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Applying the definition of = we have afs) = (3,3 ), als™) = {5, sk Af («, 8 )TT'
i g, 87), 7)== 5, 7 ~{5} (57, i)) and similar
Thus, we obtain oy (fi (5°, 1)) = Fe((3, al), i) = (= {3, J),’pl.’l v{5) (sl i)) ir’1‘ . v
ey (fe(s”, D))= (o(8, 1), pr;y{8) {57, 1N Therefore pry oy (i, i) = pry2_ (fi (s, i), hence
+1 s = )
(fels", )i, fu(s”, 1)) & mpyy ¥i, I and 7 is o congrucnee.
ne ol (LSO ) m  (h aees T )
ersely, let & be a congruence on the t.v.a , &, . , I
Using (t:lcl.:‘::;:w}tcohnique as in Th. 5 we can construct on cvery set ) an equivalence T
which is orthogonal on m, =t A =t = L5, : l ( i - 5
‘e shall usc the t. v, o, A= (I, 8¢, O, fzr, 824), whree T e Ty 817y s
Sy ')‘e s)nthl:: fonctions fgp T:!.II(‘ Zet being defined in the sequel. Suppose tl'mt the actual
,.r:.’t ‘Io.if ’A "is the block I3 = Si/w. Binee T is generally not a congruence, different states
Sofa ‘fhis blgcklarc carried in .l 'by a cerfain symbol ¢ in different blocks of the sct Sty41s
Tty - As monitor, we shall take the Moore automaton M = (/, L\) Stiwn 049, 7), where o(K
Do K, K < Sjz, K = Smy, and fdK, ) K. tex, _
'1"hc correctness of this definition for JF follows from the !':acr that = is a congruence.
Since m A 7= 15, every state 8 = 5 is conlained in an unique pair of blocks (K, B)
' : h t 1 T -+ ay e .
€ Sylme xS/, We shall define oy a5 ae{s) = (A, B) and, if v(K) = (fz, gr) we take:
B'vft(s: i) e e Sf .1l7£+1 and Ky I {3 },

fel B, 0= {arbirrary, FENB=0

and gifs, 1), where Y= Ky SB,

3, i o o
8w (B 1) {arbi!rary, K0 B-= O

A L ~ .
The t.v.a. related to the pair {1y, M) is A = {1, (l ;[5'% St/7me} X 5%, 0, Fy, 7)), where
¥y

1) = K, 1), K} (B, i)), C{({h, B), i)= pr, -,—(I.{) (B, i),
U II:),t.lll)is si)q:*(ciall)cal::;l i(c can take in (1) and (2) A= 1; and k= 1, and through a
traightforward ealeulation we obtain: . - .
: gk(Gt(f!t(S). ()} = Geloe(s), 7) = Gy{I, B), i) = pryy(K) {13, i} ) g-u(l.f»i) = gl’(s,.l)»
Frlzi(s), b(Z)) = Felols), i) = Fo((K, B), i} = (o(K, ), pr,y(K) (B, 1)) =(3(K, 1),
Jol}, 1)) = (K. B'),

where fi(s, i) = K’y B', and «is) = (K, B), -
which means that A is able to simulate. .1. The same proofl (with obvious modifications)
works also for m, n-decompositions. ) )

Corollary. The following threc assertions are cquivalent for a f.v.a .l

i) there exists a congrucnce on A

ii} there exisis a serial decompusition of A ; P

] itori J sition of 4.

it} there exists a monitorial decomposi . ; .

leeqe assertions hold also if ,congruence™ is replaced with .m, n-congruence® and
decomposition” with .m n-decomposition®. o ‘ . .
0 Irf)emark H (fu(s, i), S8, i)y € =, for every i, i, ® I the monitor M is a pure
one.
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PERMUTATION AUTOMATA WITH A TIME-VARIANT STRUCTURE
BY

V. FELEA

1. Introduction. Permutation automata have been studied by G. Thierrin [6].
Agasandjan [1, 2] and A rto Salomaa [5] have introduced the notion of auto-
maton  with a  time-variant structure and solved some of the basic proble
time variant automata,

In this paper the notion of permutation automaton with a time-variant structure is
introduced. The automata with a time-variant structure (ot only finite) arc studied ; from
this study onc oblains the characterization for the finite automata with a time-variant strueture
and for some families of permutalion automata with a time-variant structure. The inelu.
sions between different tamilies of languages aceepled by the permutation sutomats with
a time-variant structure are considered, Some operations, under which these families of lan-
guages are closed, are determined.

