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ON SOME BOUNDARY VALUE PROBLEMS OF NONLOCAL ELASTICITY
BY
S. CHIRITX

1. Intreduction. The incorporation of nonleeal interatomic forces into continuum me-
chanies has only a reecent origin, However, the literature on this aspect of the field theory
is extensive [1]. [6], {7], [8]), [10]. A review of various models of clastic bodies is given
in [0], [13]. The nonlocal theorics of continua take inte account the distant effeets of ato-
inie, moleeular and granulur interactions. The papers [1], [3] prove that ihe nonlocal theory
has many advantages for the study of moleeular and alomic-scale effcets.

The main purpose of the present paper is to establish the existence, uniqueness and
general properties of regularity of solution for some boundary value problems in lincar theory
of nonlocal elastostatics. In this context, the existence theory of Fichera [4], [8] is
extended to the lincar integro-differentinl operator of nonlocal elasticity. Then, these results
are used to prove the existenee and uniqueness of solutions of the boundary value problems
from the linear theory of nonlocal elastiticity.

A boundary value probiem for the onedimensional nonlocal theory of elasticity was
considered in [1£]. A formulation of various boundary value problems in nonlocal elasticity
is given in [12].

2. General existence theorcms. Throughout this section we shall use basic concepts
and results from [1]. For some additional concepts which we shatl use in the paper, we
shall give specific delinitions.

Let «1 be a bounded domain of the real r-dimensional cartesian space X7. Without any
loss of generality we may assume that .1 is contained in the open square Q: lay | <% (k=
= 1,., 1)

Let m and » be non-negative integers. If ofe, 5} is a function on <% d, we say that
glr.z) is of class Cm™* on Ux.1, il o(e, 2) is continuous on Ax .1 and the functions

DiDip, 0 ipi<m O0Llgl<n 1pl+ gl < max(n,n),

exist and are eontinuous on I x.f. The symbol D, denote the differentiation vector with
respeet to the variable . Finally, we write €% for €%" and C* for n — .

Suppose that the rxnr complex matrices alr} (0 | 5§ < 2m) be delined in A and
that bl 2)(0< | 5| m) be defined in dx .. Consider the linear matrix integro-differen-
tial operator

I m
Lu= Y a)D'u + 3 S b (x, 3) D} uiz)dz,
ls)=0 15| =0
A

where D, is the differentiation veetor with respect to the variable z. This operator is an
clliptic operator in A if, for any real non-zero r-veetor % the follewing condition is satis-
fied

det ¥, as(d.‘-) P R0, Yped
lsi=2m
I ag(z) = || (e b, 2) = 1 (e o g () = It
: as(ﬂf_k—; I ers™Ce) Muscns By 2) = 1B ey %) 0 s We denote by a5 (@) = [ as (&) o x 0o
bafr, 2) =0 5575 @) llawa the adjoint matrices, respectively.
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We define as adjoint operator of the operator L the operalor

e Is] pys 7= “ CE
L= B (-1 Da, ah) + 2 {—-1) S (£ (2, 2 hz)dz.
3)=0 |3]=0 ;

The function @ € £%(A) is said to be a weak solution of the integro-differential system
a
Ly == f, where fe£3A), il for any function v = C® (), we have

(1) S ulXvde = S JSudr,
! A

We can prove the following interior regularity theorem for the weak solution of (1).

Theorem 2.1. Lel u be a weak solution in - of the clliptic system I-'lig f-Let f e a
Junction belonging to Ty oy () {0 I(A) if 1 —2m + 1< 0}, afx) & ¢l (1), bx(d",' z) €
< gt () {0 ¢t (Ayif 1y —2m-L1<0) If a° is any point of 1, lhere exisis
§> 0 such that u = Hy , (I's) and

2 2 2
| "H-l.ra = lIlf I — o gen, T'ag el K Tag )s

where Tp is the ball of cenler a° and radius ¢ and ¢ is @ positive constant depending only
on L and 20 - )

The proof is readily obtained by an casy modification of the corresponding proofl
in [4]. ) >
As a consequence of this theorem, it follows that if f = C* (1), as(@) = CF(A), belw, 2) &
& C%(4), then u & C*(4) and hence u is a solution in the classical sense.

