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ON ALMOST TANGENT 5TRUCITURLS OF ORDER K
BY

I M. GADEA (*) and J. L. ROSENDO

1. Introduction. .slmost tangent structures of order & were introduced by Fliopo-
nlos, [B8F (), and they are o gencralization of the almost tangent ones (Cl;trk and
Bruckhcimer [5]) Catz 7] {8] obtained some results, and Clark and Goel
[10] deal with the sase &= 2. In this article we get some results on such structures. Con-
erelely, we give o definjtion equivalent to Catz's, and some e¢xamples, for instanee the exis-
tence of un integrable almost tangent structure of order & — 1 on the torus $1x - x 1 (k
factors). 3 studies ilie general preblem of existence, and we get a theorem on the exise
tenee of associated structures in Bernard's way |1}

In &1 we approach the obstruction to the existence of the almost tangent siructures of
order Ioon o certain kind of manifolds Ly using structure connections and Chern, l'ontrja-
gin and Sticlel-Whitney classes 5 showing how a elmin of foliations %, %, ,..., Fi_,, and a
theorem analogous to Botl's relalive to the folintions, are given in this siluation. § 5 stu-
dies the almost tangent structures of order £, integrable case; and at lust, some results on
prolongations ot the fk-jets fiber bundles ave given in § 6.

".'. Definition and examples. Definition 2.1, Let M be a (& + 1) n-dimensional dif-
Jerentiable manifold (b = K)..1 Gestructure with group G of malrices of the form

1 o ... 0

. A, B |
(2.1} ; X , oAy =Gl R)

1Y VPRI U]

will be seid e clmost tangent siracture of order I,
We will say, A is un alweost tangent manifold of order & if such a structure is defined
on M.
Let P, &) be the adapted frame (iber DLundle. We define a (1, 1) tensor field,
such that its components are
1] 0 ... 0 0
I, o ...0 0
0 I,...0 0
O 0 L. f, ol
refative to any adapled frame of 7. Any locul cross-seetion is an smdapted moving frame on

M. 1t ecan be identificd with a set of independent veetor fields X,..., X k4, such that

J‘Ya+i'n= 0, J‘\,a-i-?'n= “—ﬂ+”+l)'l I=0,.,kF—1; «a 1,0

) 'l"his :mlh?r’s work was supporled by a fellowship of C.5.1.C. {Spain),
**) Numbers in brackels refer to the refevences at the end of the paper.
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The (1, 1) tensor field J has constant rank Fa and it satisfics the equation JE = .
In this sense, we sce that a field, so defined, determines an almost tungent structure of
order k& on MM,

It has been proved (see Mliopoulos [13], Catz [7]) that this condition is
alsp sufficient, in the following scnsc

Theorem 2.2, oA nceessary mud  sufficient  condition for a meanifold M to admit an
almost tangen! structure of order I, is the ecistence of « (1, 1) tenser field with constant rank
kn, where dim M (K -F 1) n, and such that JE¥ — .

Example 2.3. The natural almest tangent structure on the bundle of k-jets (7% Ar).
The tangent vectors of order & of any diffcrentinble manifold M form the manifold 7% a7
A local chart @ = (phip- ..., in M defines fhrough the natural projeetion = : % M — M
another chart (v, y, ,..., y) in TF 2L,

1 dfph
il

W= (y:'f), = 1,...n), 4 =

The change of charts in domains with common interseclion is given by r?y{‘;'_.'éjy:

G [ ganyw
r"yﬂ (av’*

where ( )™™* represents the prolongation of order (v — ). Then, the change of charts
is given by a matrix of the type considered in (2 -~ 1. Therefore the fiber bundle of k-jets
(on an arbitrary differentiable manifold M) admits, in a4 natural way, an almost tangent
structure of order k.

Example 2.4. Existence of an integrable almost tangent structure of order L—1 on the
torus S'x - x 81 (k factors).

This question is proved in §3.

§3. Existence of almost tangent structures of order &, Definition 3.1. . G'-structure
P(M, () is sald equivalent fo a G-structure (M, G) is there cyists 1 Gl(n, R) such that
Pm Pol,

A Glestructure I, is o G-struclure if and only il I & N(G) (the normalizer of G in
Gi(n,R); dim .M =n). We then say that P is a G-structure associated to P.

