lhat
Ra) =R but il R () =K (h) then a, e R, (a) 0T . & R, {h).
Thus, R ()= u, (R(a))ill R () = 0, (R (D)) as required,

o Consider two paies (K (0. R () and (R (D), R(bY) from W Tor
which we have o, = By () and, respectively, ), e 00 then b, -
+oub & B (ha; o~ oub). for wos Lo henee (R {(na, 4 ub,)o R G, -

wh =0 (R («). B () - w{ R (b)) R (h,)) belones to oo We o con

clude that w,, is o linear relation.
. h) ()h\'i::us!}'. l'm'. ;< p(R) we have Mg (4 (a3)) =/ in.. {.rfl.,'_lf.
Rl [a,= R (a)t, T o is a0 homomorphisn, Ry () Tor s p (1),
consists ol o unique element «, = P (1), Therelore w (B {a M), tor & ()=
= Iny RIR(0,). consists only of o inique cosel R (a). what proves that i
This case w08 alsa g homomorphisin.

Ity the sme case, we show Uhat e, B =0, 1T not. there exists iy 7O,
tp o= N (00 sinee (0)iere R.owe have also 0, = B A00000 [olows 1hen
tp =0, 0 which ix o conteadiction. Thus Ker, B =Kert, =0 and 1, is iso-
torphisi : hy the commutativity ol the strocture diagram of index & /.
we obtain thal 1, coincides with P (R) = Ty, R IR (0. T (oltows il
that B.= (J (la,t o R {a,)).

E =

Remark, We can establish homamorphisms helween the stracture dia-
gram of one index ¢ = 1 oand all the other stroeture diagrams ol indices
fo# 0 when ol Roowith b2 b2 1. are lmnnnn(:l'phisms. It is casy o
cheek that this condition is cquivalent to cach of the Tollowing ones :

(2) Ker B, — 0. for all o 2 4.

{by R i~ IIH:I]N)I]l(n")hisnt.

(¢y R{0) —0.

Siee Kery B = Ker R, . we have also Ker, Bo=0, fir any L £ 7 (in
the above easc).

Nexto we nole that it we assime that both I’ and B, oare homomor
phisims. for two different indjecs § # L lrom 1,
near relation ;

Proposition 8. Let B < 0 M, be u lincar velation such thad both B, and

3

B homomorphisms, § £ b Then P AR) and p (RY are isomorphic. morcover
B, and R, are even isomorphisms : thus. PR = p(R) =T, R = T, R

Proof. Indeced. B, with k #i. and R, with an # & are homomor
phisms, in particular R, and R arve homomorphisms : bul Ry =l
therefore Ry, is isonorphism from Pi (R) onto gy (R). By applying the above
Remark, we have that Ker; £ = o0, Yiedand sow; # b, a0 = p; (R).
implies Riayn R(b) = 7. ¥/ = Iiwe observe that R (a) B (ay) and
Rih) — Ri(h): if we take Jo=ior [ — L it foBows that Boand Booare
injective, Thus, R, and K. are even iseanorphisins from g, (8 onto Im, /Y
and.respectively, from i (B) onto ha, .

we obfain a very special h
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1 r ] N . sl N ) L
We now L our altention Lo a particulo peary linear relation K
= M. Consider a sequence o homomaorphisms

' f f. Ioz
VM, . M,

here MM 1 oare left f-modules and Mois o submodule of W
wnere . P LI . o . I
])vl'iinili(m L Ve call functional linear celation the submodide "l{n Ha, .

. ) Loaf U] We
' = ‘ M.
o fhy eenes ”n) ty ::./l (”l)r fly =‘I: (”g):”-: ”u Jf.u 1 (”u l)l ’l( (—%l
Wnote B by RS o f ) ‘ _ _ o
o . - ' ceo [ 00t olord — 1.
In this ease. we have Byo=fiwe 100 20 ofin (-‘{4)"’.-“) -
! oand fbo=1.2 =i () denotes the pestriction of f, o
LT ; =N [ Dt . |
. : ' Cowith i~ are homomorphisms and on
p ARy S Imlf, e fi 00 Ofl])'. AR withyd . e i|1-li(:|,11 e 1“”%]‘ SR
el o abive diagrams as e Propos e de :
¢un construet commutaiive ar . position = 10 SR |
Llish the homomorphical connexion hetween the hl!l!‘(.llil'l(.l(l.h‘!l,zli Ol
dven index 7@ 1 oand all the structure diagrams ol indices . F

