Analele stiintifice ale Universildtii .AL. 1. CUZA® din Iasi
Tomul XXII, s. 1 a, 1976, {. 2

GRASSMANNIANS OF HIGHER ORDER AND EQUATIONS
OF MOVING FRAMI
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A SZYBIAR

A problem of canonization of frames on submanifolds was been solved in a lot of
particular eases. In the last ten years there appearcd appers whieh contain some methodi-
eal treatments of this subject, In order to canonize a fickl of frames of the first order one
necds commonly some contuct elements of higher order. Therefore there las been devele-
ped a theory of prolongation of Lic groups and of fibre bundles. The use of infinitesimal
equations of moving frame ficlds las been arranged by E. Cartan a long time ago. DBut
only the theory of fibre bundles, cspecinlly of j& bundles, allows us to know in what spaces
those equations are considered and solved. In the present contribution we consider bund-
les of contact elements over submanifolds, Genernlized Grassmann manifolds appear there
as slandard fibres,

‘The author is greatly indebted Lo Mr. Ivan Koldr for rendering some unpublished ma-
terials.

We shall usc the following notations:

1= f' will denote & mapping reciprocal to f, while a symbol™ will be used for an in-
verse in groups.

2° Il o smooth mapping, F, is defined in a product 9x D, 9 and D being real do-
mains, then the symbols ji, F(i, 5} (and. respectively Juiv (¢, y)) denote a holonomical jet
of order r of a mapping ! — F(f, ) with a source at the point ¢ = & (respeetively, a holo-
nomical jot of the mapping y — F{{, y) with a source at & = Q).

3" .'.i'r(--l.z, Hlu) is a manifold of jets of order # from a manifold 4 to a manifold

B, with sources at » & A and targels at y @ R

(A . 1) Lj Ol By, 9€,B)= Li (A, B,} |z = ).

47 Reg'(4 i Bly) denotes .Jr(.lx, Bly) restricted to regular jets.

or

* R* will denotc the topological vector spuce of k-tuples of real numbers,

G L’,f is a group structurc on l{(‘.gr (be, R, L’f denotes its Lie algebra, - is its unit
clement.

7" T L] is the group structure on 9"(RJ, L), a group multiplieation Leing defined
as follows

(50 2} G B} = Jyro (2(y) A(y)).

87 T assigns to any manifold A its tangent nmnifold 737 T, is a space tangent
to 3 at .

All the manifolds. mappings, cte. which we have to eonsider are assumed to bhe
smooth

1. Grassmannians of higher order. We fix three integers, p, 2, 1, so {hat r = 1 and
1< p=n We assume that the indices 7, §, £, & vary from 1 to n, a, b, o, & vary irom 1
to p and w, v, w do from p — 1 lo n. We consider & manifold of pr-frames on R™ at o,
i,
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AP = Reg' (R, Rp).

In the ease r=1 K" is a Sticfel manifold. Thus we call %™ is a Sticefe]l manifold of
order r. The group LY acts on %P™ Ly the following rule

(1) AP x LE KD, (o, Jof) = jorxof.

Pt
-

This is an associative vight action. Then we defline an action of TF Lion % as foliows

. . 5 : g r—1.1
(2) TPLY % UT" - HT™, (Groals), dron(s))— jio Jae (at) 2(s)),
[ 2
where o) () denotes the result of common madrix maltiplication, sinee a(f) = LY and
v(s) = R™ Obviously the action dcfined by (2} is a left action, We remark that its result

depends on 5§ ' % and on the holonomical et Jo b,
The group Lf.’ acts on T,?’ L'l‘ by tie following rule

. r -F .
() (10 o) > joxof.
‘This is a transitive righl action. Both actions (1} and (3) may be turned into left actions
it we replace §§f by j§ J1 whiell is equal to (55 f) "
Then we define an sietion of a carlesiygn (non-direct !) product LY x 721} on

as follows
(4) {<g G>, X)~» (Gg~1)y(xg™),

where G'g_l e TP LY is a result of the action which was defined by (3), Xg_l is a result
of (1), and (Gg 1} {Xg™!) is computed in accordance with (2). The formula (4) delines an
associative left action il we provide the product LT x 77 LT with the following inner com-
position rule
(5) . <h H><g G>=<hg (HgG>.
An inverse with respect to the above multiplication is given by
(6) <g G>7'=<gt (G >
The following proposition may be examined direetly.

