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Sinee 2, .y, are arbitrary i the neighbourhood, we deduaer thal every paire
in N (g i) are commuting elements, Consider the clements

' e o R ’]l)
e = Mo = Ly — )

]

which for ¢ small are again conmutine, and idendifving the coeffickents ol
i we oblain that vy — gr.
The theorem is proved,

Theorem 1.2, Lot of be o Banack algebra swel that for cacle vy = o
there cxvists j (o) 1.onitaoyy 1w (e 1 sueh thet

i_’} Y ( ,.num - ymﬂ,.n)f;

then of is connndalive,

Progf. The proof i= an casy venceralization of the above proofl with
more complations and thus we omit it.
Let 5 be a Banach space and 7.8 he two bounded operators on 7. Suppose
that for cach o there exists a2 {0} 1 such that

(3) (TS — STy = {18 —8T) .~

Our problem is the following @ are the operators 708 commuting 7 As an
application of the above technique we obtain that there exists an universal
i) = n, such that the above equality holds. In a paper swhich is in pre-
paration we intend to give another proof for some known commuiativity
theorems [3].
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ASEPRA UNOR CTEOREME DE COMUTPATIVITATIS
BRezumat

Pornind de la o teoremi o hi Herstein, s¢ demonsitreazia ca daci f
este o algebra Banach si daca pentru oviee . y = of. existi un indrveg nfogy)s 1
asa ea (1) sa lie satisfacuta, atunet of este comutativi. O generalizare a a-
cestui rezultat se obiine inloeuind (1) en {200 m{a y)y <1 (e ) find alti doi
intregi. O conjectura asupra comutativitatii unei perechi de operatori mar-
ginitl intr-un spatin Banach care satisfae {2} este formulata in incheiere.
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ON H-SMOOTH SETS IN LINEAR SPACES
BY
10AN MUNTEAN and TEODOR PRECUPAXNU

"The coneept ol H-smooth sct was intro'duccd in [3], where it Is called
a H-convex set ; this concept is very useful in the study of Hilbertian semi-
norms and in characterizing the topological lincar pre-Hilbertizable spaces
bv a theorem of Kolmogoroff's type. _

" " In this note we continue the study of If-smooth sets in real or com-
plex linear spaces. e shall prove that the Minkowski funetional assocta-
ted to an absorbent symmetrie and radially bounded sct to he a ITilbertian
norm depends only on the H-smoothness of the radial frontier of this sct.
In the end we shall make some remarks concerning the conncction bet-
ween JI-smoothness, on the one hand, and convexity on the other hand.

1. Unless otherwise specified, we shall denote by X a linear space over

the set of real numbers R.

A non-void subset A of X is called H-smooth if for any « = 0, > 0,2

v = oM and y € B there exist =, =0 and 3, >0, such  that x4 -+ B

c2(2 4 B ety e g Mand e —y = M The funetional 1’131'-*} - R,
corresponding to the absorbent subset M of X, delfined by py, (v) = 1nf' o> 0;
v e 2l v e X, is called the Minkowski functional of M or the Minkowski
gauge of M. The following properlies are casy COnsequences of the defini-
tion :

M ¢ {r=Xipyle)< 1)

L Par (2@ = apy (), for = = 0.

A subset M of X is said to be radially bounded if for each non-zero,
r e X, there is some «, = 0 with ar @& M, whenever a = 4. Itis well known
that p,; is a semi-norm of X il M is a convex symmetric subset (i.c. —M = M)..
Morcover, py, is a norm it in addition M s a 1':13:11&11!}' houndf.‘d subset of
X ([4]. p. 118, 120). A functional p: X — R, which is a semi-norm (norm)
on X, and also satisfies the parallelogram law

(2) Pl )+ ptle —y) =2[pP () - p*(y)]
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is called o Hilberfran semi-narmy (inorm} on X We ased this denominalion
heeatse the wipping

H .
{:3) 1t [P y) —pE (e — ] ey = XL
!

s aninner real semi-prodned [T sinee it has the following properties

(1) T =0 lor ench o= N,
() R 4y oAy ey > for all

oty = ROop L, € X

(65 Sy i for all ooy e X,
\7) Pl r.oa B2 oy eneh 0= Y

Converselve il a mappine. -0V V= Rosalishes the condi-
tlons (B, (3) and (6) then the funetional o X — B defined by (7). is
ITilhertian semi-norm on Y.

