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As it is well known, the prolongation of order r, (t.c¢ Yano-Ishiliara [18]) is

(r+s+1
| F 0o ... 0 1) o ... D o |!
‘ o I ... 0 I o ... 0 0
¥ = . . , that is = . .
} o o ... F 0o o ... 1 0
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BI-RECUGRRENT LORENTZIAN MANIFOLDS
BY

N. L. NIDITA

Introduction. Let L be an even dimensionul Lorentzian Cw=-manifold and let J3(L)=
= U Fg be the quasi-orthonormal frame bundle over L. We say that L is bi-recrrrent (ddeno-
ted by L) il both isetropie (real} vectors of Tz are recurrent.

The tangent space Tp(L:) at p = Lo may split as T'4(L;) = Tp(Ly) 3 Sp(Le) where
I ,(Lr) is a hyperbolic 2-plane and Sy{L:) is a spatiul 2a-plane,

The distribution delined by Iy and & is involutive, and any L, manifold may be cons
sidered us a product manifold L, = 1"y = Fg of 2 minimal manifolds, which arc hyper-
bolie {ol dimension 2} und spatial (of dimension 2n) respectively.,

The case when the eonnection on Vg is almost fiat (in the sens of R, Rosen [nn
is especially investigated, Such a conncetion (denoted by ,...) introduces in a natural manner
a closed 1-form o and its associated veetor ficld X, whieh has the property to be concurrent
{in thesense of K. Y ano [2hover I’y in L. Aceording to n deflinition given by R. I 05
ea [1] the conneetion ¥, defines on Ly a conformal bi-cosympleetic strueture defined by a spa-
tinl 1-form ds, Ly « and the isotropic co-vectors of Ri. Some properties of this structure
are studied. Then, after having proved that the immersion a: Vs L, is totully geodesie, we
study the immersion of an even dimensional spatinl manifold ¥ in P

It is proved that the immersion y: 17> I"s possesses the following propertics :

(i) @ is umbilical ;

(ii}) the mean curvature veetor field H nssocisted with 2 is the normal component
of the restrieted vector field X, on V. Furthermore the nceessary and sufficient condition
that H be concurrent over I is that it be parallel in the normal bundle :

(iii) 1 is ISinsteinian;

(iv}) the shape operutor of the restriction X, and Xz on ¥ (Xz is the dual lield with
respeet in Qg of ) is conformal to H,

Finally if L, is a general space-time (n = 1} the manifold is symplectic and belongs
to fype N in Petrov’s clussilication.

§ 1. Let L(z= L#**?) be a Lorentzian Cw-manifold (or hyperbolic manifold) of dimen-
sion 2n = 2 and i(L) be the quasi-orthonormal [6] frame bundle over L. Denote by { £, ;
A=1,2n + 2} the busis of a quasi-orthonormal frame Fz = #(L). Such a basis is defined
by 2 isetropic vectors (£,; a= 1, 2n + 2) and 2n space-like vectors (5,3 r=2,..,2n + 1)
which satisfy :

(1.1} <&y > =1, <&, E4> =0 for r & .1,
If TH(L) is the tangent space to L at p = L we may split it as
(1.2) Ty(L) = H,(L) @ Sy(L).
In (1.2) I (L} = { &, Z,,4,} is a Lorentzian (or hyperbolic} 2-plunc and S,(L) =
{ &€} is a spatial 2a-plane. If {«4 } is the dual basis of [ £4 |, the line element dp (dp

is & cannonical differential 1-form on the Lie group & acting on ‘E(L)} is written as

(1.3) dp=a' @ .
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We may expand dp as dp = (dp)y -+ (dp)s where {dp)y = ,%rl & E_a‘ “mq ‘(rfp)s =

=af @ &r are the Lorentzian and spatial components of dp rcspc.ctn'cly. S0 as u (:on.st-.

quence ol (1.1) the metrie of I, is expressed in terms of the quasi-orthenormal co-veetors
A by
al, by

a2

{1.4) dst= < dp, dp> = 2xlog?" 2 — Z(cx’)z.
T

The conncetion 7 on Iy, is given by

{1.5) VEa=af @ Ep

where af = lffcocc are the eonncction 1-forms on “B5(F7;). From (1.1} and (1.5) one finds
) A 4
easily  [3]