2, Automata with a Time-Variant Structure, Definition 2.1. .f time-variant aulomaton
(shortly 1 ©. a) is defined by :

ms coneerning

A=< XS, Mt s Fon=0,1,2,.

where ;

1) X is a finite nonempty  sel of inpuis,

2) 8§, is a finite noncmpty sel of states at the n-th time instant,

3) JI,',“L] is a function from S, %X intfe Syq called the diveet function from the n-th
time instant into (% - 1)-th time instant,

4} 8, 18 the initial state and 3y = 5,

3) F, is the set of final stales al the moment n, F, = 5 We recursively define the
Tunctions Jl,’,", with n = m, by

JI,’,,‘(S, ¢) = ¢ for every s = S.on=10,1,2,.
‘111’?:! (s, Pr) - “Il'l”+l [“‘”:‘FI (Ss-rn.:): I’;z”+1}
for every s = 8, and = Hppp ey, € X%
Definition 2.2, Let - be w f. v ar,

TEH = (g e XM ph e Fneo,1,2, )

is called the set of tapes aceepted by the automaton . f language L = X* js accepicd by a
f.v.a. (shortly X1 v a a) iff there exists a f.v.a. 0 such that I, T{.t).

Agasandjan 1, 2] and A, Salomaa [5] define time-variant aulomata for
which S, = $,n - 0, L2... and & is a finitc sct. This automaton will be denoted by
.t v.a.

In the following, we denote the set of the natural numbers by N, N'w Ny {0},
the language aceepted by an automaton of the type o by «a, The following two definitions
appear in [6]:

Definition 2.3, .in equivalence relation R on X* iy said o be right cancellative iff rPa=
= pg(R) implies that p = piLR).
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(]

]':')cl'inition 24, Let U e a subsel of X i¥e define I ET)(RU) f {qlqg = X* and
PIE UL Yyly € X% and py e U 1

_I<‘ur every k€ N, the relation I restricted on X2 will be denoted by Ry . The numn-
ber ol equividence elasses of Ity will be denoted by n(R. 1) ; 2{£} is the number of equi-
vadenee classes of B, I R ix an equivalence relation on X*, then for every hosi N, Ry s
an cquivalenee relation on Xk,

Definition 2.5. [1]. An ecquivalonce relation It on X* is said fo be a right congruence
if p= p(R) implies thatl py = py(R) for every q & X*,

Definil.ign 2.6. An equivalence rclution R on X* iy said o be a right congruence on
X& iff pg =pd (1) implies's that phe = phe(fe) Jor every ¢ = X+,

It & known that RV is a right congruence, henee RY is o right congruence on X#,
for every e N,

Theorem 1. Let U he a subsel of X¥, The folluwing conditions are cquivalent :

() Uis X-Lovoa, a. s
) (2) there is an cquivalence reiation IR on X*. which i a right congruence on Xb and
citlier U N X2 iy the wnion of spme classes of Ity or U N Xb= 0O, for coery h = N.

(3) There s an equivalence relation # on ¥ which is « right eongruence on X% and
Ry < Ia‘;? Jor cverp b= N

Proof. Condition (2) implies (3). If o = BLL,), then a = pg, "= 42, rE = r,rg (£,).
1t Fg r{,‘ € U, sinec ??3 ”# = ‘I’ﬁ Tﬁ(ﬂn-;-k) and U 0 X2E s the union of some classes of Ry
then 42 vk e 4, i e qjg =y (V). henee ph = a (RY). (3) implies (2). Let »% o be from
U and p’n' = qh (R}, since R, = RY we have pAi= gh (V). i e Pk =g} (RU), We have
].g e = U, therefore r,r’a e= qh & U. (1) implies {2). There s a . v. s A such that U = (1),
Let B be the equivalenee relation defincd on X* by : 1)'6 = qf;‘(li) i .Ug {30, PP) = ,‘ll{)" (345 q";')
If py = U and h =48 (R). then ark (5p 4hy= DIt (3 PR = F,, hence the T = T,
It follows that cither & 0 XA is the union of some elasses of Bpor UnXh= O I pt =
= % (R}, we have (s, rh = 2t (% 4B} what implics Arh+k (s, Ph r’a’} = MBHE (g, ar k),
prrk = gk ¥k (R), henee R is o rieht congruenee over X% (2) implies (1). We denote by

