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¢’est i dire elles sont les courbes considérées d'habitude comine géodésiques de la conne-
xion lindaxire 1.

Nous terminons ce Iravail avee la remarque que ln mithode utilisée ici peut étre ap-
pliquée & I'étude des autres structures et eonnexions subordonndées respectivement @ la strue-
tiare ¢t aux econnexions projeetives sur une varictd differentiable.
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ON THE COVERING SPACES OF VECTOR AND GEOMETRIC BUNDLES
BY

I POP uand F. PO

]._'Inlthl‘s paper there are given some results on the morphisms P = (p, p'y: (M, =,
._\’l) -—>(\ i ;\) where p oand p* are covering maps. It is proved that £ = (M, =, M) and
z (N, 7, Ny oare vecetor bundles and p;:,-:‘l(_r) = =" Yp(e)), » € M, are linear isomor-
phisms, then some extra structures (distributions, oricniations, connexions. ele
be lifted at £, Some examples are ziven, ' !

] 2o Let = (M5 M F) and 5 = (N, =, N, ) be two veetor bundies. T.et prM
_’,'\ and 2" M = N be two maps sueht that the couple £ < (p, p’) be o bundle map.
}\e say that P is a bundie covering wmorphism i p and p° are covering maps, In this case £/
is called covering vector bundle of £,

Examples. 1. Let p: M = N and Gl s BT be two vovering maps, Then,

Joof £ ean

P={p,pxo):(Mx P, pPr M, F} - (N F', pr;, N, F')
is a bundle covering morphism.”
2. Let bLe the diagran

M

|
= ik
A ] - N
with Z7= (N, %', N} a vector bundle and p a covering map. Then, the puil-back of g
over p is w covering vector bundle of 27,
8. Let be the ecommutative diagram

T M
g »

) i

-'\'I_'_ ™ -—-—}-\.

with p and .p' two covering maps having the same covering index, Then = is a veetor Lundie
and, therel.orc P={p, p) is a bundle covering morplism,

Particularly, I:,-t 7:": N> N be a vector hundle with N, N connceted path connee-
ted spaces. Let be 2, & N and M’ a subgroup of the group ::(.\",:rl']). Then, H = = II' is
u subgroup of the group ={.N, ay) where 29 = wlagl Let U be an open covering of N such
that =(U. 2y} < I Then, % = { =" WUy U = i’} Is an open covering of N' and w2, :['(;)C

c I, l-‘rgm £I}cr classifying theorem of the covering spaees, there exists p: (.\-", ;z-;)—s {.N,

and p’ (N7, ag) = (N7, ;1;(',), covering maps, such that Py .—.(R’,;-D:- = I and p
H’. 'The pair I« (p, p') is a bundle covering morphism.

?roposition 1. If P=(p, p) : E—= £ is a bundle map such thut p be a eovering map

.-r.-.-d. U= p,-.‘lljF : .‘Hf., = 1(:,.) = Nppy = 7‘:"1 (ple)) be a lnecar isomorphism, Sfor every point
aow M, then, p' i M NY s also g covering ap, that is I* is a bundle covering morphism.

3 or '-.r’ ﬂi‘u)
# T:(.'\", _[_'0) —
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Proof. Let =*N' = {(a’,2) € N"xM|pla}= =2} Then, o iz N~ N with
w'(z, x) = . for (&', w) & T* N is a covering mup and we have the commutative diagram

ﬁ’* 4\"' _ﬂ)__ —DJI
i
w’ | P
! i
N ‘__—T__ —N

where w={2’, @) = @ It is obvious that (="* N, =, M, F') is a vector bundle because this is
the pull-back of E over p. Now, we consider the disgram

LS W ¥ §

% N T,
I -1
h
A

where the map I is defined by Aa') = (=(z}, p'(a’}) for @' = M". Tllc map A is‘al M-motr-
phism of veetor bundles. Moreover, we have /iy = izt (a)=aop, where o : 7 Yplx)) —
— ::l—l(m) is defined by aly’)= (@, ), for y € = Y pla}). By assumption, Ay is a linear
isomorphism, for every a = A, 1t results that 2 is a M-isomorphism of veetor bundles, that
is & is a diffeomorphism. From the cquality w'h = p’ and since «’ is & covering map, it re-
sults that p’ is a covering map. o

Remarks. 1. The covering map p’: M’ — N’ has the same covering index as the eo-
vering map p. ) .