W — = 0, of, - al= 0,

(1.6)

2
of Fai= 0 WPm 0=l o deifp= o0

The conneetion 7 being torsion-less the fitst and second group of structural equations
(It. Cartan) are respeetively

A =B A

(1.7) daoat=aln ad,
— - 1 L A
(1.7%) doxf=28Aad -+ Q4

In (L7} al( = — cz'z’"ﬁ) is the homothety component of '7 and Q24 are the curvature
in

2-forms. ) o .
§ 2. According to the definition given in [13] we say that the manifold L is bi-recurrent
if both isotropic base veetors E, nre recurrent, One must write

(1) Ti=u® e ne THL)
and taking into account (1.5}, conditions (2.1) give
(2.2} af=0, al=0.

So we may say that (2,1) implies that all mived econnection forms [3] vanish. Con.
sequently one has

2 2352 5 1
(2.4) daal=ala a} d A g2l a?17 2 A gl

We shall call a conncetion ¥ for which (2.2) holds a bi-recurrent connection, .and d?-
note it by ¥, Equations {2.4} show that on a man_ifu](l structured by V4, both isotropic
co-vectors are completely integrable (such a manifold will be denoted by Ly)

Now let us denote by

26
(2.5) oo al A a2l
and

2nsy
(2.6) LR S N N

_— ) . ivelv.
the uni! simple forms corresponding to XM, and §, rcslyf:ct_lxc A ) .
By (2?&1) and {2.2) one finds by exterior differentiation of (2.5) and (2.6)

(2.7} dn =10 (2.8) dans—= 0.

From the above equations we infer that both distributions II.(Lr)_ and & (‘E.r) are‘
involutive. Il GL{(p ; R) is the group of linear transformations of R which leave t'hc 2-plane
Hy(Vy ) invariont, then one may also say on a manifold Ly structured by 7,, GL(2; R)x
XGpf2n; 1) defines a (2, 20) foliation.
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TFurthermore sinee Ly is orientable the volume clement (simple unit form Correspon-
ding to T,(L;)) is given by

(2.9) n= LN/ hs-
Henee (2.7) and (2.8} express that both forms ha and g are harmonic, that is
(2.10) Vi =Vhs=0; (V= ds + &d).

Consider now the integral submanifold g < Ly of Tp(L,).
Sueh u manifold is defined by ! = 0 = 422 ynd denoting by a1/, «d/8 the restrie-
tions of at, aﬁ on Fg, the line element of Py is

(2.11) (dp)fs = (2")/s @ E;.

Deneting like usual by * the sfar isomurphism, we get from (2.11)

*{apls = S(= U5 A A @) A e A @ E,

where the < roof > indicates the missing term. Using now (1.7) and taking into aceount
2.2} one readily finds

((2.12) d A {dp)is = 0,

Thus according to the well known deflinition of minimal submanifolds, cquation {2.12)
proves that g is minimal. In the same nmnner one finds that the integral submunifold
of Hu(L) is also minimal. ‘Fhese properties are in accordance with {2.10) aud following
Tachibana [1} one may say that a L. manifold is eovered wilh 2 Gunilies of 2-dimen-
sional and 2n-dimensional oriented minimal submanifolds which are orthogonal to each other.

Denote now by

(2.13) Xs=L 5 & 8, (L)
o spatial veetor field. If .-"'xs is the Lie derivative in the direction of Xs, one has taking
into account (2.8)

! Pv ns=dn(i .
(2.14) Xg 1§ (ix %s)

So denoting by 4, the Vlaffian derivative, one finds by straightforward computation

{2.15) Lxgns = (Ts (L, 15 o+ s div &) s

Thus any ficld Xg is a conformal Infinitesingat transformation of ng. I (Fz), the spa-
tial component of Fx js divergence-free and Xg is a constant spalial section, then
£ s =0

XS i

and Xy is an infinitesimal automorpliism of 4.