1. Proposition : The formulas (5) and (8) define on L,.p X T,? L’l' a group structure which
i8 a semi-direct product, Ll x TP LY of the faclors.

We shall denote this group by L™

2, Proposition : LY is a Lic sulgroup in LP" and TP LY is an invariant Lie sub-
group in LP".

Let us denote by L, TP L®, and by LP® respectively the Lic algebras of the groups

v - - A o o BoLh

L,'?, fl,? L’f and of L,?’". Vectors ol the canonical basis of L,? will be denoted by ig, |a"b’ ey
ibwe--b. and those in T? L® will be denoted by Id , Tib, . I -+ &1 where we  assume
a i rol S TR TR YUY,

bgh, < ...
Let us denote by Q7 and, respeetively by @) the canonieal left-invariant forms on
L? and on TPLY respectively. Then we write the decompositions

LT R LY AR S Y.
O @D+ I @Dy e A B @ (Dtbl by

Now we arc going to express an induced action of L#:% on ¥P-% Let V= j}o*{e be

a vector which is tangent to LPat the point y,. Then the form 3 : = Qi @ 90 sends
5 . P e STl e e .

I” to a vector ¥, : = JpYe', which is tangent to Lr at its unit element. Let us take some
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X E- Apr Lot yyly, X dt‘I.I()tC a result of the action (1) with y;1v, on X. Then the vee-

tor _;}m (Tc._l Y, X) = THP™ is a result of U tangential action. On the other hand 1 repre-

sents some left-invariant ficld on £Por Thus we define o linenr mapping XAy Lo
- r

— T, %P by the following ecomumutative diagran

Ty LM ———Fme— T, PP

”
APl
A /t:mgf.'ntiul

LA )
LA

Y action
. n

T LP

i 1,1 ... T . . - - ¥
Let ef, ¢/'™, .., e~ be a canonical basis in THD™. We decompose XAy with

3
respect to this basis:

-, ir) Lo A TN
RN Sl - T
=]

=

We introduce the following notations

. 3 £ ! >
o A B Xl !
_,7) J'."l aee "l‘_. . ! 1R I ﬂ:] L ﬂ?tf -l?(lr+l: -..(lﬁ,’
{
, s—1
X, 0= 2 Nt o) _
b{d;""’s N Io1m Ve v s B ™ T g gl o Gy

where ¥ is a st over all permutations (1,..,58) — (< 1,..., = 3) such that Ty <y <. <

bis
< a and iy < - <ot These and similar notalions will be used throughout the
paper.

3. Theorem : The following equalities hold :

(‘YA'/_.“)i (D._: “-‘J; _ .X;QD

] “?

D) VA, N IS R S - TR i b j b
(Yﬂ X )aln, (DJ Xala, F (D,;ia1 “a, + (Djﬂ, “\a, - XbalQa, - X bay Qa, - Xb Q‘u,a2 ’

(8)
XM )i — o Gyt b
(x" )ﬂl....ar Ij{al ...ar"x.} \b{al...nsg.} g
Proof: Let us fix a veetor ¥ & 7 LP". Then we may write
) A4 1 - . )
QY (1) e 3”03;0[& (&) v, 27(t, )], where a(t, —) is a diffeomorfism of a ncighbour.
hood of @ = R” and sueh that af, 0) = ). Analogously we have

(7 ppey a1t i
D) = o T FB (et s
where {3;3([}, 0) =38 . Then wy have lo compute components of

Jlodre Bkt ) Ghe X oalt, u)).

I we simplily computations by changing the order of differentiations, then we obtain for-
mulas (8) where all members are applied o the veetor F. In view of the arbitrarity of this
veetor we obtain our theorem.
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Notice that sinee the group LTis a subgronp of LP™, it acts on the Stiefel manifold
%P" . Then we may take inlo consideration the space of orbits in %P* by the action of
LY. In a classical ease, 7 = 1, an orbit of a 1-frame in WP by the action of LY is nothing
but a p-dimensional plunc in R", ‘Fhus the orbit space Wi " LT is a classical Grassinann space
[13]. This gives a reason to state the following definition ;

4. Definition : 1 Grassmann space of order v is an orbit space K2 LP We shall
denote this space by GF".

In the following we shall briefly cail G2 o Grassmannian, We shall show that GF™"
is a homogencous space, Tf I} Dbeing its group of motions.

II. Infinitesimal equations in an associated bundle. Let I be a manifold, K be a
left action of K on F,

<i(f, k)y->nf= F.