In fact; if <5, = t3f=~! () represents the lnecar map (5 e) = G) and il 71 7, is
the induced one in the G'-struclure by =7;.;, we can obtain :

Yano proved that

-Jx o :;;1 a6 ‘:}.z = A gy w T ) - G
P R S S, | = N
Y= Tlgosll € G el = NG).

Conscquently, in a given G-structure, the cardinul of the set of associated slructures corres-
ponds to the index (N((7): ).

We consider the following well known

Proposition 3.2, T'he closed principal fiber bundle sulupaces of a differentieble principal
Jiber space &, with struchoal group 7, agree bijectively, with differentiable sections in the
spaces £/G where G is mny closed subgroup of . The privcipal fiber subspaces with struc-
turud group G correspond biunivocaily to the differentivbic seclivns of the space £)6.

The problem about the determination of all these possible G-structures on 4 ma-
nilold M is thus solved, in the case N(G) # G, beeause these Gestructures correspond
biuniveeally 1o the differentiable sections in the «quotient of the lincar frame bundle on M
FM |G, & being closed in Gi(n, R).

In the particular case of the almost tangeni struecture of order & = 1 we have:

Propesition 3.3. N(G) # G,

Proaf: Let G be the subgroup of Gi(kn,R) of malrices with the following forn::
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A,y 0 ... 0 0
Ay A L0
Ay Ay o0 00

=

Ag Ay Ay

where Z = 3. I, e R — {0 }.
We obtain @ # N(G), because, for a matrix B <= G :

40 ... 0 B0 oo ... 9
I P T B, B0 ., 0
A 7

4 A By Boy, 0 .., B
& 0 0o 0 Iy, 0
C € ... 0 A, 4,
- . ! . :
1 . | I| ’ )
lee e, .. ¢ e o, ... 4,z

where Cp = (A, 1) - Ay | By oo o A By = Cy | dy e — Crdp)dily ne= 1
We thus show N (G) > 7 5 (.
Corollary 3.4. If there is an almost tangent structure on a manifold M, all associated
structures correspond o the scections in the Jiber space (that is, if N(G) # G).

. Corollary 3.5, If there is an almost tangen! structure on a manifold M, then all asso-
cirded slructures, given by the last corvollury, correspoid biuntvocally to the differentiable sections
in the fiber space FMG.

In fact, the group & is closed in the space fif;,(R) of matrices of order kn x kn,
and therefore it is closed in Gi(kn, R) becanse Gn Gl (Fo,R) = G.

L. 4 Obstrllgl-ions to the cxistence of the structures. 4.1, Strueture connections and Pon-
trjagin classes. We can define, in a wav similar to that of Kliopoules [13], an
almost tangent structure of order & on a dilferentiable manifold 3/, of dimension (k + 1)m,
as u (1, 1) tcn.snr. field J: ¥/ > ‘x'(,; (where Tg denotes the complexilied tangent on each
point » € M), willh constant rank kn, and such that JE o 0. This is cquivalent to a re-
fuction of the structural group of the complexified tangent bundle to the subgroup

roeey k

| 0
O Y |
G == | . X . {4, € Gl(n,0)

Mip, olg. .. 4

ol Gli(k + 1)n, C).

Let 31 be an almost tangent manifold of order £ A conncetion on the frame fiber
]Hlll.('“{‘ P(ar, GI(({: - 1)n, €)) is culled an wlmost tangent connection if the horizontal distri-
hution in each point, induees an horizontal distribution in the prineipal subbundle of adap-
ted G-frames,  being the structure group.

Conversely, a connection in P(M, ) induces a single almost tangent connection on
P(M, Gk ~ 1in, C)).

Let 'L be u connection on M, and X, ,..., Xix, 1, a local Dasis in an open set 1. Then
Jxp Xy T X . IF the conneetion is an almost tangent one, its 1-form on cach open set
., restricted to P(M, @), is valued in the Lic algebra @ of G.