0’ 00 @ = P Y 1p
the elass which confains p, where p & X*. Consider S = [e], Sh= {5 } Sy =1IpElph = Ay,
heXN; F {{pg]'p")‘ €U}, e N. For every h & N’ we define ﬂlﬁ"'lf[pg[, x) =
= {pg al. T.et us to show that AL is a funetion. If p’(; _=_q"0 (R), then pg.y Eq"; (), 1. e.
[ph]= [g21 implics that (Phel=[qf e} Yor the tov.ia, A= < X, Sy ML s, F,
b= N'> itecasily follows that T'(. )= U: p’o‘ e U il‘f.\f"; (-'a‘ﬂ, pz) ‘”3 ([e], pg) - [pg] =F,
iff pt = T(A).

Remark 2.1, I and KU inay be of infinite index on X*.

Femark 2.2, For every U= X* there is an equivalence relation 2 on X* which is a
right congrucence on X% and Ik = H}f for every h « N {see Thcorem 2.2), It follows that
every subsct of A js a X-t. v, a,q.

ftemark 2.3. Consider a I t. v. a. L. Then R in Theoremn 2.1 is of finite index on AGH

Theorem 2.2. Let U be a subset of X*. The Sfollowing conditions are equivalent ;

(#) U iés X-f.t.v.aa.,

(5) Condition (2) where R is of finite index on X,

{6) Coendilion (3) where R iy of finite index on XV,

(7) There exists & € N sueh thet n(RY, h) < Ik, jor every o= N

Proor. It suffices to show that {6) and {7) are equivalent, because the equivalence
of (4}, (5), {6} lollows 2s in Theoren 1.

JITrom ng h‘}'" it follows that n{fV, by = alR K); R being of finite index on X,
we have n(R, k) = k, lor every h = N, where k= n(fZ). Conversely, if (¥} holds, consider
the equivalence classes of Rf:' arranged in some order :

XM= Ci.': U Cg U..u C::lRU‘k:,fur every k= N,
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Now, we define B by : pg = q’;(h’) iff there is 1= N, sueli that e (,";. [:g LS 1
is clear that R s an cquivalenee relation on X* and a right congrucnce on X*, for cvery
S N, sbeeause RY s o right congruenve on X% Moreover, by definition R}: R}E’ for
every hoe N

Remark 2.4, The proof of the cquivalence of (4} and (7) is given in Theorem 1 of
Agasandjan [1, 2 and Salomaa 15].

3. Permutation Automaia with a Time-Vaviant Structure. Definition 3.1. Lel .1 he
o bovoa A s sald to e a permutalion arlomeaion (shortty p.tow. ay iff for every hoe N,
€ X mud &, 57 € Sy 37 F 87 dmplies That .Hﬁ“(s“ v) # .UK“ (%", r).

It is obvious that the following eonditions are equivalent :

(8) A is p.t.v.oa.,

(9) for every 7 = N, pk e Xrand &, 8" = S,08" # 87 hmplics that MR+E (57, pg) #
Zfl Jfg-hk (5", ;r)g), . ) . R ‘

(10) for cvery A= N, k= N and PR X Ak (S 11| = [5, 1

Definition 3.2. .n equivalence  relation R on X* is said to be righl concellutive (left
caticellative) on XW ifi ]r’a r=gh r(h’](r;;z = ;'qg (1Y) Fmplivs heat ];g = qg (1.

femark 3.1 1 ot js poto v, then we have: |4 | < [ Shpr] for every &= N,

Theorem 3.X. Lot U be o subset of X+ Tie Sfollawing cond:tons are cquivalent :

{1y U is X-p t.v.oa a,

(12) There is an equivalenee relation B on X*, whivh (s « right congrience on Xt and
right cencellative ot Xk and either U 1 Xk is the wnion of some classes of Hpor UnX = O
Jor every h = N

(18) There s an cquivilence velation R on X*, which is a vight congrucuee on Xt and
right cancellative on Xk and Iy < R}S" Jor every h o= N,

Proof. We shalt follows the preof of Thearem 1. If U= T(d), where A is p.ot.voaw
then the relation I is right cancellative en X® for eve rv ko= N, Indeed,if r’; J'ﬁ = qg r’; (f),
we have MA+E (g, pt 7’;,-) MBEE (g q® ?‘5}: sinee i.s' p.-t. A t.h.is il1:l],l“(:5 ktlmt Ak
{50, PR} = 378 (5, gt Ao ph=gb (R) CThus, (11} implies (12). 1f [pz_j ,e [q? [, then
P gh (). this implies that 720 2 gh o (R), i c. [PRo] # [ghe]. becavse B is right cun-
cellative on XA Hence MAFY([ph] ) ¥ FEFL(gR), 2) and (12) Dnplies (11).