Thus there exists an induced mapping, 7, which injeels the Lie algelbra of left-invariant
forms on K into a Lie algebra of veetor ficlds on F. In order to express + and =% in local
coordinates we fix a loeal map (%, w) on F and a local map (0, ) on K, so that the unily
e of K is in 7. Then we write

5, AT ) = (T3} s T, 2]

5 — di 2 g . \ : . a A
where d = dim F, s = p(0), z € mY. Then we consider a matrix [ia(t)}l-l, s e mal, ok
where k= dim K,

@)= — 7 (s, 2).
257 | etn)

Let ¢ = Xu, @ v* pe a left-invariant form on K. A mapping u defines a holonomic ficld
of frames on . Thus u!,..., u, are vectors of this field which are tangent to K at ¢. Res-
pectively, let m, ,..., mg be components of a holonomical field of frames which corresponds
to the local map (%%, m). Then the vector-valued form

) Sm, @ 1% () pr

is a local expression of <™.
5. Definition : A system of equations

{10) dp + D12 (A =0, (x=1,..,4d),

iscalled a sysiem of infinitesimal equations of invarianinessof the homogeneous space (F, K, 7).
6. Example : Let us go back o formulas (8). s a consequence of theorem 3 the equntions

aX; + (X" "= 0, ax;, + (X" Ao, =0
i A THE o
o dXy o+ (x" )“1"'“r_ 0

are just infinitesimal cquations of the homogencous space (9(,.’", L"),

We note that a prime integral of (10) vields always some local expression of the
action =, ef. (1], [2]), [3]

7. Proposition: [f we fuke into consideration a right action, o, such thal o y:= < -1y,
then the system (10) lurns info the following dn™ — p Ny (,‘):){;JA = 0.

Let § be a Lic subgroup in K such that ¢:= K/9 is an invariant Lie subgroup.
Denote by G a manifold F/9, i.e. a manifold of orbits in ¥ by the action of /9.

8. Theorem : If K s isomorphic te a semidireet product 9= I then the mapping ~ in-
duces a left action $:1 X G - G.
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Progf : Denote by Tgaan J-orbit of some point= £, Then we put 3, (—:gn) =1y {=,a)

for b & H. In order to show that this definition is corvect we must prove that if we tuke

another point, a" — 7,4 which belongs to < > we have {}h(fga') == 1‘}h(':9n). In fact,
i (v T, M Tt 4 T, Toas tgT oa= 4 (< 3
A ( ) g7, o 9.7 5 € B T, Tty T e = Dh { g @) q. e d

Now we take into consideration the new homogencous space (&, I, §) and we have
to deduce the corresponding cquations of invariantness. Assume that dim G - § < d. Suppose
that o certain surface defined by the equations

(a1 yl= ¢y, ye § _ pd-8

has exactly one point of coincidence with cach Z-orbit in the domain 7, If we substitute
(11) into (10), we obtain the system of cquations

(2) e, et e et a0, st a8,
&~

Assume that this system is of rank §’. Then it is equivalent 1o the following
k-5
q g ;-1 8 ‘.
W= NS (E B, =k =8 1,k
g1
If we substitute the above expressions into the last d — § cquations of the system (10)
we obtain the system ’

-8
2V N Ve =8
42 + YN pi(E ., DT 0.
G=1
These are equation of invariantness of the hemogencous space (¢, H, 3). In view of propo-
sition (7} the above treatment may be extended onto the case of a homogeneous spuce of

orbitsI;vith respect to a right action of a Lic group 9* such that there exists an injection
St K,

y 19. %x;n:tple : Il'elcm’j's;'der a hemogeneons space (%Yf’”,L,’"—) where .« denoles the uc-
ton described in section I, The equations of invariuntness of this space o e le 6

Then we are going to othin a pmj{.:ction of (%? ’",i?_) topanotrllxi::rb;{vlfilrnbfli:z(:,nf-;f'(’:
TP LY, +) where GP" is a generalized Grassmannian introduced in sect. T and the action
is induced by the action of LY on %7 and by projections

e Pyt P8 e
He" =GP = APNLE, LD s P L = LPMLP,
. P N f ) R R P B 5 .
In order to find the invariant equations of the space (G7"" ¥ LY, ), we write equations

», I - . .
of (HP", L¥™, .). These follow immediately by theorem 3 (see formula 8). We have

b = - . o ot
dXg + L BLX, + ¥ 0% Xi — £ X008 —o,
c u 4
(13) .
b o, £, x 'b. o ., oy
tl.\'ﬂl.__ns—!-),,(b ...as‘\.}"—%q)u{al...as‘lu _L‘\b uQ?