216 I B GADESN and J L. ROSENDO 4

Proposition 4.1.1. A connection in an atmosl langent struclure of order I is a structure
connection, if and only if the coefficients of the connection in M, G}, satisfly:

- 1] . 24Pn
F?.Z'E';n= I :t-(lﬁ-‘;-z—],.}n ;o il By, Ieiiwm=0
Proposition 4.1.2. (See Iiliopoulos [18]). .1 necessary and sufficient condition Jat
a conmeclion on an almost tangent manifold of order &, to be a struclurc conncction is that the
tensor field J, associated lo the struclure, have null absolute differential, that is, FJ = 0.
Proof: If 0} is the 1-form of the connection 7, we have JY, V)= ¥ {(JX) —

— JVy X, that is: VJ = 0F — JO.
In a matricial form we have

V-fdﬁ ng-}n L ..'*.JS“'H 1 OE 0§+,, . Oﬁﬂ.n
x +E
Ve VAR . || 0. GBR .. OB |
3 +E
VIRuim VBt - v I Ofirkn  Ofithn - - O3%kn |
0 0 0 o 0 ... 0 0 g ... g
I o ... 0 0
L+ 2
T 0 0 0 I P | 0
0 Igi‘?ﬂ 0 - E : . E b4
: : : 0 0 ... 0 0 .
. . . [+ 3 x+kn
0 I%K&_ﬂ: 0 0 v e I 0 054k - - - O3 +in
ag+n 1§+n 1] L 0
0§+n—1§+n1§+n 03 (}giﬂ Igig” _]§+n Og+n o 0
: = abik=2in ox+in
O Than — TR OBt : Ta3 k=T B35 gk 1n

If 7J = 0, we obtain the cqualities of the last proposition. Conversely, if the matrix
of § has the following form:

T 0 ... 0
o
9.?3[4-11 B@ o (_) ., we have §J = 0.

Og.ym 9§+{k-1}n .- 03 i

Suppose a certain  siructure-connection has a 1-form of connection (01‘.). Its 2-form of
curvature is Qﬁ = dBj- - Bj-/\ 0;’ i, 7= 1,.., (k& 4+ 1)n. Matricially it must be written

Qo .. 0

Qi Q& 50 o

.=

o Qi ... OF
The total Pontrjagin class of the tangent bundle verilies :

r * o 3
p(TA) l:det (1;.-,.— ;_l—n}]] - [(det [1,, . 2%_9?‘5;)] - [dct (1,, - i_QB]]

-
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and it does not depend, on account of Chern-Weil's theoremy, on the clected particular connee-
tion. We can slale the following

Theorem 4.1.3. The complete Ponlrjugin class of a differentiuble manifold N, of dimen-
ston kn, and endowed with an almost tangent structure of order b — 1 can be expressed as a
poweer of order L.

4.2, Chern classes. By means of an analogous process, we ean gel.

Theorem 4.2,1, The total Chern class of a differentiable complec manifold, with compler
dimension (k + T)n, and endowed with an almost tangend structure of order k, ean be crpressed
by «a power of order k.

4.3. Obstruction to the existence on eertain types of manifolds, Corollary 4.3.1. Com-
plex projective spaces CP2 do not admil almest tangent structures of order 25 — 1.

In fact, for k> s, there are no such structures by reasons of dimension. It is saffi-
cient to consider k < s. 'The complete Chern elass (sce Borel-Hirzebrueh [t]} of
CP% js: ¢(CP®) = (1 -+ 2)%%L, @ being a gencrator of HCP¥; Z).

Thercfore, keeping in mind that &'t = 0, we will get:

dCPH) = (1 + )t = Y

2341 (25-_5_]
i=1

.)£Wf I+ {25 + De | e o®70,
i

If CP* admits an almost tangenl structure of order 2k — I, by £.3.1, we will write
for a4 convenient g,

£ ok
f(CPg’):(l‘. lja’] e 2 b2 e

Identifying cocfficients hetween both expressions, we get:

Sk ] - (A
1= 25, k= 1,2 +1=2kny "7 = k2%,
inconsisteney, beeanse the esefficients are integers.
Proposition 4.8.2. Lel M Dbe a manifold with an almost tangent structure of «n odd
order. Then odd Ponfrjagin classes cun be expressed as keice a polynomial in Cherd's clusses.
It is well known thal, for a complex vecter fiber bundle @ on M, the Pontrjagin
classes py{wg) of the real vector fiber bundle wp, are determined by the Chern elasses
ei{w), such that

(*1 I’k("’R) e () — 2, (o)e,, (o) k.. 2 2¢ () (‘2.\--—1(”) + 2¢,,(w).