Let us now consider in A7 the integro-dillcrential opcrator

m
@ Lus % D%, (D) + ¥ SD:‘cbs("w =) Diufz)ds.
pl. el =0 |8j=0 i

The adjoint operator is

m — 7?! — .
L*um % (— 1)Ipr+|qlDG( um(ﬂl)”u) + ¥ S.D;b’(;r, z) D7 w(z)dz,
ipl, lal=0 li=0
A
and the ellipticity condition is then written in the form
det X apg (1) EPE' # 0, Vi (Z1, E) # 0
pl g =m

To the operator (2) we associate the following bilincar form

n
B, )= X (~ 1" S"»q-‘-a)D”u(.rw”r(m)r-':
Ipl.lai=0 .
) m - i
+ ¥ (- :)'slg Sbs(.-, 2) Diel)Diuiz)deds, Yu, v & I (A}
s|=0
A
Let us now consider the following boundary wvalue problem
(4) L f, on A, (3) Mu= 0, on .l

where 3Mu is an integro-diffcrential operator of order m in .
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et us denole by 17 the lincar varicty consisting of all #-vector valued functions
belonging to ff,(.1) such thal the system (1 with the boundary conditions (3} implics

(6) Blu, 1) Efvd.r,
]

for anv v € V.
We assume the following hvpotheses

a
(i) Hu( oty 1 Hy(d);
(ii) for every o= 1, the following incquality holds
(M | Re B{v, v) | = cpile s, o>, = econst.

We are lead to the following generalized formulalion of the problene (£}, (5): Find
a function w € 17 such that (6) is satisfied for any v € 1.

As in 4], we enn prove

Theorem 2.2, oA sufficient condition in vrder thet there exisl a unigne solition of {6)
is that (7} be salisfied.

Let o = (s tfa e Y B (1) = X7 Let X% e the elosed semiball {1 == (, 1) =
S XT3 I=0, Iy P = 1) We suppose that the domain o is C=-smooth [1]. Let us
denote by &= (4. #) the point of the (i, 1) space and lel £ = &) be the ¢'=-homeomort-
phism that maps J= ("} N .1 onto X7, where I@Y) is n neighborlicod of 2% & 3.1, We
denote by 117 the variety spunncd by efe(Z)] when z @ i and is such that =0 in ANJ.
It follows that (7) cun bz wrilten in the new eoordinates in the form

m

| Re Bz, v) )= [Re {Y Sg_m(z) DleDPeds +

nl.lfll=0\‘
(8) m -
+ 3 S S BT, DDIODID) SN = 0y liv 1 s v S W,
[¢1=0 -
T+x+4
where the meaning of the symbols %,,, B5 is self-explanatory.
I'rom (6} it follows
. - g = cr
) Blu, o)« (F, v)y, Vo = W, F(E) = fla(2)]. | <.
(259

Using the relations (8}, {9) and a similar proof as in [-}], wc obtain

Theorem 2.3. Let 0 < § < 1 and I'§ - {t=0,]y Frif<s bo Suppose thal apyly) =
= ), bple, B e PPN, fe ) (e O —m At l< 0). Let s=
= (8 3oy r_y) he an arbitrary (r — 1) — nodtiindey sueh that | st < T4+ 1. Lhen the function
w ds swch that Dy o= FL(UF). Morcocer

. 2 _— . 2
(10) ! I):. " |'m, 1~§ < o (UF | fsp=m, ut i 0 im,u+), ¢ = const.,

where ¢, for any given s depends only on opg, Be rnd on 8, .
This theorem proves the existence of tangentinl derivatives of the solution.
Theorem 2.4. Swuppose that .z}« 700, bplr,m) e € ?l; H'](:I}J"E Hy i)
[fef¥A)if 1 —m + 1< 0l Lt 0<3 <1 and U = {150, [ 124+ 2 <8, s=(5 s
pees Sp_)oem arbitvavy (v — 1) madtiindey and (> 0 sweh et | s ) 40 < 10 Then
the solution « has the L2-strong derivative ¢ et iDg v in any TE. There is a constunt 9
depending only on opy, By and 8, such that
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The method of proof is the same as in [4].
3. Nonlocal elasticity. Uniqueness theorems. In what follows a rectangular coordi-

nate svstem (x,, ¥, ag) is used.