Corollary 3.1. If RY i right cuncellciive on Xk for every h & N, then U is p. L. v. a. a.

A pobovias A with S = 8 for every 7€ N and 8 finite set will be denoted by
X-fopotovoa )

Corollary 3.2. Let U be e subsel of X*. The follsving conditions are equivalend :

(1) Uis X-fiptvoaa.

(15) Condition (12), where R isx of finile inder,

(16} Condition (13), where N is of finite index, .

Corvollary 3.3. If RU is of finite indexr on X% and right cancellative on Xt for cvery
he N, then U is X-f.p.t v a .

Corollary 3.4. For the relation R in Corallary 3.2, there is m=N such that (R, m) =
= n(R, m + 1) for every I = XN,

Theorem 3.2. Let U be a subsel of X*. There is an equivalence relation B on X* de.
pending on U, which is a ri‘glat congruence on Xh right cancelletive om Xb end Ry = 1:’!'{ for
every b = Ny marcover, if the equivalence relation B on X* s a right congrucnce on X* right
cancellaiive on Xt qnd Ii’;f_ Rg' for every b= N, then ]!;g Ry for every b & N,

Proof. Define the relation Ry by induction

pl=glin) ifr nl=glky).
We assume that R, is known for £ = 1. T.ot oh, Ch, (:‘e. b the equivalence

classes determined by By (on X%}, ordered in any way, H X' = {a, 20,002y |, we consider
the family of scls of = {(;? ajpp Uiy, 1<j§=n), which is a partition of XA+,

Let I'pyy be the partition of X2% delined by :

(17) CAl e Py il CFM = Chay g Cha; g Ly Chay,
17 Y 'y e



258 V. FELEA 1

where for 1 <k # k" € ¢ weehave Jjp # jir and there oxist Py = C;."j for every 1 <j <,
such that py oy = pras, = .= pyy @5, (RY) and thercis no pyay with 1 # j, ko=
such that pyr; = ppr(RY). Wedeline: phtl= @2+ (R, ) i there is 27t e I'%H mu,I\
that ph+1, 4h31 = CA'L Now pk = ¢% (R) iff there is f sueh that pE = Ok and qh =t

By definition we have ¢t < » and n, < mpy | < n.ny Let us show that Ry RE

<
<

for ¢cvery i &= N,

We have £, = RU. Assume that I = RY. Consider ph oy = ghag(Ity ). If i=j,
then ph =gk (i) what implies that ph = it (R;f); PR owi =k (RE.,_I}, sinee RYU
s a right congruence on Xk Tf i # j. ph = C". it = Ch. iy # fi and there are ;7‘ = C"‘.L
E" = ("’ such that pkay = q’* ej(h’b), then from M= ;ri"(h’h), P= q*" (Ity) it follows
that. p-" J (RU) and  gh = r,r (RU) hence ph o, = p"‘ v (RUL) = q” r(RYL)
and p’;;,:—-_qo ay (Rg.,_l) lhll‘s we have Ry, € HU+1 Let us now show that R ois
right cancellative on X%, for every h e N, Consider pg k= gh c’;(li’,o,rk). By the definition
of iy, 1 it follows that ph c*—l =gh rJ‘—l (Ry_z_yand by & — 1 steps we obtain p" = q{.'(R,,].
H pd = gh (Ry), then lhcro is Ok e.uch that ph . g% e C}, this implies that pra, qhe s
e C "a and p" = 'lo (Ba, ) in thc. same wuay we ]1a\e p-’* r'k q-" d;(Ii‘,,T;L} for cvery &«
= 3\’ and ¢ € X*# Therefore It is a right congruence on A“ for every h € N,

\o“, let B’ be an enquivalence relation on X* with the properties stated above. Con-
sider pt = qh(Rb)’ Pt = ai, r,z A i g e Bigs qh = Wy By weon Wfp Fip g e iy Wikh T £
# Jr and 1< k< h Since R is right cancellative on X* we have Tty Wig oo Xiy Xy Xjg s

o AR RL_. RU implies that z; “"z - iy =Xy Ty e 5 (RY). Sinee dp # fi by de-
finition of R; we h.n(_ Fiy @iy e -dik(l"k) what linplies p';qu (1), hence
R; S Ry for every h = N,

in the following we mean by R the rclation in Theorem 3.2.