2. It P=(p, p’): £ -» £ salisfies the conditions of the proposition 1 we say that Pa
strong bundle covering morphism and § a slrong covering veclor bundle of B

Examples. 1. Let p: M — N be a smooth covering map with M and N COl]ll::f‘tetl
manifolds. The derivative T(p) = dp: TM = TN is a covering map, that is P~ (p, T(p}))
is a strong bundle covering morphism. ) )

2, Let p: M — N be a smoolh covering map with M and N connected manifolds,
Then, the map

é’;‘ T(p): T @ ... IM>TNG ... @ TN

m times m thaos

m
with @ Whitney sum, is a covering map, that is (p, & '(p)) is a strong bundle covering
merphism. ) ) ) )

3. Let P (p, p’)}:£— £ be a strong bundle covering morphism. We consider the
vector Dbundles Fo(w): Ly(M', BR) - M’ and  Ly(r"): L?(;\", _R) - N f’md the map L%(p )i
LM, R) — LN, R) delined by Ly(p’) (g} (u;, 'n;) = g(pz'l {(n), p,, ! (), forg « Lzl(le, R)
and n, n, & pr(z). Then, the couple (p, L.{p’]} i o strong bundle eovering morphism.

4 Let Po(p,p): E— Z be a strong bundle covering morphism. Let AP £ an(ll APE
be the p-th exterior power of % and respeetivelly &', having the total spaces AP M and
respectivelly ArM.The map A®P(p’): AP(M') — AP(M) is obviously defined. In these conditi-
ons the couple (p, AP(p'))is a strong Lundle covering morphism. )

Proposition 2. If P = (p, p') is a bundie covering map and p is a reguh{r covering map,
then p’ is a regular covering map. If M’ is a connccled manifold, then, the reciprocal statement
is also true. i

. l?roof. We have pg =y = Ty p#' rm(M, 2') - =N, p::(,;,-'))lfor every point @ s M.
W ,a, =M such that p'(e,) = p'lay), it follows that p#(x\l, wlay)) =Py = (M, nlr,)). Be-
couse Ty and r:'# are isomorphisms, we have =({M, 7:(.::'1)) Ty =M, x,). Therefore, we
obtain 7:'# p'# (M, .1-'1) = z;H: p'# n(M’, x,) which implies that Py =My x)) Py (M, .,
that is p’ is a regular covering map.
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Now, we suppose that 07 is o connected manifold. It follows that M’ is a path con-

nected spaee. IT p° is regular, then Py =(M, x') is a normal subgroup of the group =(N”,
ple’)y for every o & M If 2« 3, let be &'= 7 We). We have that x’# p’# (M, ') is
a normal subgroup ol the group =N, plr)), that is Py #(M, &) is isomorph with the sub-

group wy p# =(M, ') which proves that Py ={M,x) is a normal subgroup of the group
=N, pleh).

Anmlogously it is proved :

PProposiu’on 3. If ‘I’ = (p, p7) is a bundle covering morphism, M’ is a connecled mani-
fold, & has a cross-section and p is an wniversal covering map, then p° is an universal cove-
ring nwip.

Propqsition 4. Let P=(p, p):E & be a bundic covering morphism. If M is a con-
necled manifold and M, N are paracompact manifolds, then, Jor every cross-section s' : N —
— N’ of the vector bundle 2 and every point ¥y € M such that p’(mo') s'p n(.;vr;) there exists,
mn‘qitely r{r’fincd, @ crogs-section s : M — M7 of the vector bundle £ such that p's = s'p and
snlrg) = ay -

