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Proof, Let be Pix)= {{y, f) = W' X Pl=ly) = f(0), ;J_f=f' = P':}. If ('y, fre {:(z),
then (p'(y), pf) < P(r’) and, therefore, Cip(y), pf) = (N} Let (,l: P(yxI - N bLe

the map Ci ', ) = C((y,'N{t) and let be the diagram

ar AR, L
J'T ! ¢]
Pir) 1’:(7:’) %I
A
Pir)xt

. 3 ‘ U v exisls o 1 3 f o wyx I -
with jy, )=y hl{y, [), 1) = ({p{y), Pf),1). There cxists n continous map (,l t Pr)x
— M such that Cy((y, f), 0} y and p'Ci(yf) 1) = Chlly, f). )= Cp(y)pfht)=
b ! Y i o w 0 4 = {’ Then C is a

= C{(p"(y), pF)(f). We define C: P(z)— (M) by C(f{;,f))l{!) "(,S(y,_f), t). T | .
continuous map and C{(y, 0~ C{{y, f), 0y = . pCly,f)= C (p' (¢}, pf). We have prC
(., FY)y= =" p Cly, N3y~ =C@p'(y), pf) €)= pf{f). Moreover, .'::L(y, FY0) = ={y) = fu).
Because p is a covering map it results =(Cly. f)) = f, for (y. f} = P(x)- ) ) )

Let be (y, f) = P(z) and y, = C(y, f}(Di0)), for @ . I =1 a contmm‘)us’ piecewise
lincar map. We have p'Cly,, fo @)(t) = C'(p'(y), p(fo @), p'Cly, Y (D(1) = C ('), pf)
(D), that is, p’Cly. flo® = C{p'(y) pfrod. Let be gy = prCly, [ PO} = Cp'(y), pf)
(@00 Cp'(y) ) o B = Cy,plfo ®)). We lave p'y, = p'Cly. [)(D(0) = 3. 1t follows
CWwi, pf)o® = Cn), pifo®)), that is p'Cly, fo ) i) = p(Cly. f)© ©)) ). Because
Cly,, fod)(0) = 3, = (Cly, [flo® )@} and p’ is a covering nmep, we have {({y,fod} =
= C(y, f)o ®. Therefore ¢ is a P-conncetion of 7. )

If .-\'::: 7 7#’) has astructure of vector space, then 3 —= =7'(%) i ulso veetor
space. Moreover, we have the eommutative diagram:

’ o ,
Jl" X I:’*‘,——)-:‘I*
. | ! P
D' X p
i
" -, 5 e
Nex Po.— % N,

i - Y= e POy = (1) = %’ = Cy. f)
with Py {f @ PIf(0) = f(1) = 1}, Pl — 1f'= PUFO) = f(1) = %'} ¢ly, [y = Cly
(1) and @y, f) = €y ) (). In fadt, P e(p f) = p Cly. [) (1) = (" (g}, P = 2" (p(y),
pf) e rp'(p; xp) (# f) It follows that if gp: N = N, ¥y =o'y, [}, is a linear automor-
phism, for every f' = P;@f, then gy M7 — Al is also a linear automorphism, for every [ <
= Plﬂ-*'
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COIIOMOLOGY OF LIE ALGEBROIDS
BY

LILIANA MANIM-RAILEANU

Let 17 be a manifold of C™ elass, A4(1) be the algebra of the rea! differential map-
pings on VF, (M, %, I} be a vector bundle with the base space ¥ and P(=) be the (V)=
module of the differential cross sections of .

If the module I{z) has a structure of Lie pscadoalgebra then (3, =, F) is ealled a
Lic algebroid [5]. A strueture of Lic psendooigehra on I'(z) is given [3] by :

1) & mapping pl'7) & "‘"“{M. (U'(=) DAF))) where DLAIY is the A(F)-module
of the derivations of A(V); I

2) a bracket operation '™ :T(x) x Ti(x) - I'(=) such that

(1) PI‘(:-:J }‘1‘(31 (X, V)= [pl'-r:] X, ﬂl‘-:r) Y] and

(2) e (X, uY) — urF'™N(X, V) (p''"™ X 0) Y,

for all w & A(F) and X, Y = ['(=).

) JU Y, = AT ol vy, Z)— 0 vx, ¥, Z @ D).
{"yrc

If & wvector bundle (M, =, I') has the property that = Yz} is a Lic algebra for all
» & 17 then obviously it is a Lie algebroid with pl‘m= 0; particularly, the trivial veetor
bundle 1"xg where £ is a Lie algebra, is also a Lie algebroid.