Remark 3.2, Because n{R) = max ny, R is of finite index iff there exists ¥ € N such
REN

Wig =X

that n, < & ['or every he N,
Remark . If there is an equivalence relation R of finite index on X*, which is a
right u)ngrucncc on AP, right cancellative on X% and R, RU for cvery = N, then R

is linite index on X,

Theorem 3.3. Lel U be a subsct of X* and | X | = 2. The follo-ving conditions are cquei-
vealent ;

(18) B is of finite indew,

(19} There exists m & N such that for every bz m, 1 = izEj < n and _n"; @ Xt there
cxists b = Xb with the property that pha; = qb a2y (RV).

Froof. It R is of linite index on X*, by Hemark 3.2 there is & &= N such that ny < k,
for every &t = N, because np = ny,, lor every b € N, there is m € N such that ny, o 1
for every { @ N, It folows that for every [ & N u.nd C""” E Pavrt=n(in (17)). By (17)
and R, = RU for every & o= N we have (19).

If (IJ) holds, we have ¢ = n in (17), henee ny = nypo; 61 every ! = N. Therefore R
is of finite index on X*. iz rad

Remark 3.4 U0 @ # j, plei = ¢h 2j(RY) and pg @i & qb g(RV), then ph Epz (B
il 48 = g2{Ry).

Indeed, we have ph Ep.g (Rp) iff p’;.r,-E_p:; @ (Fp) and ghe g vy (Rpy,) iff

= qh (), since phoar = qla(Ry ) and phor: = q" ai{ B, )

Corollary 3.5. I.rt U be a subset of X+ and |X1> 2. Condition (19} is equivaieni with
the following condilion :

(20) There cxists m € N such that for cvery h =z m, 1 < j < n and p" = Xk, there caists

Qb @XM with the properly that p’; @y = ¢h 2 (RY).

&t
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The prool follows from Remark 3.1,
Corollary 3.6. Every subset of X* is « X-p. i, v. a. a. (in general, it {s not X-f.p. 1. v a.a.)
Corollary 3.7. Let U he a subset of X*and X | = 2. Conditions {11) and (19) are
epuivalent. :
The statement follows from Corollary 3.2, Theorems 3.2 2, 3.3, and Remark 3.

Definition 3.2. Let o1 be a L. a0 o1 is sald to be conneeled (shortly ¢t v, rff for
cvery ft & N and s = Sy, there is p" s X* sueh that M (5, p") 5.

Remark 3.5, Let o be a fopot, voa, ol s mnnectml iff ior each s = & there is 3 = X
such that .'Ul(so, @)= s, A conneeted p.tov.a. 1 will be denoted by eop.tovoa

Rr’mrfrfl 3.6, Beeause the tov, o, o construeted in Theorem 2.1 is eonnceted., it follows
that every subset U of X* is accepted by a e.t. v, a. By Theorems 3. T, 3.2, 2.1 we have
that every subset U of X* is X-c.p.t. v, .

Theorem 3.4. Let U be a subsel of X*. ’Hu' following condilions are equivalent :
28) U is X fop.olovoaa,
(22} Condition (19) with m = 1,
(23} Condition (20} wilh w - 1,
Definition 3.8. Let 1 be a fov.a. and b, 1 € N, A is said to be (h b+ l-strongly con-
neeted (for shorl (h, b - li-s.c. t.o.w) iff for every s = 8y, JJ?H(s, X Shti-
Definition 3.4. Lef p, and p, be fico funclions from U (X* = AR) into X* defined by:
eS|
hooh h ok
PuPO q0) = wiy @iy e xi Byl o) = Wi, -
=Ry e Xy Tig g oo Ty, and iy # fpwhere 1 < k< K, Ij‘po = qﬁ, then p,(pg, q{,')=p=.;p§, qﬁu- €
Theorem 3.5. Let U be a subset of X* with | X | = 2. The follorving conditions are equi-
valent :
(24) U is X-(h, k b T)-s.c.opl. v o, a,,
25) Fur €very por e X% and qg L mch thal pu b qo and pl(pg, qo)q‘ép (pu, qg}(RU)
therex eisls w = X, a0 # x with the properly that IJQ.’L = qo;(R"’)