Theorem. Any bi-recurrent Lorentzian manifold Ly of dimension 2n + 2 is covered by
2 familics of minimal submanifolds which are hyperbolic surfaces and 2n-dimensional spatial
submuanifolds Vg, respeclively. If ws is the volume element of Vs, then any space-like tangent
veclor filed Xg fo Vi is an infinitesimal conformal transformation of ns.

§38. We recall that Qi is the homofhety curvature on L, and [rom (2.4 we get by
exterior differentiation :

(3.1) O = hal A a2 B & QL)

Let us investigate now if there exist a hyperbolic 2-dimensional vector field Xy =
= (L) which is recurrent. One may put

(3.2) Xu= 8k + ganes Sonizi & fanyz © DLy}
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and if & is @ certain 1-form of the co-tangent bundle T*(L,) we must write

(3.9) VX =u®Xy.

Making use of {2.1) and (2.4) one [linds

(3.4} dg, gy | al= 1, d8opsaldansn — 0‘11 - u.
and one infers
(g fany0)

Bi82n12
Differentiating (3.-1) one casily finds using also (3.3) Jhat Q} vanishes (h = 0).
Proposition, Helng given a be-recurren! Lorentzian manifold Ly, the necessary and suffi-

cient condition that there exist on L, a hyperbulic recurvent veclor field, is that the homothety

curvature of L, vanishes.
§ L We shall suppose that the conncetion ¥, on g s almost Sflal. Tollowing . R o8-

ea [1] we must write

(3.5) U=

(L.1) dAal = an
where % is o closed 1-form of the co-tangent spatinl bundle
SHLy) = US}, (Lo}
Putting
{(1.2) @ Zayufy ap = T{Ly}
one gets from dae= 0 and (4.1}
{+.3) MNrda A ar =0,

The l-form & is termeed the principal form associated with ¥y
Making now use of (4.1) one finds

{1.1) Ly o Ly [ A TS= HHA L.ovg = {(livi )n=(2n— 1)y 5.
r r r
Ilence the functions ar have an invariant meaning and represent {up to the factor 2n — 1)
the divergences of tlie base veetors Z, (the indices correspond) respeetively.
Next, comparison of (3.1) with (1.7) gives after some caleulations

(4+.5) al = wzol — @ «t.

Consider now the spalisl vector field X, = Sp(L;) defined by

(4.6) . X,= Zrap iy
and put
(£.7) = | Xq 2= — Zr{a)*

Making use of (1.3} and taking into account (4.5} one finds from (£.G)
(4.8} TX,— Xrda ® £ — <idpls — 2 @ X,

where (dp)y is the spatin]l component of dp. Now, using (3.3) onc finds after a short cal-
culation (dp)s A VX, = 0. Conscquently, one may write dps +f VX, = 0, [ = D{Ly).
and this shows that X, is concurrent over s in Ly |2].

The ficld X, whicl is the dual of ¢ with respect to the spatial metric - (dpls , (dp)s>,
will be called, in the following, the associated veetor field of o.

Theorem. (iven a bi-concurrent Lorenizian manifold Ly (= Vg ® ¥ i), if the connection
on L, is almost flal, then the ussociated vector ficld X, of the principal form o is concurrent over

Vs in Ly
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§3. Under the hypolhesis of an almost flat spati i
) h L 4 i al spatial o B side
spatial 2form Qs & AX1s) defined by patial connection, consider on L, the

(3.1) Qg = af A 2% 4 ... - 22072 5 2071,
We readly sce that Qg is of rank 2n — 2, Lthat is
(5.2} Qatt=ly 52, QAUD = @
(one may also say that dim kerQg = 2) and that
(5.3) QAL A gt A 272 2 1),
Un the other hand by means of L1 one gets
(3.1} d Qs = 22 A Q.