— 5 [ - 3}
; 1. this means that 2. f =2 5.0 are homomorphisnis. Hiat s I
' . HUE R - .
i~ homomorphisim. ) |
I . ; v furietional Hear relalion:
Mropositi b BCML [ e e @M bea functivun
Proposition 4. Let R(M. [ fooo [ e | .
B, for ko Vs (alsa) a homomorplisne S Uadpat o P P
i B e

i o, L ) , ) ‘
v ”i.j{ij'f'::fff-. 12, ix homomorphism I'rnm';‘;k'{la') onlo lll}lﬁ.-{n’rll{ .-ln)\_\ \\I'I;iAlil. ; # ':
is homomorphism from pg (K) to M, .Hll.\' h(!“.‘-i a “zl.\]h'[““] |'i-lm P,-”l) =
We are now left with the task ol proving that the cone |l 1.”]-‘. u;) }{‘_-l i
valieh it all B, with & =i are homomorphisms. W ¢ '—M\'—(i,/'l—kl*....:. }{{_-[,o
= Hf,}- ket I.Ili-i-{fx»;}—l o4t )me® "‘°.f;+10(,f.-)p;(n)i =[ie [ Jrs

Fi) - Bt s assinue that [ is injective onopy (Y =M, [,s 1:1_](-(4?\'(-
o . . 5 . . . - B
on p, (R) —Im [y fiy is mjective on P"HE.(R) =T (_)‘1‘)_20./,_. 39 O'I,l.)q:
then f5. f& e J7E are homomorphisms defined on py (R). py (R)...o v

pectively on p (R) 0 our supposition 1s sulfictent .Ill.()l(l(..l to have hhhm[l";'
morphist Tor any i 4. Conversely. this hypothesis is also a necessary (nn(l: i-
. i i =L i phism. then
;s we st have in o partienlar B, = (f51) 500 homomorphism
on g as we must particular f i
- ; ' phi i S i 8
also By o= ileofil) e must be homomorphisn.... .mlcl SO un ! .
ain step by I ] B oWl 5 are  homonwwephisms
we oblain step by step that all fi75 with <l ]p 1 ]
O gy (BY G oo b k- 1 are injective onopy, (R).

Propesition 3. . fincar relation B = @ M, is funeliopad iff. ap 1o d
]

pernndation of the indices, pi (B A10)) '”‘[ _— )
t Wky ' + Nt i " Srapeclion )’. : . » s F
Praof. OF course, pois the canomceat prog P E o
! s | i . alter sentiu P alron ol the
The lnepr relation £ s Dnetional alfo slles an ('\Llllrll.l] )p(tlnul llu';}l o
ndices 12,00, R, ave homomorphisms, e i Ier By 00 The re
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der will have no difficulty in convineing hinsel that for any linear relation
» WP ¥ ] 1 1 P X -
Rell M, Kev B, — p(R(0) = | €, where Co.= p (R Ker; B and
W€l 0
p LM = 0 Thas o Proposition is obviously risht.
bt de ’ N
3. Definition 2,

JET

We call dhe submodide CAR) = {a)igr & R o, e
Ker, BRY 2 R the conter of inder § = 1 of the linear relation 2 < 1 M.
Definition 3. 1 call the conter of the linear relatioi B < 11 JlfJ fhe sub-
madule (" {R) AR = R, e
Fel
We remark that if R < W, @ M, is a binary lincar velation, € (12) =
~C,(R) ~Ker B @ Ind R '
Retwrning to the genernl ease leb us reeall an inferesting caality which
we have proved in [ ' .
Proposition 6. €, (R) — {{¢;)ier € R (a,)1a 0 R (0
. Now we shall show that the [acter modnle of £ by €, () is directhy
somorphic to g (1) [ Ker, B and ta Tnyg R/R (0;) by naturally delined maps :
Proposition 7. The maps ;0 RIC(R) - Ty BIR (0,), ¢, ({1 -+ CAR) =
=(at b 1+ B{O) and d 2 RIC(RY— pi (B)Ker, B, d{{a;); e, - CAI)Y = u; -
+Kev e are isomorphisins such that the diagram (fig. 4y is conomdatioe.