By the last theorem the odd Chern classes ean be expressed as twice a polynomial
in these Chern classes. Therefore, from (), we deduce an antlogous result for the odd Pon-
trjagin ones.

Corollary. {New demonstration). e compler projective spaces CPY do nol admit al-
most tangent siructures of odd order.

In fact, the complete I'ontrjagin class of CP* is p(CP*) = (1 4 «%)*"l, x generator
of I3CP%; Z); that is,

2 + 1

i

n

Pi(CP) = [ )x'-"", le b=

Therefore, p,(CP¥) = (25 + Tju?; and by the last proposition, €P* does not admit almost
tangent structures of an odd order.

Corollary 4.3.3. Let M be a manifold, such that (0, (M))* # 0, for a cortain odd j. In
this case, M does not admif almost tangent structures of odd order.

Keeping in mind that for a fibre bundle I of the manifold M, L verifics pj(Z): =
= {wy(£))%, (mod 2) and by the last proposition, in these conditions, for an odd j, it is

(py(2))% = py(E) = 0 mod 2.

Corollary 4.3.4. The real projective spaces RPV: 2 do not admit alinest tangent structurts
of order 2k — 1.
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1t is well known that w(RP*)= (1 4 «) 2:H o generator of IIYRP?; Z), and simi-
larly the statement is confirmed. On the other liand (see Borel [2]) there are the follo-
wing six classes of symmetrie, hermitian, irreducible, compact, spaces: i
I) Complex Grassmannians W, n) = Ulm - n)[U{m}x Un), 1) Spaces F, = S0(2n) | U(n),
11E) Spaces 6, = Sp{n)/U(n). 1V) Complex gnadries SO(n 4 2)[5002) % 50{n}
and two cxeeptional spaces.
The first Chern class of Grassmannizn spaces is ¢(W{m, #))= — (m § njo,,
o, being a generator of e infinite cyclie group HE(W(m, n; Z). Thercfore in accordance with
4.3.1. we deduce: )
Coroflary 4.3.5. W(m, n} docs not adwil abmost tangent structures of order 2k — 1, if
wm is cven end nois odd, or m odd and n even. In a patticular case we find again that the
compler projective spaces CP® do nol admil such slructures.
It i sufficient to econsider 371, n)= CP® In the case of the spaces G, = Sp(n))
U(n), we have ¢,(G,) = (n + V)g. where gy is a generator of the group fI*G, ; Z); andso:
Corollary 4.3.6. The spuces G, do not admil almost tangent structures of Q::rlcr 2k — 1.
In the ease of complex quadrics, @, = SO{n - 2)[SO(2) X SO(n) it verifics

)= (1 + e} 21+ 2) = (14 a)™ (1 — 22 L 4o — 8 4 p =1 ax

that is, ¢{®,) ~ nxz, and therefore :
Corollary 4.3.7. The quadrics @, do nol admit almost tangent structures of odd order.

5. Integrable almosi tangent structurés of order k. A manifold 37, modelled in R? @
@ R @ ... @ R? (k-times) admils a foliation (of dimension 22} if it has o pscudogroup strue-
ture, whose coordinate transformations are local diffcomorphisms of the type:

(z, W) = (2, Wy, ) = (f2)h gl W) ey (5wl
Similarly M admits a foliation % of dinension n, and another one F, (with dimension
2n) such that F, — F,, if these coordinate transformatiens are of the type:
2, 10, e 10 ) > () 2i(5 ), &2 w0y s Wg) e By (25 W e, W 1H-

In a general way, M admits a chain of foliations F; C F, T EF, wit_h respective  dimen-
sions %, 2R ,..., 0 (= 1,.., k — 1, a fixed number), if these transiormations are of the type
(2 5y ey ) —> (F(2) Zilz 10), (% Wy e s £iaBs W50 Wb
s Eil2s 10 ey B4y} seny Bp_q (20 Wp een, We )
that is, if the first j transformation functions (after a convenient r(.:moving), depend
on the first jn coordinates. It is an casy thing to see in each case, wl_nch c]}arts deter-
mine the leaves {F )y (Fodm 11 (Fi)m of folintions, from an adapted chart in a point m = M.