It follows from (5.3), (5. 1) and (2.4) that the
_ (5.3), (5.1) ¢ 2.4 the quadruple {Qg, o =al = g2tz
dctmc.slntcunforumt bi-cosympleclie structure {in the sens oll' l{.{ I‘{S,os,cozi( [I‘O’tﬂ, S
b now i T(Vs) — TH(s) be fibred isomorphism defined by ie Qe o
Then 1T v oot by y phism defined by iy Q5 — o.
A b =
(3.5) Xo= )= 035, —ay 53+ ap &, Uypoy Eony = Sp(L;)

one finds
(5.0) -I-X'r QS 0

that is, X i infinitesi plils o i
» Xy is an infinitesimal awlomorphism of {Qg, ¢, ¢, }. Furthermore since hH= m} A

A a2 = (W) A o) is closed, one has
- P 1
(5.7) Lxn="—"—"—"—"5% qar Q" 1w 0=divXg=0
x {(n— 1) & i ; '
Let now
(5.8} Xow &) 4 a0 Egpyas @y gppe € D(L;)

be a verlical ticld [1] with respeet to { Qg, a, @, », }. Taking into account (2.4), one gets
xS {dog - apad) v a2 (dayg s — 8yp 00d) A ol
and therefore
(5.9) day + @] = 0, digp, — Ggppaa}= 0= Ly 1, =0.
o
Now with the help of (2.1) and (2.3) one finds also that condition (5.9) implies
(5.10) VX, =0
that is X, is paraflel, From (3.9) it follows: d(q), ay,,,) = 0, and therefore | X, | = const
(< Xy Xop > = 20) Qg ).

I'n addition we sce at once from (3.9) that

(l) al is eract and this means that the connection V, is equi-affine [5].

{it} the curvature homothety O} vanishes.

Consider next the associated vector field X, (of «) defined by {1.6). One has

(3.11) a‘xaQ B aga® —agal 4 ..t by, g ettt
and introducing the operator L of degree 2 defined by L:ia — o A (s one finds

I3 — Maternatiod 208



220 N, I. NEDITA G

(5.12) «f (L"2a) A wus
where L2 q = g A QA2
By virtue of (2.7) and (3.4) one finds after some ealeulations

(5.18) 2AB=0=> <, O>=0 (3.11)  dA B8 = 0= 383 =0

The above relations show that a at £ are orthogonal and that £ is co-elosed.

Theorem. et Ly be a bi-recurrent Loventzian manifold structured by an almost flal spa-
tial connection defined by o, and let X, be associaled vector field of o. One wmay endow Ly with
a conformal bi-casympleetic strueture { g, o, «t, o*"'2 | defined by a spatial 2-forn Qg, the
1-form «, and the isoiropic co-vectors {a®; a= 1, 2n -} 2] on L, If u is the isomorphisin
X — iyQgs. then

(i) the vector field p~'(a) s divergence free on L.

(ii) the 1-form 03 = (X,) is co-closed and orthogonal In «.

§ 6. Equatiens (2.4} show that isotropic co-vectors are completely integrable. This proves
that Fs may be considered as the interseelion of 2 degenerated associnted hypersurfaces
vanti(1) (a= 1, 2n + 2) of defect 1 [6].

On the other hand the normal to F22+Y(1) (which is delined by a2 = () lLeing
E, [6], we readily sce by (2.3} that 1271 (1) is totally geodesic (the sceond fundamental qua-
dratic form wvanishes).

In » similar manner we see that lg::é(l) is also totally geodesie. The vertical veetor
ficld X, of the conformal bi-cosymplectie structure of Ly is now 2 normal veetor ficld over
Fs. Since according to (5.10) there exist parallel normal fields, one inlers that the immer-
sion g:Vsg— L, in nol substantial. In order to simplify we shall denote with the same
letters the induced forms by . Consequently the line element of Vg is
{6.1) de(p) = @ & r=2,...,2n 41
and one readily finds by (2.3) that both fundamental quadratic forms associated with
vanish. This alse proves by computation that Vg is totally geodesic (this includes as is
well known the case of minimality).

Next it is an easy matter to sce that on I's the induced value of Qg becomes con-
Jormal symplectic and o is the corresponding co-vecior of Lee.