We consider a bounded regular region 1, occupied by an elastic material, whose
boundary is &.1. We suppose that the elastic material is anisotropic and nonhomogeneous.
The basic equations in the statie theory of lincar nonlocal clasticity, are  [2], [6]

— the equilibrium equations

(12) i +fi=0,in .,
- the conslitutive equations
(13) tij = C,_,'“ cx ~|—-S G.-_,:“-r.‘l',::lﬂ,' -E'Z:Id:, in 4,

A
— the geometrical eguations

{14) iy = (1/2) (i 5 + ujihs

where we have used the following notations : {;; — components of the stress tensor, f; — com-
ponents of the body force vector, u; — components of the displacement veetor, ¢;5-compo-
nents of the strain tensor, Cijz{x) — the local characteristics of the material and Gigala, @) —
the nonlocal characteristics of the material, Morcover, we assume the symmetry relations [2]

(15) Cizula) = Ciinthe) = Crus(a)s, Gigna(z, 3) = Gialw, 2) = Gz, 2) = Gujle, 2).

To the equations (12)—{14) we adjoin onc of the boundary conditions:
— the first boundary value problem

(16) = l;".-, on ¢,
— the second boundary value problem
(17) ting = f-:-, on ¢,

where n; arc components of the unit vector of the outward normal to 24, wuy, {; being the
preseribed functions on a4, The total encrgy has lwo parts: onc duc to local cffects and
another to nonioeal effects. As in classical theory of clasticity, we assume that the internal
encrgy density duc to local effects is a positive deflinite quadratic form, i. e.

(18) Cijrteij exl = €805 ¢ij, €3 const., e3> 0,

Morcover we assume that the global energy due to nonlocal effects is positive. From (12)—
(15) we obtain the field equations of the nonlocal clasticity in the form

(19) -a—[c,-,-“f—"—“] ot SG-'jkr(a‘, 98 0 <0, i .
2 dxy ry €x

Let us denote by Lu = (L;u) the operator of the nonlocal elastostatics given by

& i e Az
(20) Lu=-*% (c_.j“(n-)a“’*] Jeals SG.-;H (r, 2) DD gy
fay cat dxj oz

A
Then, we ean write (19) in the form
{21) Lu= [, in A,

where f =(fi). It we introduce the notations
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w= (u), w = (w), §= (),
()= (ti{u)) = (Coppgug,p 5 + 0y SGW:(.?', )ty 1 (2)dz),
from (16), (17) we obtain !

(22) = w, on ad, 23) f{u) =1, on &d.
Let us establish the uniqueness theorems for the b
i : : s cundary valuc problems (21), (22
anc(lp) (EL)), (23). Consider the body subjected to two different systems of elustic( ]Oz)l,di(ngs)
{‘f" s 1 }, (¢=1, 2), and the two corresponding elastic states {u}"', el?), r‘.‘?’}, (p=1,2).
Using (12)—(13), we obtain: o

24 o= O™, 8y o (o) B g b .
(24) U = U0, ™) = Sfi gt dz o S FPuPdy ; Uss = Upys
B 1 )“‘ 84
% p=1,2; s
where «# )
5 e (z) )
{z5) U= Scfju o e + S SGU”(Q'., 2) e Na)el (2)drds.

A4 4

Taking &= u'l}, v = w'®, U, v)= U,,, from (24) we deduce

(26) Ufu, v)= ngudm + Svl(u.)da:,
4 G
(27) g (oL — uLv)dy = S[ur(u; _ vl(u)lda,
4 ad
(28) U(u, u) = SuLuda: + Sul(u)d.x.
4 A4

) o g
Let w™ be two solutions of the boundary value problems considered. If u'!m =u{” =

_ gl . . :
u;™, according to the linearity of the problem, the functions u}m satisfy the equation

Lu®= 0, in A, with the boundar it
] : ¥ condition w(® =0, on a4, or {u'®)= 0, on ..
. F‘mm (23), (28) it follows that U{w™, u®)= 0, and henee, in view of (18) and the
assumption on the global encrgy due to nonlocal effects, we obtain

(29) eip(1®) = 0.