In; R
It T~ e
e
T I \‘--..\ n
f. -._/// f';{]l’)
¥ ’/.-
o
i) ‘_,/// oy
Ker B
| RS T

Proof. We mast verify Uhat d; ((a;): ey
delimed above depend only on the cosel {a,
sentative clement () e but (u)er = C
=R (h)ier & B means () which mmplies «;, — b, & Kev, B
and, by Proposition 6. {«, b = K103 therelore o e, It =h.l-i-
A Ker Boand (a b - KO0 ={h.)a; I (0). Sinee  the above

inplications are valid in bolh seises. we have The equivalence Between (he
caualities

C.(hy) and e{{ag)ier - C (1)
et Ci{R)Y and not on its repre-
(R) = (b)ier - CR) for (a)iers
V).

hiliers C;

(t)er - C AR —(b)g, (R w0 Ker 12— b Kev B

vl

e Vi B0 = (D) ?io)
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nd this o, and e, are injechive. I is casily verilfied that d; and epave sur-

1] RN ; ) :

et Tat Noane phisms.

cetive and that they are homomaorp ) .

: Po complete the prool. we olwmerve Yhat (i) - l'a' ((),‘)" a;:ll—l__(jx’}%,egi

e R bs sl Bolag) honee (ze d) ((a)ier € () = = {a; IEL-I; 1)61’1. (‘f; =
:-.((r."-)-e, Se 2 (0 and owe ean conclude that  the oiven diagrom s
S il i

commuianbive, _ ' N )

( In the ease of g binuey Bnear relntion 18 = M, @).U’.:. ‘P,I()L)t)hll:(‘nll ‘1

dives us et somorphisnes Between B/ Ker 8@ Td B Def RiRKe R

T 1/ Ind R,

; Ca elal 4 Smay be regavded as
The center (1) of  linear relation R = IirJlJ nuy be ey

e _ .
dvine ithe same sienificanee as the kernel for 2 lmmt.)nnn'phlsm (s 2 matten
h‘l'l\l'-u:' ("{'H) = er B @ ol if Risoa hmnmnm-])lnsm)._lnqlvcrﬂ. for exam-
::Iv ‘lhl:' conuruence relation which defines In’/('(hf)“('n’uu‘ul('s }\;1{}1 lh\(;'vgu;
|\'~al.¢-n(°(- velation delined on B by (a)ier ~ (!:;_),-E,. 1H_h_((.jj) r-—* l.{._"'.af }' J' ,,,[;f
\i weover, Hhe wellhnowai fael thal homomorphisie s injeclive off il dws
L ) . O 1 t . ) i ! : a . . .
el is Just a parliculur case of The following general property
| i’m.positi(m 8. The foltowcing conditions ar cquivalent
1 Ner;, R =0, v = It N -
E")) ’['zur: different fumilios from B differ al loust by fwea corvesponding
i PEReRIS:
By C(R) =0 N
(]’mu/' (1) = (2). Let (#)ies and (h)ier be two (hllul"(:nt ,lznulll)l(.s_rh;':nl
12, Then. there exists an @ =/ sueh that a; # B, . Sinee Ker, I 7{- ,’ 1-\'“.!1
|s)'\\'~'. that = establishes isomorphisi helweenr Del B and T, lf[ (0 ~
% (:I:) =R (('r-) £ 3 (h); = R (h). Then R (w)n R(b) =0 and so (a0 )pmei #
¥ = Do e ) . ‘
;lé (I, )pasi » What is there exists at least another @y, # b, b #1
(1) = (3). It is obvious, . o . B
E'_’; = :12 Suppose we have o 5 ()_,-. = Kerg ‘.H for ¢ 'E‘ f..l lh(.;E (\)\’t‘,
have (0))ier € B and also (@))ier © R.owith a, =0, for I.'.- # "['(xl-mu ('r‘- -”{‘i
In(nt lhi~:j ;~. acninst the hvpothesis, sinee we oblained two funnhes ( j},e,'l‘.] §
{it; et A\\'hi(‘l-: helone Lo I oand differ only by lh(-lc'm|1p<.mcnt (r,-’?:. ‘[)" t(1]1 I:~.
l'. -}l.-'-é-il v o= Ker, B we must have a,=0,. henee forall j & £ e — ;,.
W = Koy : I L
(3) = (2). Supposce we have (t)ier =R, (/);-),-E;E h; u[;# !Jlif-“”‘lti;;,(” ))z,_
for all & £ 7. Then we have (@) = {0 € R (a;) M 11. { h). u;.lnu,.i -h‘{,\-{.
1’0 Thas Ria)= R2iby tor all j& I and. by o property nien n"m;»( ‘L" e
(\\'11'(4'1 we have proved in [ H). Fhis lu(rlalm.\; (r.';)_,-e,F(II'J,-)_;EJHEl !(;“((I:)l.lw. |;.\.
(1 it W S — L forall e oowiien conlitac V-
¢ (R) - 0.t Tollows that «; = h;. lorall , (i L
pothesis a; # b, . We canelude that il (r.'_,-).,-e, e R. (b)ier &R anl wo# by
we st have another a, # b, with s @ - N ‘
B cmarks. Obviously, in theease RecM, @ Jlgl. ,1 lulu;-Tl|t1[‘)lll'¢,‘:
shows  that Ker R @ Ind B =0 s cquivalent o the assertion tha .
V(ra f.f = (b h e I w, # by it a, # L, (ie. s an isomorplisim o
R LI . 2 2
et 12 onlo T R
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Finallv. le OIS i )
. I:IIII}.II(I, as remark that allthongh in the binary ease € (f2
Ly (R) = C (). however, generally, for B <1 M., ;= e
A s M, 1 #h we have nol