Proof. 1~0|Imnng Theorem 3.1, Condition (24) is cqmvalent wilth the condition :
(26) There is an (-qun'd.h_nu rnldtmn R on X *, which is a r|ght (nnnrm.ncn on Xi,

right cancellative on X" and hp— R; ['nr every { = N, for every p = \* and q = X*
there exists » @ X such that pg qﬂ;(li‘hﬂ)

Irom RM.]C Ry ., :t follows that thc rclalmn It satisfies ("’G), 1 e. for p(, r = X*
and qo \" there (\nsts ; @ X sud] rlut poa = qa.r(l?;,;:) Let po;, r,ro be from X+ s.ut.h
that po # qo dl'l(l pl{m,qo)ﬁpz(pg,qo)(ff }; by d(‘fllutlon of R it follows that pl(po,
qo )=.|=p£(10, qo,(h’;) where & |s the Icnnth of p (po,qo), hence pu .,=Eq0 (Rp). We have ¢ #

# x, since from ¢ = ¢ and po.a —qoz‘Rn 3} it follows that po = qo(R,,), which is a con-.
tradiction,

From Ry, = RUT it follm'.‘- that _J}g'v = qo J_(R ), henee (26) implies (25

\0\\’ we a.ssume th.nl rY satlsl‘us (" 3). Let po.r and qf)' he I‘rom X" It po = qo then
por—=qoxr, whence puz-fzo.z(li'm ) I0py £y and p,(14, 0) = Pz(pn, g0 ) (1Y ) then by the defl-
nition of R 1t follm\s that ,ro" = qg(ln’;,), whenee ]31, = qu.a(R;,_,), 1f po # qo and pl(po s
q.,}:,"*sp (]0, q(,)(R ): by (25) there exists 2 = X, & &£ @ such that pgx qun_- (Ru) what
implics that pg:;, =qu_g(1{;,_,). Therefore (25) imphes (26,

Theorem 3.6. Let 17 be a subset of X*, | X |= 2 and h & N. The following conditions
are equivalent :

(27) U is X-(h, b+ 1)s.e.f.p. L. v.a. a.,

(28) Conditions (25) and (20);

(29) Conditions (25) and (19).

Remark 3.7 Let f be a f p.t.v.a, and AN, o is (kK & 1)-strongly connected
iff .1 is (b, & + I)-strongly connected for every 1 = N,

g P k T
rj] ;uo = XUy e A Rigyy e L 0
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Definition 8.5. Lel A be a tov.a. A s seid to be slrongly connected (shartly s. ¢ 1w, a.)
! o . . 1. %
if for every ne N and v €5,, 5 = Sy there is w = X sueh thai ant (¥, e) = & 3 for

- 1
every s = &, there is a = X such thal Molsg. ) = s . )

Remark 3.8, Let A be o tov.oa. o1 s strongly connected iff o1 is (h, & 4 1)-strongly

. 1 = 2
conneeted fur every k=N and Myls,, X} o & ) . » )

Theorem 3.7. Let U be a subset of X* ond | X | = 2, The following conditions are equi-
valend ¢

(#0) U fs X e p. Lo a, : . N o

(31) For every h© N, pg vom N\ .rrml qg € X* such that ph # qf and -p,(pgu, 4
5= pa(pl 4l (RY), there cxists & = X, o # @ with the property that 'pg.-r = q.g‘;(R )- :

Theorem 3.8, et U be a subset of X* and | X | = 2. The folleing conditions are equi-
valen! :

22y U is Nesoe. fop Lvoaa.,

(33) Conditions (22) and (31),

(31) Conditions (23) end (31).

4. The Inclusion Relations between the Families of Subsets of X* iniroduced in 3-
Theorems 3.3 —3.8 give methods for the construction of lunguages of different types; moreo-
ver they give the inclusion relalions between some faiilies of the acvepted languages of X
The following Proposilions point out these relations: -

Proposition 4.1, ff | X | =2 and X, < X, then U Xy s ol Xof.p. 1._1'. da.a.

Proof, For cvery 1)3 @ XY oy, & X, and g & X - X there s no gy = :\* such Lt
Phe, = qha (RY), because for every ke N phe ke X = U and q!’]’_pj ke U .