. c{al } - c{ul... .

dXd + SO Xe + R OLXG — X XLO; =0,

[ w ¢
(14)
X" + Yo x°¢ i Y e e ¢ _
LRS- N . c{a[ ce G } + % u{al LN X.} %-‘\c{ul ...as‘Q.} =0
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We remind our previous convention : indices @, &, ¢ vary rom 1 to p; w, 0 vary from p | 1
to n. Then we restrict ourselves to a subset in ¥I™ containing these LI - orbits which pass
through 2 peint with coordinates

= b b b B
{13) Ac == 8(.‘ B ..\cl(,z-— ,.... “c,c, = 0.

If we substitute above quantitics into (13), the fellowing relations follow :

a PRETTE M.

e '3 ] b -1
{16} Qf= @) 5+ ) X7, 0 = <b:,' e, ¥ d)“i . X%

n s - P

Formulas (16) allow to express L,? -components by 1} Li-componenis in the action of L% |X
. -t vt ril! . g . o

X TP L] on the orbit space. The numbers X7, X7 . Xy g may be considered as local

coordinates of an orbit, i. c. of a point of a Grassmannian of order #. Of course, not every
orbit passes through a point with coordinales {15). But cvery orbit passes through a pom.t
with coordinates like (15), sueh that the indices «, b, ¢ vary in & convenable subset {g,,...,

T f
e @p {1, } where g < g < ... < gp As {1, n )} contains Cy = n![p!(n ~ p) !;!
of such subsets, we see that the orbit spaes tjf’" may be covered in the whole with O}

H L. . " w
charts. Coordinates which are determined Dby these charts are of the {form X, ,....,Xu1 a,

where ww varies in the sct {1,002 IN{g o &p 1 ) ) .
In order to obtain the infinitesimal cquations of invariantness of a Grassmann space
we have to substitute (16) into {(14). After performing somne computations we obtain :

AXY 4+ 0 4 OF X - XE 0 — XX 0= 0,

. 1w [ wooU L L, VO R (o |/ R .7 LI, 'S T L
(LX:’A ol ay + (Dual‘\u, + d’un,“‘u, + (Du“alrr, Xulb:r, Xca, I)al \c Da,a, ¢ “Vay T ua,
QIR N i I LA T U T L 5 L | L)
- Ac“a,‘buul - crr,‘\u,(btt - cuz“‘ulq)u ‘Yc‘x-l,nabu d
(17) .
i w e o W (I’c _ Xm X“(‘D"_ . 0.
d“ul ety + (D"l ety + q “{"l ...ur‘ } Xc.:'rjl rea ity } ¢{"1 PPY Pl ..-}

Then we are able te formulate the following result: ) ]

10. Theorem : The generalized Grassmannian is « basie manifold of a Klein space with
the structure group TT LY. Equations (17) are the corresponding invariunce equations.

Let us turn to a general situation. Consider a homogeneous space (F, K, ':)..Lct
(P, M, K) be a principal fibre bundle over some manifold 31 P is just a bundle manifold
and K is a structure group. We {ix a peint @ € I* and a local cross-section ¢ by a.:Let,

. [ .

x be a vector tangent to ¢ at . Then we decompose x in two components x and x° so
that x¥ is tangent to the fibre and P s tangent to the cross-section ¢. This  decomposi-
tion depends ‘essentially on the jet j's. A manifold of 1-jets of all such cros.s-scct'mns is a
bundle over M. This bundle is ealled a fivst reguler prolengation of (P, .11,'11). We denote
by &(X) the veetor in I which generates 2%, If we let ¢, jlo and x vary in thc_pro]on‘gt}-
ted bundle, (P, M, K,), then we define o field of K-valued ]iueal_‘ _10rms in P, [1G]. This
is ealled o ficld of eanonical form. Its components satisy the identities

(18) AP+ B Ch 0t A O SOUA o = 0,

A . : , i
where 2, u, v vary from 1 to dim K, & varies from 1 to dim 3/ and 9: are components

of the canonical forin on a second prolongation of P, w® are components of the co-frame
at the projeetion of a, {cf. [6], [16], [25]).
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Let us lake into consideration a product PxF, Thus the group K acts on it by
the rule

(ks (01 f)) > (K73, 7pf) & PP,

where pk™! denoles a tesult of the canonical aclion of k™! € K on P = I Let o denote
the orbit space by this action, Thus ¢f is # bundle manifold of a fibre bundle which is
associated with (P, M, K). We denote this Lundle by (. M, P, (F, K, <)) The following
proposition is due to R, Crittenden:

There exists 1 1 — 1 correspondence between eross-seetions MW-s ¢ and (he mappings
¥ P — Fwhichsulisfy the identily - 80(p) = X{ph~1).