Proof. 1t be the diagram

M___ 7 N
T

¥y

M

We have Ty Sy Pu (M, .-.(:r;))) =Dy (M, :(‘Té,)). Because M is a paracompact manifold
the vector bundle (M, =, M) is a Hurewicz fibre space and, since the fibres of this are
contractible s’pa(’:cs, l,t rc:‘sults .—.#',-_(_11»! ‘.1.0)‘ = =(M, =(eg)). Therefore Ty Sy Pa 7:(.-11", mleyl)=
=Py Tu =M, 2g)= Ty Py =M 2y). But Tu is also an isomorphism and, therefore, Sy p#n(ﬁl,
=leg)) = Py ~(M', 2 ). Beesuse p° is a covering map and since M’ is a connected {and
tocally pat’l: connecled) space, it follows that there exists, uniquelly, the map s: M — M’ such
that s(z(a'o)). wg and p's == &’p. It results prs o wp's = ='s’p= p and zs(n(;pa))= x(m;)
::eca:itlase Ep is a covering map it follows 0 §= 1, that is s is a cross-section of the vector
unale .

, }:{.emark. IfP= ’(p, p’)is u strong bundie covering morphism, then, there exist points
oS M such that #leg) = s'prlry). In fact, let be 2y € 3. Then, s'plxy) = = (pley)) =

= ‘\'p(ro) and, because p;u is an isomorphisin, there exists ) = M, uniquelly, such that

¢ ’ ’ i x L)
Prlrgh = 'plwe). We have s'p may) = s'p mp 2 Ns'Plag)) = s'='p P U Plro)) = SRS Plao))=
= 8'plwg) = p'lay).

_ Corollary 1. Let p: A — N be a smooth covering map with M and N two connecied
manifolds of dimension n. Then, every distribution « on N, of dimension p < n, has a lift
ure M :there exists a p-dimensional distribution 3 on M such that p, Br=cpy, x= M.
bl Particularly, we find that, if & is a parallelizable manifold then M, is also paralle-
izable.

If « is an involutive distribution, then £ is also an involutive distribution. Particularly,
it ¥ is & folisted manifold then 3 is a folinted manilold.

If « is homotopically distribution then B is also homotopically. Particularly, if TN o
has a reduction to a finite group, then, 7M/8 has a reduction to a finite group, [1].
. Proposition 8. If E is « strong covering veclor bundle of the orientable veclor bundle
;;;_rhenf E,“ is an orientuble veclor bundle and every orientation of E can be lifted to an orien-
ation of Z.

{This assumption is the generalisation of the case of covering spaces of the orientable
manifolds).
 Proof. Let &' be a vector bundie of rank 7, with dual bundle E* If £ is a strong
covering vector bundle of £, then & has also the rank r and E* is a strong covering vector
bundle of £*. From the example 4, we have that ATE* is a strong covering vector bundle

’
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of AT, Then, from the Propesition 4, cvery cross-section A’ of the veetor lmndle ATE™*
can be lifted at a cross-section A of the vector bundle Ar £ Beeause the bundle map
P (p, p'*): EF - £ is o hundle map indueing lincar isomorphisms on the fibres, if A'(y) #
H - |
# 0, for y € N, then Af) # 0, for cvery @ € :ll. ) , L g . N
Proposition 6. Fvery strong bundle covering morphism I (p, P’} 52— 5 s an iso-
melry. . ) . - .
Y Proof. From the example 3 and the Proposition 4, every Riemannian metric of & can
be lifted to a Ricmannian metrics of E. B .
Proposition 7. If £ iy « stromg covering veclor buardle of Z', then, for every connection
of the vector bundle E' there exisls o cannonical connection of the vector hundle E. .
Prof. We mnote by J' £ the bundle of jets of first order of the vector bundle g
The total space of this isJIN" = s, gfs’ = (N N), y = Nl We  econsider the pull-bock
of JUZ, over p. We obtain the commulative diagram:

prJN T M
P’l | P

1 i

J“'\"__J’L____’ l\“

. o , P o .
where p*JIN' = {(x, 5, p(0)}fs" € TN, N)}, w (s s,p00) = &1 (8, pler} = .s.”ﬂ.g_:) and J’
n’(s' y) = y. We prove that the pull-back (p* JUN', =, M) is isomorplu(:nl wutl: z. Let s
be # cross-section of E’. From the propesition 4, there exists &, n cross-seclion of £ such that
p's= &p and .s‘::(_r;;) = ag, where rp = pp}ln)(s’ plag)). We define h: g)‘J‘,-\' — JL Ly If(‘r’
Py p(z)) = Sp We have (Jiw) (A, 8, plap)) = (T =) (842) =2 _111(.:-, 2, ), und nfe_,. iy z‘x‘n 1'50-
nTorphism for every » = AL From the Propositen 1 and from the commutative diagram