2. Using a method of 50 Kurcepa |2 for the stady ol quadeatie
functionads, we shall obtain a theorem which completes an carly vesult (3],
prop. 1) proved by the seeond author ol this nete,

Theorem 1. Let M be an absorbent and He-smooth set of X Thed the Min-
feowahi frunctional pyy is a Hidbertian semi-norm on X,

Proof. First we prove the parallelopram law (2] Let vy = X and
0. Necording to the definition of the Minkowski functional py,, there
exist 2 = 0 and B0 with v & <M, y= U, « o p(e)-fz and g

p () - 2 Since M s H-smooth. there exist 2 2 0 and ) 2= 0 such that
o2 B sy sy M oand 0 —y = B M From this and (1)
we have p e = ) < oy and plo —g) < ), which mnplies that p? (= y)

P y) < 2 A () 4 pP ). Replacing o -y and 0 — g by @oand gy
we obtain the contrary inequality. Tenee (2} s proved. Putting » =0 in the
relalion (2). we get p () = p (g} and therefore the mapping = defi-
ned by (3) has the properties (1) and (6). To prove (3) we note that the fune-
Hon v = =,y s additive for every fixed y = N, Indeed from (2] we
have for any w0y = X the relations

o

-

t

PEGe Ay ) R pt ey ) =12 PR R ) S pE e S 2y))s
PREG 2y — ) ot ) =2 (20 S o) o pR e — 2]

Substracting these Last relations it follows that

Gl LT} : Pyl 12 e, 2

I we take vy 0, we Tind <.y 12 =mre: 2y and henee =gy -
T Vst el g o= Ineonsequener, the funetion, [0 R - K,
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defined by j (7] frcgy 0= RS additive Tor any ooy = Y. Morcover.
e honnded on the interval [ 10 1] beeause from (2) we have

] o 1
|

Sy gt gh = prle b = S ) L opt ) = et e — )]

| S
< .)lp'-'(a) FIRRA1E

But then the Canehy functional equation f{01 s - YRG! ._/'(.s') has only
Lolutions of the Torm [ (/) = «f. where ¢ & R Sinee e = (1) - Pl
wie ool =l == (N = (V). =1 =<# y= o tha {3) s satisfied. Henee
e functional gy, = pgiven by (7} is o Hilthertinn semi-norm on X and e
[heorenn is completely proved. ) ) .

Corollary 1. On « real lincar topological spuee X there caesd conlinatons
ener products i and only if the ero clement of X possesses radially hownded
H-smootlh welshbourhoods. '

Inelecd, b s o contintous inner produet on XL then Loy

<1 is a convexe synunetrie radially houmded neighbonrhood of the

soro chement of LY We e verify easity {according to [3h the ..H-snmnl'lmc‘ss
ol his neishbourhood. Conversely, it M ois a H-smooth I':l(ll:!l.l‘\' lmugul(-d
m'ig’ll!mlll‘hl()ud of the zero clement of Xo then the :\[inkm\'slcl !'nnvll_(_m;:l
/)_”.is. according to theorem 1, a Iilbertian norne on X (sce enmina 2). Sinee
M is o neighbowrhood of zeroo from (1) we see m_nn(-(hnt'vl_\' the eontinuity
ol py =0 and, theretore on all the space X o