JET
Ci(R) = O (). Let ns consider R (M, Nfoos ) é H o linetional |
5 2wt = Sles /it : il -

nearvelation. Then i is casily seen that € (R =

‘ . VI I casily se A C(RYy =0, () — (R (R
g]( . () .m(ll Ci(R) [ fih o o fit (Ker ,._m()*)® —@(/LE[{"? .([-‘) =
@ \(‘II _./_. 1 @} D@0 h =28, 00 o OB/ @
. . (:n.r] (ix:nnp](.- Linfi v Kerf, % 00 0. there exists a, # 0, with
e [Evr r él':; !”‘ff_F. ./1@(”;'3; ff. (.‘U,}'h{‘n we have the strict inclusion (! 2(h’) =

J oy BB - r\ﬁ . I). N 2 (° ‘.2,'“‘
and (a0, 040 E{’Ell";(l.’). o (). s -y 0 0) € G ()
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UALGERRAISCHEN ZATILEN

UBER DIE DARSTELLUNG DEFI |
KETTENBRUCH

SAWETEEN GRADES DURCH REGULARYE
VON
PECRU MINUT

viner rekursiven Relation zweiler Ord

I dicser Arheit wird it 1ilfe
aducehrzischen Zah

cine netie Clarakterisicng der Kettenbriche der
len aweilen Grades anocgehen. und ragleich wivd wezcinl, wie man diese
Relation zur Bestinunung der enstprechenden Niherungshriiche hetiebiger
Ordnome benditzen kann, Unsere Methade bestehit aus ¢iner Verallseme
nerine dey von S, Sanielevicifir dic periodisehon Kettenbriiehe der
Poriodenlinge cins beuditzlen Methode (Siche [2]). Diese Metliode ist so
verntleemeinert worden. dass tan e fir die periodischen Kettenbriiche
Beliehioer Periodentinge benutzen Kann. Der Finfachheit halber geben war
hier einige Begriffe iibey Kettenbriche, die von der von Fetix Klein ange-
cebenen Ceometrisicrungsmethode angevegt worden sind, 15 bezeichnen N
die Menge der natiivhichen Zahlen (cinschliessend Null). 7 dic Menge  der
canzen Zahlen und @ die Menee der Rationalzahlen.

(]

Delinition 1. Fine unendliche Folge

nung

{i) Yoo Gy o weeee iR fg, = "/‘: e = N e e = )

mil der Eigenschafl. duss aus g, — 0 die Besiehung g . — 0 fur jedes b XN
folgt, helsst ein regulirer Kettenbruch.

s st wolithekannt, dass sich jode reclic
ren Ietlenbieneh entwickeh Fasst QLo kann unter folge

vahl o in einen regulii-
pder Form geselivie-

hen werden

(2) &=y .
gy +——
PR

Definition 2. nter einer den Kettenbrueh (1) sngeordneten. R-Folde

veisteht man die Folge