’

praN N
1 e
Y 2=
Jl nlfﬁff#—;lp'

= ‘ S -
it results that the map Jip’ defined by (J'p') (s.2) (Y piz)) == Paus,in) ,;;J(Pw,t() ?u)?): g-_:,—\!)l le\e"
€ Tpn(N), 2 €M, is a covering map, Let be the maps ¢ S = M, b JY —»l.-'
with ¢(,.z) = s(x) and, respectivelly &(s ) = '(y). We have p'og e R pL In Fact, ${J'p’)
(84.2) = s'pla) = p'sle) = P pse.z) Then, we have the commutative diagram:

4] S M @ TM* S Ji ® W30
| | ;
P @ p* i Jip p
1 L ! Y
O __WN'"® TN e -

i i i g superior sequence ilso splits,
the ;nf;ﬂ:;)r’seql;(;l}(’!c ;pli_'s : EE‘])Cl:mt(llm«";’s l.l_pc(r{of' -jt R’, By be t\\!o vector hundles such that
M nnd‘ -.-\"Jareqpoinicd’ sp,accs: with base points skand respectivelly %7 We suppese t.l.m'f I\r
is a weakly locally contractible space, [3]. We rmn-‘m'bcr,'[:zj,. thai:. H guogl. [alnlxl;. ot
paths in Nis a family of paths P = {f: 1= [0, 1] -+ N} with following' conditions

1) It f,, f; & Pand f, {1} = Jol0), then the path

fHnitos <
(fi ® [ ()= {fe(f) 1o

also is in P. .
2y If fe P and ®:1— 1 is a piccewise linear continuous map, then fo @ e P,
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3) For cach point p & N there exists an open neighbourhood of », U, and o con-
tinwous map &: U s [ N suels thal, iF ¢ = U, thew b, 0) = % and A(p. 1) = x. The path
RE(E) o R d) is in £

Lémma X, If pi M N is o covering map such that M is «a locally path eonnected
spuce, N s g connecled, tocatly patl enninceled and seesldy locally contraclitle space, then M
alse « weakly locally  contractitle space and every govd fonily of paths fn N has o Uift al a
gomd family of paths in M.

Proof. Let be oy & MW 'Then p(r) € N Las ¢ neighbourhood Uy whieh we suppose
is econnected, sueh that theve exiats 775 U — N owith My, 00 = 7, 7y, 1) W Mo-
reover, we can suppose thal Upen s distinet by p. Let be (—}IC P WU pi} sueh Ul g Efz
and p:Up-» Uy is o Bomeomworphism. We consider the diagram

Mo r N
!
i | FripxIi
4 ¢
Ur U d

We have F(px1) (. 0) = F{ple), 0) = ji(+). There exists G : E}r\f I M, uniquely defined,
such that Gy, 0) = y and pG = F(px ). It vesults pGy, 1) == 5. Beeause l}I is conneeted
and since p7l %) i5 a diserete space, il follows Gy, 1) = constant = g, € p7i{ ). DBecuuse
Pl = pl5)= %=’ there exists w a path elosed in 5’ such iliat p#v:(JI, = Izrm]p#
=M, F ) It Tollows that pam(8, ) is conjugsled to p%:(;\l, # ). Therefore, there exisls

a lomeomorphivin [ — 3 such that f(i) = %. We defiue F: Uy d - M by Fly, t) =
= [ UGG, D) Then Py, 0) = fTHEE), 0= T {f(yh = y and Fy, 1) = fyb= .
Therefore AL is weakly loeally contraetible,