Then, we find
G 0
(30} u = a; + e b

where €45 is the alternnti.ng symbol, while «;, b; are arbitrary constants. Thus we get
Theorem 3.1. The first bt'nmdary value problem (21), (22) admits at most one soluilion.
. Theorem 3.2. T{lg solution of the second boundary value problem (21), (28) is deter-

mined fo within an additive rigid displacement (30).

ol 4. Norﬁ:]ocal elasticity. Existence theorems. Using the results of section 2, in what
c(;n?:is w; .studgr ex;slstencc and regularization of solution of the boundary value problems
sidered, under the assumption that the boundary conditions (22), (23} are h 9
ous. Thus, we consider the system ’ AR
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(a1) Lu=/f, in 4,

with the Loundary condition

(32) t
We consider here only homogencous boundary conditions. Other I:mu;du!‘_\' OOI](IIE]Q[]ISS

could be considered, However we shall restrict oursclves to the two above considered  cases.

l.ct us vonsider the boundary value problem defined by (31), (32). In order lo prove the
e . ) H * - ) akioe s \ AH1M
existence and the regularization of the solution ol this problem, we take as ¥V the space

0, on ¢, or (38} fu) o 0, vnoo L

i {). We must prove the inequality {7}, for any v 1L (1), In this particular cose the
(e}
incquality {7} brcomes

(31) S(,'.-‘:,-_-I(.a')r'a,-(ﬂ) epdv)dy +S SGiju(-v,:)“U(t‘(J'))t’u(f’(:))ff-l‘fh' =e vy, Yoo H ().

i I 4

Tuking inlo account the first Korn incquality [+]

(33) S.«.h-(:-)r;j(u)fm-. = lvll, Yo H1).
A

the ineguality (34) will follows from the hypothesis (18) u‘nd the assumption on the global
cnergy  due ‘to nunlocal effcets, Thus we get the following theorem:

Theorem 4.1, Suppose Ciue) < CH (1), Gupul, 2) & CHCD. Gieen J11), there
caists one and only one solution of the boundary value pro{;lr‘m (61?, (32) whick fmgs“o
I}g (-1). In par!icuim-. when Ciypp. Gigpes C= and f= O, using the Sobolev tenma, it folows

Lt ) I

hat the solulion belongs fo C=(:A). ' N ‘ ——
C Let us consider {-;;!m second boundary value problem (31), (33). In order to prove the

existence theorem for (31), (33), let us consider the system

[36) L A pgres = fi

i siti < ¢ sidle \ 36), (33) and we fake as
chere ; any positive constanl. We consider the p‘mh]em( ' A T
‘l\’h?l‘:'c IZI;)-.::‘G Ifl(.}). It is casily seen that the inequality to be proved in this case js the
following

JCimeneren i - { Sauu(r, D)o folaNew(e(Ndadz 4
(37) 4 44
2
+ p;SJv 12dy = 05l v, Vv = H ().

E

Using the sccond Korn incquality {i]

{38} Sn,-_.{:.-}:'._.:;-;n'g- S}vlzd.nzc, I i’, Yv & [,(.1),

A A
the incquality (37) follows lrom (18) and the assumption on the global encergy due to non-
ot CI'::(:&;C“ of (27) and (33). the integro-differentiol operator is formally self-adjoint.
Then a solution w = Iy (1) of the following system

= f,

with the boundary conditions (33), exists when and only when

{39) L = pyu

7 ON SOME BOUNDARY VALUE PRODLEMS O NONLOCAL LLASTICITY a7
(-10) Sf;{.‘,(h 0,

A
where g; s any solulion belonging lo Hy (1) of (39} witl fi =0, In the case when 3

- Pas the only solutions ol the bumogeneons system are (30), Thus, from (3U) and (40} it
Tollows

e Sfe dy =0, SS,‘;J,-.: iF e 0.

K] A
50, we get
Theorem 4.2, Suppose Cijpp(ey = CH). Gyuile, 2) CINL), Given [ = (1), the
boundary value probleny (31), (83) has solutions belonging to My () if and only if f satisfies
the compatibility condifions (41). In particutar, when Cinr Gar = Co and [ & (o satisfy (41),
the solution is of Co,
Let ns observe that the solution of the firs

t and sceond boundary value problums
which we have obtained, minimize the Tunctional

Fin) = SHL!HI.;' - ‘_JSfurl_r,

2t 4
in the space M) and H (), respectively,
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