An integrable almos! tangent structure of order k — 1 on M is a pseudogroup structure
with coordinate transformations of the type:

(@ 10 e i0x 1) = () (D) 10, + by, (Dpf)awh + (DG S)e wiw + bz} s
seres (D f)2 “‘E_l + (D,z_,f)z u‘i_gtl‘i_g 4o b2y (B — 1}

where f is a local diffcomorphism in R, and the loeal functions by ..., bp_y: * - R" arc
differentiable. An integrable alnost tangent manifold admits k —1 foliations Fis ‘_72 v Freg
of respeetive dimensions n, 2n,..., (& — 1)n, the form of the charts adapted Lo the integrable
almest tangent structure is casily found.

A pscudogroup struclure with coordinate transformations of the type

h 2 i i ,
(2, @) e wy_y) - ({2l D)2y ooy (DS k-1 + (D f)e whep Wi—2t or +
=1 i i
(D"l---";f) w e w 11),
that is, of (3 — 1) type, where by = by = ... = bp_, = 0 is a  nearly” fangenl structurc of or-

der k. A manifold with an integrable almost tangent structure of order k docs not necessa-
rily admit an order & subordinate ,nearly” tangent structure. Let us sce an cxample,
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Let us eonsider the eirele S and an atls ., the charts of which are restrictions
of the global funetion (cos %, sina}— o. Two ol these charls differ in a eoordinate trans-
formation, locally given by z—z 4 ¢, and so, o determines a loeally affine complete strue-
turc {sce Brickell-Clark [6]) on & Now, we consider the torus 7% =81x ... xSt (&
factorsy. The atlas with charts fix ... % fu, (f -0 Sy €27}, defines an inlegrable alinost tan-
gent structure of order & — 1, on 7%

(Df;) 1 (D"fj)‘—? 0; j=1,..k; no= 2,

The change is then, (3, 2,20} = (3 F e 5 + a2y 4+ co) (Its Wype is like
(5 — 1)). The leaves of foliation F; are the eiveles {F)), = S'x{p}, the ones of F, are (#) =
= StxStx{p}, und so on. T¥is compiet, then it cannot be a manifold of A-jets, In this
sense, it follows a theorem (the proof of which is in [14]), generalization of the Brice-
kell-Clark's [6], and according 1o which, the almost tangent structure X, cannot admit
any subordinate .ncarly™ tangent structure. By means of the considerations made at the
beginning of the puragraph, any En-dimensional manifold A, endowed with an integrable
almost tangent structure, admits a chain of foliations F, © F, ¢ ... < F;_, with respective
codimensions (k—1, (k—2)n,.., n. A thcorem similar to Bott’s [5] can then be stated

Theorem 5.1. Let M obe « kn-manifold endowed with an ntegrable almost tangent struc-
ture of order k; and let be F < F.C ... C Fi | the carried chain of foliations, and k; =
= TMT¥#; the fiber bundle, orthogonal to F;. Then Pont (¥}~ 0, if s> 2(k — )n.

In the particular case of the alimost tangent structure of order % on the k-jets fiber
bundles, it is possible lo obtain these conditions, following the techniques of Cordero

[11].

6. Prolongations of the siructures to the A-jets fiber bundle. Yano and Ishi-
hara define (see [18]) the prolongations ¥, FL i1 Bk from o given (1, 1) tensor-
ficld ¥, which are (1, 1) tensor fields on the bundle 7%M of k-jets. According to defini-
tions and properties of the almost tangent strueture of order £ and the prolengations,
we can obtain :

Proposition 6.1. Let M be a manifold ; and J = )}(.‘!I), a (1, 1) fensor field, such
that JE' o 0, rank J o [Kj(k 4 1] dim M = [&j(k + 1)n. In this casc, the prolongation Jt' =
= ':.-’}(.T", MY} is an abmost tangend structure of order & on T M,

Oliscrve J¥ L a= 0, rank J¥ = [Ifh -- 1] dim T0M = [n,

Propesition 6.2. Let F = T} (£1) be the ddentity tensor field on the manifold M. The
prolongation Fri = Z-F} (4'r M) coincides with the natural almost taugent struclure of order 1 de-
Sfined in TTM.