Proposition. T'he immersion x: Vs— Ly s lolally geodesic and the restriclion to a of
the conformal bi-cosymplectic struclure of L. is a conformal symplectic structure having o us

co-vector of Lee.
§ 7. Consider now the immersion a: 1" - Fg of n 2p-dimensional spalial manifold 17

in Vgs. Further we will consider the following ranges of indices
i, §, b= 2,..,2p 41 Lm=2p 4 2,.,2n4 1,
Thus the co-dimension of F is 2{(n — p) und the immersion r is delined by
(7.1) of =4,

If (V) and TL(}) are the tangent and the nermal bundle of I then one knows that
the tangent bundle of Vg restricted to F is the direct sum

(7.2) T(Vs)ly = T @ T (V).
By (7.1) and (4.3) one linds that all the norinal connection forms L= vanish, It fol-

lows that the normal connection Vl} of ¥ in Vg is flut 7] (VL denotes the induced connece-
tion in the normal bundle T(¥}) and since it is flat one mayv cheek that there exist 2{n — p)
mittually orthiogonal veetor ficlds Z, which are vach parallel in the normal bundle and con-
sequently aceording to T, Cartan [8]all the second fundamental forms ¢, = — < dz(p),
VE& > are diagonal.

Since the line element of 1 is
(7.3) de(p) = ! & &,
one finds by (2.1} and (4.5)

o
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(7.4) o= — L (xf) = a; < dufp), delp)>.

- . . .
) Ilence cuc_h S¢ defines on wmbilicel section and thercfore the immersion x is wmbi-
leal. MBreover since

(7.5) K{x(p), E1) = det (),
represent the Lipschitz-Killing curcature associated with o, one has from (7.£)
(7.6) Kielp)s &)= (ar)?r,

Thus onec may say that all the Lipschitz-Killing curvatures are posiliv. Next, since

R - B3 -
ade(p) = Z{— 1ol A oA al A A el @ Ey

represents the wean curvelure veclor form nssociated with X, one finds after a direct culeu-
Iation

(7.7) da walp)= 2p{ Zpiti)w,.
In (7.7)
(7.8} H=Xwai a 1i()

Tepresents the mean curvalure veetor {or Bompiani vector) nssociated with a,

Rcfcrr.ing to (7.6) we see that I is the (normal) component on 71(37) of the restric-
ted vector ficld X, on V. From (7.8), using also (4.3), we deduce :

(7.9) VH = Zrda & — oyde(p),
where
on =< HH>,

So following the general definition [2] if JT is parallel in the normal bundle TYY) (. e.
the nermal component of VH in T(Fs}/y vanishes) then the mesn curvature veetor I is
concurrent over V. We remind that if dp is the line element of a certain C= —manifold 2
then the following invariants '

(7.10) = < dp, dp> = ds?, Uy < dip, d?p > e Qg < dhp, dip >

have been introduced by E. Bompiani [9]. These invariants define the Ricmannian
or pseudo-Riem‘annia:n geometry of K-species associated with MM, Coming back to the mani-
fold ¥ under discussion, we derive from (7.3), by negiecting the algebraic dilferentials of a}‘}‘
{7.11) &*r(p) = adalp) — (X,)r ds® — Hds?,

In (7.11) (X,)p represents the tangential component ol the restriction X, on 7. Putting
(7.12) or = — < (X)), (X)r > .
we get after a short caleulation
(7.18) g = — < d%(p), d%e(p) > = (67 + o) dst — wdsl,

Proceeding in similar manner, we finally reach the general remarkable formula
(7.14) Yo = (G - o) ds?k — aidsTh-t,

}\e shall eall & manifold whose Bowpiani’s invariant of order k has the above forin
a metric recurrent wanifold. The manifold Fg being totally geodesic one may consider the Guus;
map associated with 2:}" = Fg [10]. The third fundamental form II1 cbrresponding to this
Guuss map is, secording to the generad theory [10]:

(7.15) 1T - 2;,((&2)2.
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Referring to (£.3) and (7.1) one finds
(7.10) M= - U];tf$2

that is U1 s conformal 1o ds®

But the immersion X being  umbilical, it follows from (7.16) and from a result of
M., Obata [10] that the manitold ¥ s Kinsteinian.