Proposition 4.2. If X = {w), ap} and P s the sel of the prime numbers, then L=
=gy U s U ey U ane) (U XM s a Xofopotovoa a, but it is nol XN-e.f.p. v a. o

resf )

Proof. We have m 25 for every I = 2 and pt = A& there exists gf = X% such that
PR, = s RY). _

Moreover aurg 55 wary( Y} and a0 FE ayry(RY ), henee me 7 1. -

Proposition 4.3. We consider X a= {iysag } and U o g 1 as U Lo U 3-‘2;,.1)'1\ LU
is Xfop.tvoaoa, but for iz 2 Ui nol Xe(h, b+ 1ps.coptovoa a, wha implies that
U is not X-{h, h+ 1)-s.c. fop too. ar. d. 5

Proof. We have a $;131.7-2(I€L'). It bz, flor 1]);1]:(')'— S ) :

a H N p— ] T o N >
a, such that _1-141-1113—2.1'1 = .1!1:1'2])3_-‘.1' LRV, becanse ;1‘1.’{‘11-3 2¢, @ U and 31-*'2]’3 r, & L

Proposition 4.4. Let U be @ subset of X*. If U is 0 Xes. cop.bovoea, then U ds X-
fop.fvoaa i . . o

Proposition 4.5. Lot X {"'1""2} and U = a U (2gr, U £ty U :rgmln-z;rl). Uis a
X-(1, 2psoeop bovoa ., bul I is not X-[1, 2)-s. e fop ol :

Proof. We lave v, 35 0o{ RY), g = oywo(BY), gy = 2o (BU). It follows  that {25)
holds for £ = 1. Vor cvery & € N we have ,.2.1.133,,1 = U anid pgfz,rz & U what implics
that

: A
and apr,p there is no

roraBe SE PRI (RUY (el oy, ay)-
d-times

In the same manncr. for every b = 2, there ean be constructed languages, which are
X-(h, k= 1)s.coptoacvoan, but they are net X-(h, f + ¥hs. e fp.t.voa. o i

Proposition 4.6, Le! XN [up, wo b U= 2, X* ds o X-fop.tovoa a. bud it is not X-
(1, 2)-s.c.p. L0, 0. o

Proof. Condition (19) holds for a = 1. Morcover o) 5= 4, RU) and a0, == g RUV),
hence U is not A1, 2)-5. 0. p. v o IE follows that U as not X-(1, 2)-s.ce. Lp.toveoa. a

Proposition 4.7. There is a X-s.c.p.i.v.a.a., which is not Xw. o foptvoa

Proof. Constder X = {a;, as }. Define U recursively :

1) @ys g by gy = 4

2y for h =2, if x*
Phe u Phe, = U

I’f U PQ‘, where P? Uanx* and P? f f"g 0, then

T PERMUTATION AUTOMATA WITH A TIME-VARIANT STRUCTURE 25
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It is casy to show that U holds our siatement.
Proposition 4.8. Let | X | = 2 and U be a fimle subset of X*. U is a X-f. p. 1. v. a. a.

iff there*are integers &, ny, By sy Mg, U=y < 0y << Lo ny, such that U U X%,
i=1
3 n
Proof. 1t is obvigus that U= ) X ‘s a Xefip.tovoaca, IF U is a2 Xofopot. voa. o,
i=1

then by Covollary 3.1 there is m € N such that n(R, w} — w(8#,m + 1) (or every [ = N,

Sinee U s finite, there is € N such that X* & U for every 1 =8 N, 1L follows that
n(R, I} =1 for every I € N and by Theorem 3.3 we obtain the second part of the state-
ment.

Proposition 4.9. If | X | = 1 every subsel U X* is Xos.o.f.p. f.w. e a.

The following two Propositions speeily the inclusions between the family of X-T. p.
t.v.a.a. (FPV), the family of the X-languages accepted by the finite auiomata witl time-
variant structure (i'V) and the family of X-languages aceepted by the finite permutation
automata (1),

'roposilion 4.10. If X = {.rl, a, ] and U= {'"11';:_7'1"'3’ .‘rl.‘!'_,:cln'gr?l.l:grl;!';, .1'1.r',_,:t:l;r§r'l‘r§
wprde el ) dhen U is @ Xofitovoaoa, but it ds not Xofopotov, a.a,

Proof. It is known [3] that U is X-f. L. v. oo a. Foreveryodd & & N and ;)g =, .‘vla::?
vk there is no ql’)‘ sueh that pg.pl = qg_p,,( U}, beeause ])3.4:1,g-§+1 € U, bt ¢hbt2 & U (#

- k(K + 3)f2).