A prool follows almost dircetly by the definilion of the associnted bundle. Thus a
taapping o: M — of defining a cross-section whieh corrrespords to O is given by g(projec-
tion of p) = orbit of (p, A(p)).

In what follows we fix some mapping ¥ and we shall dervive corlain infinilesimal re-
lations. Let #-sy(f) be a parametrization of a curve in £. Thus Joy=1:x is a vector
tangent 1o P al soine point «. We have

Jg‘?(. oy = (rlfl'(u‘)) x = (d(t))x" -+ (d(@)) xP.

Then we cheek a parametrization v* which corvesponds to the vertical component x¢, that
is xt = jiyt. We have

(d:i)x¥ = jl Noyt = Jlo Uy )

where ! — Ly deseribes o convenuble curve in K sueh that Jly ke = 0ix). In view of (19) we
- '
obtain

(dX)xr = — 2qxe, Vla).
By summing we have
(20) (@) x + Tfiye, V@) = (d2X), =",
We have an equivalent formula in local coordinates which has been introduced ahove, viz,
(21) a2t 4 6 (5) 00 = 2 o™

Thus (é"‘, 5:), A T dim By oo 1,0, dim M oure local components of the jet 'V oo
The equalitics (21} are sometimes called infinitesimal equations of o ficld of a geometric ob-
ject, [18], [19), [28]. Notice that the left hand member in (21) may bc obtained directly
from (10) by forinaly substituting o* instead of a;ul and by adjoining the right hand member
2w

11. Example : Consider the manifold H? . — chr(Rﬂ,, M) where  — dim 37. ‘There
exists a natural bundle structure over M, with L% struct jrul group, [15). In particular, if
7 ==1, then H‘;’ is 2 common bundle of lircar frames. In order 1o construet some assotiated
Lundle, we take RY to be n standurd fibre and we assume a canonieal left action of L‘f on
R%, Then the corresponding spaee of orhits in (%, Rd) is a veetor bundle 7 over M.
A veetor field on 37 may hie viewed as a mapping o _'1'{ — R such that

w((35 %) (Jd o) ") = (Gaa) e (da s),

: . . s . 5 i
where ‘7.}3 is a linear frame and jy o is an clement of L“f. Ihen we consider the rli pro-
: e , . d . .
longalion of o and of THM. We put RY; = 9" (R R®) and we consider a group action

T
< LIXRE > RE, (b o, dow) 50" (48 o). w).
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Since j&c s liandw = R%, the result (J& aye of & canonical aelion is in R%. The orbits
of the action

r
4 a d 4 S A l RED .
L (H e RY) > AL Ry (57 e, (078, jow)) > (7 500, ¢ jow)

form a new bundle, 7,3, which is associated with the principal one (I, M, L‘,!_\_l). It
we denole the loeal components of some eross-section Af — 0 by ©*, UE,---,U; g then
3o K

tire infinilesimal equations of the corresponding licld are

A SUET SO B S £ N DA S S S S 4
do® Lo . = Vo, ([1:54-14& r_oY—!-U tiyy Uy oy = Vg e .

x F o % v P ‘4
i, o -k vin i,y — U wl, =v [8)
B T P8R, O} T P88, 90 T By
where % @f....e} o are components of the canonical form in the bundle Ilf_{_1 {ef.
3By

[11, [3], [15], [211. {2k]). These satisly the well known differential identities

El T Y x % Y ® ) g
de™ -1- W, Nt = 0, dmﬁ T oA o 4 (-)SYA o' =0,

d @ Y -
ders LW e A oi,=10
] "'BY Y{Bl-.-.a‘( } *

which are called structures equations,
I11. Infinitesimal equations of moving frame. Let 99 be an w-dimensional manifold
and ¥ a p-dimensional submanifold. Let us put

@ = Reg! (R” [y, 90| {3 s/s(0) € V).