From corollare 1. we can Tind again the following theorem of Kolmo-
saraff’s type Tor the pre-Hilhertizable Jincar topological spaces ([3]. theorent A).
. Corollary 2. The tupology of «a real lincar topolagical spuce X is genes
yated ng an inner product on X if wnd only if N is a Hansdor{f spuce and there
is « H-smooth bownded neighbourhood of the zero point in X,

Indecd. i the topoloey of X is generated by an inner ])I‘E)(l]ll(‘t'
then p (¥) ror Ve Nois aonorm on X therefore s .?(‘[):II‘:I[(‘(I
andd Loz p () < 1} s a H=nwoth neiehbourhood of zervo, It is nh\'l_mis Lhat
this neighbourhood s bounded. The converse statement follows [rom  the
corollars 1 and from the fact that the bounded sets ave also radially bounded.

3 Lot M be a subset of XL The lotality of points @ & XN {0 with
the property that for cach oy & [0.0]0 we have [0 ol 0 M A0 and W
A || = Oowhere 000 RN R B 0 P B A Sl
0L and oy — [ = Mesd o U is said Lo be the radiab frontier ol M
and it is denoted by frM.

Lemma 1. 1) M is absorbent. then (v M o— oz py (o) = 1.

Proof. For every . & fr M owe have M o, = | =10, 50 that f & M

1

for atl ¢ Toohe. oyl =2 10 10 we sappose that gy (2) 1 Lhen there s o
2 o 0 such that @@ =M and « 1, henee Vzar e M dr, - | =0 and
this is not possible. Converselv, if e = X so that py () = 1 we hiave + = 0
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and M o, = =0 Indeed, it M A ]w, - [ # 0, there is a { > 1 such that
fr e M. But then py(t0) <1 or py (@) £ 1/t< 1, contrary to lhe hypo-
thesis. Thus, i » = J. we have in addition [, 2] M # 0 for every
roe 10.a], henee v = fr . Finallv, we suppose that @ ¢ M. Sinee M is
an absorbent set. there exists & > 0 with sr & 3. But it follows froms ==
spag () =par (s0) <1 that s 1, henee s, =sup {s = 050 € M} 1.
Since py () =it {1/s:0 & 1/s M} = 1/s, we have s;==1. Now let @ =1z,
with 0 = { <2 1. We ean therefore find s such that se = [, @] ~n M, with
f—5 =1, i.c. v &= {r .
Lemma 2, 1 M is an absorbent subsel of X. the following conditions
are eqiivalent :
(1) M ois radially bounded.
(il Par () # O for every b o= XN {0}
(i1i) {
Proof. (1) — (i). Suppose that (i} is satisfied, but (ii} is not. Let be
ty = 0 with ax @& M lor ¢ > a,, and py(r) =0. Then there is a = > 0,
with = < 1a, and » = 23, Thus {(1/2)a & M and 1/x = «,. contradicting
(1)) g2 M.
(i) — (i). Let be & X N\ {0}, henee pyy (@) = 0. If ar € M we have py (v) <
< 1/u and we, therefore, obtain «e @& M for all x = 1[(py; () 1.e. M is ra-
diallv bounded.
(i) — (ii1). It @ & XN\ {0}, then by preceding lemma it follows that
Hipy () x e v M. henee @ € py, (v) M osinee py, () # 0.
(in) — (i) If @ = XN\ {0}. then there is a «> 0, with @ e = [r M. For
a > 1)z > 0 we lind are Ifa} e, [, from which it follows that ar ¢ M
sinee (1/x) @ € fr M.
Lemma 3. If M is an absorbent and radially bounded subset of X, then
Paoy g ey = P
Proof. By temma 1 and 2, for all @ & X N\ {0}, we obtain

inf fx = 0:a & % ({0} Ul M)} =

0 v irM is absorbent.