Now, let " be a good tanily of paths in Nand et be f € P and oy @ p Y f(0)). Then,
there exists, uniquely, g: 7 - 3 such that g(0) = wpand pg= f. We note P {gpg=f,] =
= P, g(0) = ) for a choice of the points ayp such that if f{0) = %7, then ppee 5. I Hh 8 =
= Pl follows g, g, & Pl g e P and D] - T s a piccewise lineny continuous map,
then p{go®)= pgod, and, therefore god € P, Let he o € AF and let U’ e an open
neighbourhood of pla), & : U'x I — N o map such that Wa’, )= =7, ke, 1) o, for p'=
= U7 and such that U7 is connected and distinet by p. Il 3 = lj'_r with p_'a'f: l,‘f-_r—> U’ a
homeomorphism, it follows that there exists ¥ : T, I — M with F(y, 1) = 7 und pl(y, 0) =
= . It follows F(y, 0) = y,, pl'= [(px1). We obtain f: M= M, a diffcomorphism, such
that fire) = *. Let be Ay, £) = [TURT ), 1)), We have by, 0) = %, iy, 1) = y and pht =
= P with R0y = Lr, 0)= sx. Therclore 5= P and P is a good family of puthsin N,
We remember, alter [2], that il N = N is a continuous map and P’ is 2 good family
of puths in N, it is noted P(z") = {(y". /) & N < [z {y') = [ (D)} A P-conncetion of the
map 7' is a continuous map (7 : P(z) -...;.(‘\")“ such that

1D Oy, )0 'y, &0 =f, for (. f) = P(x') and (= 1.

2) Il & is a continuous piccewise linear map, (¥, f') € (=) and ¥ Uy ) (D),
then (¥, f')o @ Clp f o).

Proposition 8. Lt be the comnelative diagram :

AT WM
2 P
! , l
;\') k24 —>‘.\.

with p and p’ covering maps.

If P s a good family of paths in N and P is q Nft of P’ at M (Lemma 1), then,
every Pl-connection C' of = ean be lifted at a P-conection C of =, that vs P = (p’,p) is a
morphism of geometric bundles, [2]. If £ = (N'.=, N, I, C') is « geometric vector bundle,

(2], and p,: M, - N, is a bijection, then %= (', =, M, P, C) is also & geomelric vector bundle.



196 I. POP and F. POP G

Proof, 1ot be P(x)= {{y, f) = M > Plely)=f(0), pf=f"< I"}. If (y, f) € P(n),
then (p'(y), pf) = P(r’) and, therefore, Cip(y), pf) = (N} Let C;: P=yxI = N be

the map Ci (', [ = C{y, [’ {1} and let be the diagram

hY N S\
i e
) PyxI
h
Pr)wd

with j(y, )= gy Ry f), )= {(p'iy), pf),1). There exists a continous map €)@ P(x)xd >
- M such that Ci{(y, f), 8) =y and p'C iy, f) )= Chlly, [} 4= Clilpy)pf)t)=
= C'({p’(g), pf){1). We define C: PR} = (M) by Clly, N = Of(y.f}, 1). Then, C is a
continuous map and C{(y, ) (0)= Ci(y, f), O = w.2’Cly. f)= Cp (), pf). We have pr(’
(. SYN = ="p" Cly, fHO = =Cp'(yh, ) (0= pf{t) Moreover, =C(y. f)(0) = =(y}= f{u).
Beeause p is a covering map it results =(Cly, f)) = f, for (y. [} & P(x)-

Let be (y, f) = Pir) and g, = C(y, f){(®©), for ¢ .1 = I a continuous piecewise
lincar map. We have p'Cly, Jo O} = C'Gn), p(fo N, pCly. FHD) —= Cp'(p' (), pf)
(®), that is, p'Cly, flo® = C(p'(y), pflo®. Let be g = p'Cly, f) (PO)) = C(p'(y), pf)
(@) ; Cp'(y)y pf) o ® = CW, plfo ®)). We have pyy = p'Cly. [)(DO) = 3. It follows
() phyo® = Cptnh p(fo ®)), that is p'Cly. fo ®) (1) = p(Cly. 1o @) (). Because
Cly, foD ()= y, = (Cly. [lo® )} and p’ is a covering mip, we have Oy, fod) =
= C(y, fYo P. Therefore ¢ is a P-conncelion of =,