We reeall now that being given tweo tangent veclors X and Y oover a wanifold M,

the shape operator® Sy(Y) is the liniar map Sy T{M) - TLAn) defined by {117:
() Sx(¥) = I,‘?_’," NIV,

(i, j and m are tangentis and normal indices respeetively), Lel us consider the restrielions
to ¥ of the spatial vector fields X, and Xz (see (1.6} and (3.5)).

With the help of (£.3) one finds SX, (X)e =vH where y = < X . Xa > . We formu-
late the

Theorem. Let p: ¥V — Vg he an immersion of « certaint spatial manifold V (of cven di-
ntension) in the spatial manifold Vs which defines « bi-recurrent Lorenlzian manifold Ly, Sup-
pose thal Vg is structured by an atmost flat conneetion awd that o, Xq and Xy are the prin.
cipal 1-form over Vg, the associated vector field and the dual veclor field with vespeel to the
conformal symplectie forme of V.

Then

(i) the imamersion a s wmbilical and all Lipsclitz-IKiling curvatures are positive ;

(ii) the mean curvature vector field H associated with @ is the normal componenl of the
restricted vector ficld X, on 13

(iii) the necessary aned  sufficient  condition That I be concurvent vver 17 is that 9t be
parallel in the normal bundie;

{iv) V' is « wmetric recurrenl manifold;

(v) I is Einsleinian;

(vi} the shape operator of the induced vector fields Xy and X on I7 iy conformal to H.

§8. We shall muke now some considerations when the bi-coneurrent Lorentzian mani-
fold is o general space-time {(p = 1). To this purpose we shall use the compley vectorial for-
malism construeted in [12}, This formalism is based on the loeal isomorphism

g L4} = SO(C),

where L{l) is the four dimensional Lorentz group and SOPCY is e Lhree dimensional com-
plex group. By means of the transformalions

h, + by - 1, —hy . -
(8.1) By =Ty L= _.\/_.7_’ =~z y=hy, i= Vo

one obtains & Saclhis frame {p. hy; A= 1,.,%} or a null tetrad [12]. Let {04} be
the dunl basis of [ by} There exists an isomorphism between the 2-forms 0 A 08 of the
six dimensional space LA and the sell-dual forms Z2(x = 1, 2, 3) of the complex space

€ Onec takes us hasis of O 1
- -

1
(8.2) e A0, Z2= FA 0, 2= ——(0LA 1 — 02 A 09 '

and their complex conjugates

(8.3) T2 A0, Zia G003, Ze— (00 A 014024 BO).

|-

The Riemannian conneetion defined on L3 by the metric
(8.1} < dp, dp > = 20010t — 029)

is determinated by a 1-form o with valnes in SO¥C), such that
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(8.5) d/\é:xcsi\é—cr-_,/\&', IAZE= oy n &' o n 25,
o 1
VAR T Z‘—; AN

where
(8.4) Gy O'::AUJ, G = I'.iz_!n"1

(Ehc coclficienls Gx , Mui gz correspond o the spinorial coefficients of Newmann and
IPenrosc) With respect (o g, the mavifolil L4 is struetured by the following  cquations

1 6, h, 6, h
Vhy=—(a,} o h+“@—"+="@2
t ‘l‘(.u 3)®1+2®2+2 o
o, ®h Gy — 0y o,
Vhy=s — — - - 23 oy 4 Ze-t
: o P @R @0
{8.7) G pP— 1
S e b 4 , Oa g
Vhy = ik h, — i ®ha-|—2®*“—,
o , %= o
Vhy= — 5 by — S @ hy -+ “*'—T @ hy.
The curvature 2-forms X5 of the complex space €7 arc expressed by
) i 1 i b L
(8.8) ._.1=r/\cl-.-20:/\crg, ‘_g=u‘/\cz—;cz/\ca,
Lp=dAc 4o A6,
Witl respect Lo the basis Zx, Z2, 2y are expanded as
(8.9) B Cap 46 4 Eyn B0,