Obviously @ is a fibered manifold. Move adequately @ is a manifold of prineipal bundle
over < and L is here a structure group. Simultancously we consider another bundle of r-
frames, namely

ez Reg! (RPfy, )

Obviously (P,, 17, LF) is a principal bundle. Then we define the following prolongation
G, of G
W ---{j’r‘;lcOp ¢ is a loenl cross-section of 7 to @, §lu p = Py, i varies on V),
We sec that @, is a manifold of a principal bundle with a structure group ’I'f Ly,
Then we define a right action of the group L¥" on the product Ppx @, as follows :

o) < dofs It Fag Fle, SN > <jg e gy’ dap Tloro 1) >
23

- <o e et Ui K, Foy(up) - (J1 V. ¥}
H
o*
hand member is an element of L":'" . It is ecasy to see that Perr is & manifold of a cer-

where jif & Reg” (R}, V10, j;iDF(.L‘, q) & Reg (R, i) and the second faclor in the left

tain principal bundle over ‘¥ and the structure group is just L™

Now we speeinlize a construction of the canonical form to our bundle (P, xQ,, 9, L,.p’").
We fix a vector X which is tangent to P&, at the point u, Let X, (resp. u,) be the
image of X (resp. of w) by the eanonical projection PrxQr— Pr | xQr_;. There cxists a
local cross-section of PrxX @y by wu, such that a first order jet of this section is just equal
to u. Let B odenote o subspace in Ty Pr_ X Q. which is tangent to the above mentionned
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section at the point w,. Then we ('I('vomposv X, inlo its verticul component X* and its hori-
rontal component X2 so that Xt is tangent to the fibre and Xb is tangent to k. Note that
this decomposition depends essentinlly on w. Then we define a value of the canonieal form

on X to he o pair of veetors, The first of them. (-}t,f) (X}, is the value of a canonieal form on the

yel .
bundle (Py, 97, L) and the sccond one is the 77 Li-component of this clement of Le®
which generales the vertical component X© of X*, We denote this second component by

r . . .
Z). Then we have the following decompositien

o b b
@ =TI, @ wt + If: oy b T @ wp P
1A RS

(24)

iy yd ? - ) th ...b _— %
N=R@U+T U+ + LRG|,
The b:n.:csin vcct_ors I, constitute the eanonical basis in R”, and r';,’, s Iz‘b’ , ... have been intro-
duced in seetion 1L (compare with formulas (7)), We remind that the components of of?
sutisty the differential idenfities {(22).

14, Theorem : The T Li-components of the cononical form on P, %@, satisfy the fol-
liweing differential identities;

k wh 1 i P
A+ GAatl+ ane' =0,
k k R ] k ] K
Al -+ zm A C{ - cj A Cga i cjb A g - cjab A f-')b =90,

vk k 5 ek b _ L o
'I‘wul,..rrs + Z’{"l“'"s & C;i:} ' tjb{al...as("} SR 8 PR~ -1
Yor u proof, cf, [16]. Other treatments ure in [6] and [22],
The principal fibre bundle (PyxQ;, ',"‘,L,?'") will be denoted by 2, Observe that
e is uniquely determined by an immersion : o 9 — Q¢
15. Lemma : Let E, denote the r-jet of the inomersion of O at the point m. Then for
cach element o = Py | fibre over m, there exists a mapping w® which sends §y to a point w0y <

= ¥, Moreover, if == wy for some g« L,?'" (see formula (23)) we have = £ = g (w &)
(xee (2) and (6)).
Proof . It we assume
. R -
w= <jofs Jyw dzo Flas f4)) >
and £, = jmt then we set

wins = Jpo (ko B FG (o S,

where (jle(.-r, gyt is a i-jet reciprocul to jiﬂ Flr,q) which maps the lincar space
Tp IV into R™, ¢ varies in some ncighbourhood of m in 9. The right hand member of (25)

is an element of bhe Stiefel manifold %% ). The proof of the second statement is a matter
of brief ealeulation by means of formulas (23) and (23). In fact, we have

; N ) -
< jofoy, iy Cirn F(e, foy(y) (neT(x, ¥) > fmr =
1y, A - !
Jup" (G Tle, y))F Gro P, Sfov(y)) M (ofoy)) =
| =1, s . : b -
= < Joe W) Jue (Gho Pl Y 1N > % Fap (o Fles SNY™ (oS D)-
The above equalitics prove the second statement of the lemma. )
The following proposition is & conscquence of considerations in section II and lem-
mn 135,
16. Proposition : The field m — Z, of (r —1)jels of the immnersion 7 — W 15 a cross-
seclion i« bundle (ody, VY, P, (we, LP%Y) which is associated with Pr.