1 ;\';= =7 I(#’) has astructure of vector space, then M, = 7' (%) is also veetor
space. Moreover, we have the eommutative dingram:

M.X Py ® L3I
’ | ! P
‘p'l X p !
4 * * l ’
L] @ -
N oKX P"‘r_——y;\ -

with Py, o {f @ PIf(0) = f(1) = 3}, Ploo= ([ PIf) Sy = ="} oly. f} = Cly, 1)
(1 and o'y, f*) = €', f) (1) In fact, poly, f) = p* Cly, £) () = €@ (), A} = @' (p"(9),
2f) = o(pe xp) {y, f). It follows that if gp: N = Ny =o'y, f7), is o linear automor-
phism, for every f* = P_., then g, M, — M _ is also a lincar automorphism, for every f <
€ Py,

REFERENCES

1. Gromoav M. T.— Stabil'nyc otobraieniju sloenij v mnogobrazija. Izvestijn Akademii
Nauk SSSR, Scrija Matematiteskaja 33 {(1964), T04—-734.

2. Teleman C, — Connections and bundles [—II, Koninkl, Nederl. Akademie Van We-
tenschapten-Amstlerdam, Reprinted from Proecedings Series A, 72, Nol. In-
dag. Math., 81, 1, 80112 (196Y).

3. Raymond Y. — Lecal triviality for Hurewics fiberings of manifolds, Topuology 3, 1

(1965).
Received 20. 1. 1975 Facully of Mathematics
Universitp of Iagt
Romdnia

Analele stiintifice ale Universitdlii AL, I. CUZA" din Tasi
Tomul XXII, s. T a, 1976, f. 2

COTIOMULOGY OF LIE ALGEBROIDS
BY

LILIANA MANIM-RAILEANL

) Let 17 be a manifold of €™ eclass, A(}) be the algebra of the real differential map-
pings on ¥, (M, 5, F) be a vector bundle with the base space ¥ and I'(=) be the A(V)-
module of the dilferentinl cross scetions of n.

If the odule I'(z) has o strncture of Lie pseudonlgebra then (M, =, F) is ealled a
Lic algebroid [5]. .\ structurc of Lie pseudoeigebra on I'iz) is given |3] by :

1) & mapping pl'n) & H‘(’m,m. (U=}, DAY where ‘DAY is the A(V)-module
of the derivations of A(V};

2) u bracket operation '™ : T(x} x T(x) - I'(=) such that

(1) pl‘(rr: sl (X, Vj= [pl'ur.) X, ]Jl"nrri- ¥] and

(2) Wy, wy) — k5 (x, vy V™ X0 Y,

for all v & A(F) and X, Y = ['().

3 JU Y,y = 2l (y v, Z)= 0 vX, YL Z @ T,
yre

If o veclor bundle (Af, =, V) has the properly that =7 (x) is a Lic algebra for all
* & 17 then obviously it is a Lie algebroid with ]!I‘(:”'— 0: particularly, the Lrivial veetor
bundle ¥'x g where g is a Lic algebra, is also a Lie algebraoid. o

Tet (M, =, 1) be a T.ic algebroid and Qp (F(=), (1)) be the sct of all alternating
plinear mappings of I'(z) into A(F7). Obviously, Q (I'(z), A(F}) is a A(VF)-module for
each p and Qo (I'(=), A(1)) = A()), We define on thcplsct.
) RI(R), A{F)= 2R (=), (V)

pEZ

a structure of a differential graduste D (A(F))-ulgebra ([2], {7D in the following manner

(OF @) (X, .. X ) = PYX (X ey X h+

(%) )
+i%:1(- DG X, X)) X, e X, o X))
(6) () (X, e X, )= X, X, X))
(X, X ) {ﬁ:(_ 1 TR o (X, X e X )+
") -
- e '™ (x, X)) 3" .{fj e X )