In (8.9) Caz are the components of a Weyl symmetrie Lensor {12] and Fu5  the com-
ponents of Kinstein’s tensor. :
. Rci‘errm.g now to (8.1}, we sce at once that the isolropic veetors h, and hy are real,
!‘]lc vcctox: h4r is thne advanced [12] and is also called the distinguished fsotropie vector of the
bach§ basis. The case when by is reeurrent has been investigated by 1. Debever and
JooSpelkens [13]. )

T i r ", H Oy HYS +: s H i 3

L ‘\L shall now consider when both ly and hy are recurrent, that is by virtue of (8.1},
1A is Di-recurrent,

It readily Tollows Irom ({3.7) thut

(8.10) a = gs = 0= g, = gy = 0,
and therefore by tlie third equation (8.5), one has
{(8.11) d AT =

Bul, the '_’-[‘r:n'n Z being of rapk 4, cquation (8.11) praves thal Z7is sympdectic [14].
F}lrlh::rl:‘lor-' compuring cisations (8.8) wilh {8.9) we see that all the comporenls Cup vas
nish. One concludes following [12] that the space-time LY under considerzlion belongs 1o
type N in Petrov's classification. So we have

Theorem. cliy bi-recurrent general spuee-fime L3, iz & reti J Y
. ; sy H g .8 symplectic rnd helongs fo dype N
in Petrov's classification. ! ! N .
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ON SOME BOUNDARY VALUE PROBLEMS OF NONLOCAL ELASTICITY
BY

S. CIHIRITA

L. Intreduetion. The incerporation of nonlocal interatomic forees into continuum me-
chanies has only a recent origin. However, the literature on this aspect of the field theory
is extensive [1]. [6], [T} [8] {I0]. A review of various models of clastic bodies is given
in [9], [13]. The nonlocal theories of continua take into account the dislant effects of ato-
mic, molecular and granular interactions. The papers [1], 3] prove that the nonlocal theory
has many advaniages for the study of molecular and atomic-scale effeets.

The main purpose of the present paper is to establish the existence, uniquencss and
general propertics of regularity of solution for some boundary value problems in lincar theory
of nonlocal clastostatics. In this context, the existence theory of Fichera [4], [5]is
extended to the linear integro-differential operator of nonlocal elasticity. Iien, these results
arc used to prove the existence and uniqueness of solutions of the boundary value problems
[rom the linear theory of ponloeal clastiticity.

A boundary value problem for the onedimensional nonlocal theory of elasticity was
considered in [14]. A formulation of various boundary value problems in nonlocal elasticity
is given in [12].

2. General existence theorems. ‘Uhroughout this scetion we shall use basic concepts
and results from [4]. For some additional concepts which we shall use in the paper, we
shall give specific definitions,

Let .1 be a bounded domain of the real r-dimensional cartesian space X*. Without any
loss of gencrality we may assume that o is contained in the open squure Q Iz | <= k=

1,10

Let m and n be non-negative integers. I o(r, z) is a function on .fx 4, we say that

o(ryz) is of elass C"." on .Ix.1, it o(r,z) is continuous on 1 x.! and the functions

DEDip, 0 Ipism 0% lgl<sn Ipl-1q] < max(m,n),

exist and arc continuous on .fx.l. ‘The symbol D, denote the differentiation veector with
respect to the variable w. Finally, we write €% for C%"® and C° for n — oo.

Suppose that the nxn complex matrices ayle) (0< | 5| € 2m) be defined in A and
that b, 2) (0 ) 5| =) be defined in 1 x -, Consider the linear matrix integro-differen-
tial operator

2 m
Lu= Y aDu + X Sbs(g—, =) D} u(z)dz,
lsl=0 l§]=0
A

where D, is the differentiation veetor with respect to the variable z. This operator is an
ciliptic operator in oA if, for anv real non-zero r-vector % the following condition is satis-
lied

det ¥ ()& #0, Vre.

fal=2m

= ks hk = — —kh
Ir ﬂ.;(flkf s (@) lnxas belits 2} = 105" (2, 2) 1| nxas We denote by as () = [ as” ()l x s
bo(e, 2) = 0 B57 (2 a) |l pwa the adjoint matrices, respectively,