14—Matematicd 2pg
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Let us consider a class Ay of local automorphisms of € which send 2 point m to
itself. Let o and £ have the same meaning as above and p be un r-jet of an clement @ =
- e - -~ o & Pp
& A, As a consequence of (14}, we have w(Zp) = o7z Z), where p= Ja(ﬂo aof)w L{.
Definition 4 and lenuna 13, allow to state the (ollowing propoesition.
17. Proposition : To cach frame w at m there corresponds « mapping wc which sends
the orbit

(26) {Zwplp=dmé, a & dn}

to the element {we(Zn pg)lg € LYY of the Grassmann manifold Gr
The orbit (26) is called a contaet element of order 7. of. [17] It characterizes the
inclusion of € in 9¢ independently of o choice of frames and of the immersion. Thus the

coordinates of this point in GPY which is an image by @ of u conlact clement relative to
coordinates of = . Then proposition 17 implies the following :

18. Theorem : Let < be a submanifold of 9. Then for any 7 = 1 there ex
B, of contact elements of order v over <V, The structural group of this bundle is T? LY and
the standard fibre is the gencralized Grassmann manifold G,

19. Theorem : «Any cross-section in the bundic ‘B, of confuct elements satisfies the fol-
lowing infinitesimal equations

isfs a hundle

dAD + ALTE + O Ab G — ASADLE = A,
'I:\:jm. | A:;a. t:: + A:; Cfm, + i\:, 1r;a. = CE,«, —
AL, = Aba B — Abpy B, — AL AL T — AR Adn, Ta
LA AL C - AL AL Ca, — ARAD U= Arape’

(27)

AY u v v v b AY AY b AT b
d‘\nl...aa +4A ay-% C|u} f ce:ll...ri‘T ' b{ﬂl‘“"s C} & b{a_l"'“x- . c|m|': ﬂl...ajb B

where s < v — 1, AL A% are local components on the standurd fibre GO of By and

the forms tf,’,__”, have the smne meaning as in theorem 1-b

Proof : 'The thcorem follows from theorcm 18 and the general fortnula (21) for eross-
scetions. In order to obtain equations (27), we have to substitute in the lelt hand mem-
bers of (21), the left hand mambers of the invarianee equations of G and zeros in the

0 - b [ b .
right hand of {21) are to be changed into horizontal forms -\zb w, ...,.\I__l areqh @ Tess

pectively. .

Equations (27) are also called equations of moving frame of L. Ca}* tan. They play
an essential role in a process of canonization of frame fields on submanifolds. The ths:or_v
is exposed in papers [8]—[12], [14] [19]. In concrete situations there are used rather direct
metheds of finding invariants. Advanced examples are to be found in [7]. P"aper |27] con-
tains a clear and exhausting exposition of this method.

1V. Final remarks. In this svetion we compare the above deducing of cqualions of
moving frame to a method of direel obtaining these equations. This is founded on the follo-
wing lemma. o

Lemma of Cartan and Laptev : Let be given two matrices of ¢xterior Torms [o,] and

x .
[4,], dega, = 1, deg A, = q, v = 1,,p 1LY A, A, -0 lhopds then there exist (g —1)
wel
forms T MV 1,...,p such that

P

- - T o - .

17 (p.V = T 2 -'g =23 Y‘JLL"“" ey
r=1

It GRASSMANNIANS OF FIGHER ORDER AND LQUATIONS OF MOVING FRAME 211
3700 Iy, 1 and I“"‘Ju] sutisfy 2° then thoere exists a nsdrix of (p — 2)-forms, f2,.5] sueh
that =+, «— Yoy, E B‘»':.l?»A 2% amd [-;’uu).] is syounelric with respeet Lo lower indiecs.

s
Cr[3] An extension and an algebraie treatment of this lemma is given in [20].
- Let the manifolds 9 and 997 be bike in the above scetion. Let w® (and, respectively,
wf) be components ol coframes on O (respeelively, on iNin puints of G4, Then 1he PLaff
system ol the immersion 9797 is the following
N i —i
(28} Xg W' — b=,