Tet (M, =, 1") be a Tic algebroid and Q? (U'(=), (1)) be the sct of all alternating
plinear mappings of I'(z) into A{F), Obviounsly, Qp (I'{=), AMF)) is a A(F)-module for
eacl p and Qo(f'(.-:), A(17)) = A(F). We define on the set
) RI(=), A= 2Q (=), A(V))

rPEZ

a structure of a differentiul graduate @ (A(¥))-algebra ([2], [7]) in the following manner

0% @) (X, X )= PUPX ((X ey XN+

(5) N
+ 3= D e X, X)), X e X X))
. i E i P
i=1
(8) (Zee) (X X )= ofX, X, X, )
P41 v
= - - f ")y - - - i
(X X Ve X (= 1) +1prh].\‘m()il,...A‘,...l]___._) .
I"') i=1
F(= 1" o (T, X)X Xy X )
by (X X s N X X

1=
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b is ensy (o prove that 0% o, a’,’( <, d¥m are the multilinear mappings; morcover the operators
0%, iﬂ, d? satisfy the axioms of a differentin! graduate algebra over @A(F)h In fact, it
is known thal

(%) (d" o dy (@) - R Ao,
where 8 is the eurvature of p''™ defined by
(9) RX, YY)« [pU X plm oy — ple U x) yy,

for all X, Y € I'(z). From (1}, it results that BR(X, Y)= ¢ and the left hand side of (H)
vanishes, The other axioms ean be verificd by direct caleulation.

So, we associnte with such Tic algebroid a complex Q(D(=), A(F)) the cochains of
which are alt alternating p-lincar maps and the eoboundary operator defined by (7); the

cohomology of this complex will he denoted FI(M; R).
An important example. Let ® be an ¢-connected differential groupoid with the ma-

nifold 0, as the base spaee and (a, L) : ®@ - 17 = F be its souree-target map [1]; we de-
note by L® the Lic algebroid associated to @ where L is the Lic functor defincd by Pra-
dines, [t], [5], [6]. Then p™® = 70/ .
In the particular case of a groupoid which is sum of groups (v = b}, we obtain pm' =
0 such that from (7} it results

. - i4j Timl, - o e b e
(10) d"w(X[,...,\pH) =N 1V e "(A‘Xj).\l,...l‘.,....Aj,...,Ap+1))
i<

for all X;,.. X, = I'(L®) and « < ; @,(1(LD), . 1(0g)). -
If ® = VX6, where & is a Lic group, we find again the known results related to

the real cohomology of & Lic algebra (see [2], |71 taking in (7) the constant cross sec-
tions of L= T'xg (heve g is the Lie slgebra of ).

A pe-form @ on the groupoid @ will be called a right fnvariant p-form il o(X| ... Xp)
is an element from A({2 (04 )} for all X ... ‘Y_.-. = I'(JAb). Here £,: 0, — & is the canonical
injection and by e, 10, 1 we denote the sct of the real mappings on @ which are con-
stant on the libers of the fiber bundle (D, «, 0y ).

T.et Q;’ (P) be the .f(sq. (()(D 3 — module of right invariant p-forms on @ and Q'(%)

be the Grassinan algebra of these forins, It is casy to see that the correspondenee §:7 r(<I)) —-

— H{I(LD), A (nm) given by

(1 (3w} (X 1re X)) (0) = 0o(B(B)) (X {B(EY} ... Xp(D(D)))

X, X_ = U(LD), 0= @ is multiplicative and it establishes an isomerphism hetween the
ulgebra of righ invariant differential forms on @ and the Grassman algebra G(U(LD), A0, ).
Morcover we obtain that

{12) f(Sw) = 3{dw).

Now, we suppose that the groupeid @ is a sum of groups; then the Lic algebroid
associated to it is o fiber bundle whose libers are the Lie algebras of the fibers of ®. A
right invariant p-form w on © will ke called an incariont p-form if LY o Glorail Y=T
(LM} where LX is the Lie derivative of @ on &,

In this case, from (33) it results that every invarinnt p-form on @ i u cueyele. Mo-
reover, if @ i3 an a-connected (heaee b-connected) groupoid, then, using the known results
refated to the cohomology of & compael connceted Lie group [3], [7] we obiain that the
cohomotogy ving of @ obtained wsing endy invariant forms is isonorphic (under the nalural
inclusion  homomorphism) with  the cohvmology  ring of O obtained using all regular differen-

tial forms.
This resalt udmits also the following new interprelalion :
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The colomology algcbra H(LQ ; ) is isomerphic with the algebra of L®.invarian! ele-
ments from QULD), A(0g)).
) In !‘:u-t, the elements whieh are associated by § to the invariant forms on @ are the
L® - invariant clements {rom Lhe complex @(I'{Ld); A-I(U‘D ).
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