Pioy ooz (8) =

inf {x > 0: 0 & st MF =inf {2 0:py, (1) =2} =py(0)

Theorem 2. Lot M be an absorbent and radially bownded set of X. If py,
is o Hilbertian norm on X then Av M is Hesmooth. [f in aqddition M is symme-
tric, the converse is also e,

Proof. 11 pyy is a Hilbertian norm then py, coineides with the Minkowski
functional py assoeiated with an absorbent radially bounded set ¥ = {r & X' ;
Pa (1) £ 1) (according to [ L. p. 1200 Let be an inner produet on
Xowith py, (0 = o0& X We ean casily see that Y is [T-smooth,
TFront lernmma 1 we lind ¢

frtH ={reXN: pyle)=1]

e XN pe () =11 o ¥
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oo 0.0 0. r=s2trM and y= g M. then o= 2V and 4 & Y

and sinee Yis Hesmooth it results that there are = = 0 and £ 20 will;

PR I C e B R S s Yoand v ooy o= i ¥V therefore py, (e -
Ly) = 1y oand py (e ) < By Aecording to theorem 1oy pyeis 2t Hht-
Bertian semi-norm and from (2} we find 2§ + g5 = p5, (0 4 y) - Par L —m)
— 23 () PR ] =2 (e ). which mvolves  py, (.r:; u =z aud
pa 0 =) = Bz henee by = feMoand o — = 8, 00 M Therelore
[+ M is I-smooth.

Conversely, we suppose that fr 3 is H-smooth and that M s symme-
(vice. Following lemma 20 the set j0) w fr Mis absorbent. Furthermore, this
cob is H-smooth, Indeed. il 2 - 00 ff =00 0 = 2 ({07 Olr M) and y = 8.
(o e M) and if we admit that & =0 and y # 0, then py, {4 = and,
Choosing 1, = pag () and By = pag (—4) = pyg (). we fined 2= 72 (52
A0y et M oand 00—y © B, 0e M. By the theorem T owe  [ind
that g tev is o ITilbertinm semi-norm and by lemmas 1oand 3 we have
/" —]J_li,j, U M is a Hiltbertian norm on X,

A0We  shall make some remarks conceerning the connection bebween
Jl-smoothness on the one hand and the convexity and strictly convexily
on the other hand.

The sct oo y) = B2 with iy 1} is absorbent, convex,
srmmetrie and radially bounded in the cuclidean space R* without heing
f{-=mooth.

The set {(r.y) = B with | w0 1T or ol =1 and y rational] is
absorbent. syvinuetrie and H-smooth in the space 22 but it is not convex
Beeause the segment. defined by the points (1,1) and (1.0) from M does not
helong to M.

FHowever, applving the theorem 3 (rom below, the situation mentio
ned in the preceding example cannot take place il the set is radially bounded.

An absorbent subset M ol X is said to be sfrietly conver, il for all
oy e M owith o # y and cach £ & (0.1) we have py (fe 4+ (1 =) y) < 1.

Theorem 3. Fach absorbent. H-smooth and radially bounded subset M
of XN Is strictly convere.

Proof. From theorem Tand lemma 2 we see that py, is a Hilbertian norm
on X, IMnow ooy = Mwithr £ yand 0 <t < 1o then py (a) < Lopy () <1
and py, (e (1 =0 < Apar (@) (1 8 pa () <10 But from o well
known properly of the Hilbertian norms, in the last inequality we must have
only a strict inequality.,

Remarks. a) From theorent 3 we see that each absorbent. civeled. 7f-
smooth and radially bounded subset M ol X is convex.

1) From the following example one can sce that there exist absorbent.
synumetrice, radially bounded and strietly convex sets which are not Jf-smooth.
Let be 1«2 p 20 We consider the plane R? endowed with the norm 1.0,
given by (e gy (e ? by whern (rLy) e B2 The set M,
={(roy) = B2 (), < 18 s abworhent, convex, svimetrie and -
dially: hounded, bt it is not He-smooth since for = — f =1, the relabions
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i - : = . i <, sy wln,
,(/f“)l 'I’”g’”.]\?\'f T:I;‘:'iliin.”;(}lw(lr‘-(())anr‘lsl‘;;']t)im; ﬁil ”J';' “"‘:':‘“h<1 "}z“l’l.‘ i j‘]’%‘i “1 'm('l
(8, =217, i i ] 2AUr Lol b Y 02 HFlow
ever for 1 - p =220 the set M, is shrietly convex.