We perform an exterior differentintion. By using strueture equalions

Rl a a b — 9 .
{29) e wpA oy o' = — oy A W
we obtain the following cqualities

(X, + X, (_); — X; t>g) At 0.
We apply Cartan-Tapt: ¥'s Jemma and we conelade that there exists a malvix field [Xi,,a, ]-
such that Xge,= Ngp, and
(30) AN o b — Xl = Xyt
Then we return to  considerations in seelions TIL We conclude that (30) is a system of
intinitesimal  cquations of & cross-scetion in 8 bundle over 9 with s Stiefel manifold as a
stundard {ibre. In order to project this hundle onto a bundle with & Grassmannian fibre,
we have to restriet curselves to o eo-frames [;fj such that the fivst pocomponents «f consti-
tule & co-frame oo 97 and o (v = p 4 1, %) are transversul  wilh respect to 71, Thus
we have lo write ¢ lostead of o and @t = . Then Lhe svslem (28) takes the form

(31) Arw'=C
and the structure equations (20) are to be replaced by

[ (S IR A A
o= — A e LhAY A mb,

v v . . N . ; .
where £, €, are components of the canonical form on o prineipal bundle over 7 with Tgp L,}
as its group. By an exterior differentiation of (31) and using (32) and Cartan-Laptev's lemma,
we obtain infinitesimal cquations of the form

4 ot r T b I ey v b
dle+Ag Sy F a—Mpa =AM lam Appo

These are equalions of a cross-section of & bundle with a Grassmannian ?.ff’" as a standard
libre. In order to obtain inlinitesimal equations of higher order, like (17), we have Lo diffe-
rentinte cquations (33) and to use the strueture equations of higher order (see theorem 14).
We shall not deal with details of computation which are to be fonud in many papers, c. g.
18] and, reeently, a most part ol papers published in Trudy Geometricheskogo Scminara
{sce Relerenees). A purpose of our above considerations was to derive the ehquations of mo-
ving frame by using suitable bundles of higher order. Grassmann spaces ol higher order
appear there naturally as  standard fibres. We considered only the ease when full linear
group is the original structure group. A treatment of the moving frame in G-slrueures is
to be found in quoted papers of Gh. Gheorghiew.

(32)
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ON ALMOST TANGENT STRUCTURLS OF GRDER &
BY

oM GADEA (*) and ), L. ROSEXNDO

1. Introduction. .lnost tangent struetures of order & were introduced by Elio p o-
ulos. [13] (*%), and they are o gencralization of the almost tangenk ones (Cl:trk and
Bruekhcecimer [5)]). Catz [7]. [8] obtained some results, and Clark and Goel
[10] deal willy the sase &= 20 In this article we get some results on sueh structures. Con-
eretely, we give a delinition equivalunt o Catz's, and somwe cxamples, for instance the exis-
tenee of an integrable almost tangent structure of order & — 1 on the torus $1x — x 81 (k
factors). §3 studies the gencral problem of existenee, and we get a theorem on the exis-
tence of associaled structures in Bernard's way f1].

In §1 we approach {he obstruction to the existence of the almost tangenl structures of
order & o a eorlain kind of manifolds by using structure conneetions and Chern, I'ontrja-
gin and Sticfel-Whitney clusses ; showing how a chain of foliations ¥, %, ,..., F_;, and 2
theorem analogous to Botl's relative to the foliations, are given in this silualion._§ 5 stu-
dies the almost tangent struclures of order F, integrable case; and at lust, some results on
prolongations ot the k-jets fiber Lundles are given in §6.

.2. Definition and examples. Definition 2.1. Lef M be a (B + 1) n-dimensional dif-
Jerentiable manifold (L @ N).A G-structure with group G of malriees of the form

A, 0 ... 0
‘ Ay iy
(2.1} , 3 . ., = Gi(n, R)

| I T PR §

will be said on abmost fangent siruciurve of order k|

We will sav, M is an ahnost fengent manifold of order Lk if such a structure is defined
on M.

Let P(M, ¢} be the adapted frame fiber bundle. We define a (1, 1) tensor field,
such that its components are
0 0 ... 0 0
I, 0 ...0 0
0O I,...0 o
LR ) I O
relative to any adapted frame of 1. Any local cross-scetion is an adapted moving frame on

M. 1t can bLie identified with a set of independent vector fields X ,..., X (kypins such that

JXophy =0, JXNg = Agptizng =0,k =1; a=1,.,n

) ’l“his :111L1|9r’s work was supported by a fellowship of €.8.1.C. (Spain),
**) Numbers in brackels refer to the references at the end of the paper.