Proof; In fact, if F= T

| 0o ¢ ... 0
i I o ... 0 0 (Frl)r+1= I't]
. rank I = r.n.
0o 0o ... 1 0

Corollary 6.3. The natural abnost tangent structure of order v + 5 defined in T M
is the one given by the prolongation of order v, of the identity tensor ficld on 151,

Proposition 6.4, The prolongation of order s of the r-order almost tangent siructure
coincides with the prolongation of order v, of the s - order siructure defined in TSN, both pro-
longations defined in Tr f)f.

Proof.: Owing to 6.3 it ix sufficient to prove that the prolongation of orderr, of the

natural structure defined in 793, coincides with the prolongation of order r + s, of iden-
tity temsor ficld on J[.

In fact, (s 4+ 1)
o o ... 0
I o g 0
F=
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As it is well known, the prolongation of order r, (se¢ Yano-Ishihara [18]) is

(r+s+1
| F 0 .. 0 0 0 ... 0 o |
} 0 F ... 0 ) i I o ... 0 0
Fr o= . , that is )= . . . .
- !
| |
o o I 0 0 I o!
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BI-RECURRENT LORENTZIAN MANIFOLDS
BY
N. L NEDITX

Iniroduction. Let L be an even dimensional Lorentzian C+#-manifold and Jet J3(L) =
= U ¥g be the quasi-orthonormal frame bundie over L. We say that L is bi-recurrent (deno-
ted by L} il' both dsotrepic (real) veetors of F: are reeurrent.

The tungent space T',(L;) at p = 1, may split as To(L.} = Fp(L,) + Sp(Ly) where
Hy(Ly) is o hyperbolic 2-plane and Sp(Ly) is a spatial 2n-planc,

‘The distribution defined by Iy and S is involutive, and any L, manifold may be con-
sidered as a produet manifold L, — Vi x Fg of 2 minimal manifolds, which are hyper-
Lolie {of dimension 2) and spatial (of dimension 2n) resprelively.

The ease when the conneetion on Iy is almost Jiat (in the sens of R. Rosea [n
is especially investigated, Such a connection {denoted by 7, introduces in a natural manner
a closed 1-form o and its associated veetor ficld Xg» which has the property to be eoneurrent
{in the sense of K. Y ano [2]) over Iy in Ly Aecording to a definition given by R. Itos-
e a [1] the connection 7, ¢ defines on Ly a conformal bi-cosymplectic structure defined by & spu-
tial 1-furm ds, by « und the isotropic co-veetors of RI. Some properties of this structure
are studicd. Then, ufter having proved that the immersion a1 Ve Ly is fotally geodesic, we
study the immersion of an even dimensional spatial nunifold F in g,

It is proved that the immersion a: F o Vs possesses the following propertics :

(i} @ is wmbilical ;

(ii) the mean eurvature vector field H associated with @ is the normal component
of the restricted vector field X, on ¥. Furthermore the neeessury and sufficient condition
that H be concurrent over V is that it be paraliel in the normal bundle ;

(ifi) 1 is Finsteinian;

(iv}) the shape eperaior of the restriction X and Xz on T (Xy is the dual field with
respeel in Qg ol %) is conformal to H.

Fipally if Ly is o gencral space-time (n - 1) the manifold is symplectic and belongs
to fype N in Petrov's classification.

§ 1. Let L(= L**%%) be a Lorentsian C=-manifold (or hyperbolic manifold) of dimen-
sion 2n 4 2 and B(L} be the quasi-orthonormal [6] frame bundle over L. Denote by {Eas
A= 1,2n + 2} the basis of a quasi-orthonormal frame Fz = B(L). Such a basis is defined
by 2 isolropic vectors (£,; a= 1, 2n |- 2} and 2n space-like vectors (Z,5 1 =2 ,...,2n + 1)
whielt satisly :

[l-]) < 51, 52".2 = 1, < 'Zr; gA > =0 for r # A,

I TH(L) is the tangent space to L at p & L we muay split it as
(1.2) TH(L) = Hy(L) @ S,L).

In (1.2} M (L) = {E, £,,.,) is a Lorentzian (or hyperbolic) 2-plane and Sy{L} =
= { £y } is a spatial 2n-plane. If feet }is the dual basis of { £4 }, the line clement dp (dp

= a cannonical dilferentiul I-form on the Lic group acting on 9G(L)} is written as

(L.3) dp= ot @ Ea