¢) The preceding resudts are also true in the case when Vois o linear
spacee on Lhe field € of complex niubers. In this ense we shall ask that the
cauality (3) 1o he verified for all «) . a, = € and the cquality (6) 1o he re-
placed by (rog) — (o). where the complex inner prodact () is conneeted
wilh the real inner product by the equality (v g) e :

i odrcy . Furthermore we suppose that the set W overifies the equality
2 =W lor all 2=  with | 2| =1.
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ASUPHA MULTDHLOR E-NETEDE DINTR-UN SPATIV LINIAR

Resuriat

Se dan eiteva noi proprictati ale multimilor f-netede introduse in
[3] sub denumirea de multimi ff-convexe. Printre altele, se aratd ca pentra
multimile absorhante, simeliiee siovadial marginite. proprictatea functio-
nalei hui Minkowski de a {t norma hilbertima depinde numai de If-neteuzi-
mea frontierei radinle (leorema 2). De asemencea, se stabilese corelatil intre
notiunile de H-nctezime, convexitate si strictid convexitate.
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PRANSIIIVE QUASI-UNIFORMITHES AND 2110
DIMENSTONAL BITOPOLOGICATL SPACES
BY

T, BILSAN

I. Introduetion. The concepts of transilive quasi-miformiiy and of
covering guasi-uniformily was introduced by P Fleteher {3 which
ritiated @ osystematie study ol this topies. N S

A guasicuniformity @ on aset Vs a fransilive r;tm'.w-ulu:_,’m'mtly il Z{ has
Lase (or o subbase) @ satislving  the condition that  lor cach 1 = 8.
Be B - B In the speeiai case of the llni['nl'_mi!'iusE this coneept coiticides
with the concept ol npon-arehimedean rndforndity which was considered pre-
viously v AL Monna [7]. ‘

et (V. =) be a lopological space. A colleetion (cover) € of open sels
is o Q-colleetion (@-cover) af for cuch v & X niCEEre .C]' = 7. ]_.ci
e e = An open cover € ol X s a cover z\lmut‘(.:‘. A) i there exists
(=@ such that v = C ¢ 1. Every collection of of f-covers of X such
that, for cach o = < and cach @ = 2L, oA contains a cover 'n.lmnl' {r, -1 lc':uls
in o natural way [3. Theorem 1] to a cmn]ml'|hlc_(111:15;—1l1t111(a'l'mlty on (. 7)
which is called s covering quasi-uniformity for (X, =) If A is Lhe (.:(?“(‘(.‘llnll
ol all point {locally) Finite open covers, of .\, then the corresponding coves
ving quasi-umformity s called the poind (locadly) finile coveringd quast-ui

1

formity for (X. <} In [3] the cquivalence of coneepls ol o transitive quasi-

uniformity and of a covering quasi-uniformity is proved : o compatible guasi-
uniformity 2¢ for (X, ) is a covering (aasi-uniformity i and only il @ s
a Lransitive quasi-unifornity. o . .

In scetion 2 and 3 we oive two new characterizations of il'znmln'r(-.
quasi-uniformnities. In section + it s proved that a bitopological space (X,
7, . 7.} s pairwise zero dimensional it and only il it is Lransitive quasi-nni-
fortnizable. ‘Ehis atter result is an improvement of the result of 1. L. Reilly
[10, Theorem +]. Some of the results of this paper generalize the correspon-
ding results for non-archimedean uniformities [7].

2. Transitive gquasi-uniformities and non-archimedean quasi_—pscudo-
metries, A quasi-pseudo-metrie p ona sel X is o non-arehbnedean quasi-psendo-
metric it p osatisfies the inequality

i