Proposition 4.11. Let XN'= {u;, a3} and U= 2, U 2,0 (20, U a0} Y5 U is a X
Sopotovoaoa., but it is not aceepled by any fivite permutation awtometa over X,

Progf. Condition (19) holds for the relation RY . But the relation RY is not right
canceflative on X%, since a0, = o RY) implies that », 2 (HY). Therefore U is net X-
f.p.a. 2. [6).

It is known that there is a language over X, which is not X-t. v.a. a. [5].

Consider that X s fixed. Let J7 be the family of the X-p. t. v, a.a., PEV be the
family of X-f.p. L v.a.a., and so on,

For |X| = 2 we have the diagram of fig. 1, where the inclusions are indicated by sags
The inclusions specilied by Propositions £.10 and L1171 are the following

FP s FPV S5 FIFF =T v PU" = CPI,

5. Operations on Languages. Proposition 5.1. Fvery frmily of subsels of X* infroduced
in 3 iy closed wnder complemeniation.

Proo!. Denote by U the complement of U. We have RV = RV, henee KV and RY
have the smme propertics.

Proposition 5.2. The family FPV of X* is a Boolean algebre of sets.

Proof, If | X =1, the statement follows from Proposition 4.9, Let U, and U, be
two X-lp.t.v.a.a. with | X | 2 2 For RV, and BY; we have (19), with w, and m,
respectively, For every m 2 max (. my), h=m 1oi#j<snand pg = X* there are
qg,};g' = X~ such that phr = qg.rj(RU:) and plha E?g,t'j(ft’us). For ¢f = X* there isph =
€ X* such that ﬁ'g.r!j = .I;?(;-FI-(RUS). By Remark 8.4 it follows that p2 = ph(R,), q"')_ ol R,),
where It is the relotion in Theorem 3.2, corresponding to U, We have pho = pha, (),
Eg.uj = qfr (i), ple, = Fg.ut.(RUr), rﬁ.‘.}:f = qre RVs) pha, = @he (RY:). Therefore pbe, =
qu,rj(ifu: N RYs). From BV 0 RV, = RYNY: it follows that (19) hold for RV, N U,

Proposition 5.3. Let k le a mapping from X into X_,71 be the homomorphism from X*
info X7 defined Ly

ie) = e, W(aB) = M=)h(B), «, B = X*, K} = ha)

and X, = {Ma)lr = X},

If Uis a X-fip. Lv.a a, then WU) is a X,-[.p.t.v. a. .
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Proof. BU)= {q = Xy3p = X4 h(p) = q}. Let us consider p & X3 rw, € Xy
k o I There are ,.g! e X*, . @, = X such that 71([)6”) :7}5", ;:(_[") = ;k,?:(rj) : ,1'1.. Bocause
U is X-f.p.t.v.a,a, there is my & N such that for m s my, pile, & XN*, 1= i # j< n there
is 43 with the properiv that piie, = qg"pj(h’lf'). this implies that h(p:‘”.p‘) = h(qg‘.cj)(.'ihw)),
whenee f:g‘;k E-r;g‘;;( RAUy,

I | X,l= 1, AU, X,f. p. t. v.a.a. by Proposition 9.

Proposition 5.4. Let &t be a mapping from X onlo X, (mll h be the corresponding ho-
momorphism from X¥ onto X:. IfUisa Xpofop tovoaa, thenh YU} is a Xfop tvoa a

Proof. i(U) =~ {pe X+Ige X} ipy=qe U} )

Consid v pft = A apiry € X, i+#7, IT(pg'): FL", ?;(:v‘.) ;;‘,, h(;yj) - Xy Since U
is a X f.p. t.v.a. a. there exists m, < N such that for every m =, pp = X;, tllere
e (100 ~

I}

is _qg‘ = X, with the property that _a_J’o".:"qu‘,uj(IiU) what implies that pie,

(U)), where ¢ = & {gm).
Proposition 5.5. If U is a XS ptoaa and Vois a subsel of X*, then:

U={p/ /=X plmnlU# O}

iv a X-fip.t.e.a a i i

Proof, There is ny e N such that for vvery m = m, pg‘ = X*, Xpa, E X, there
Is gt = X* with the properly that pite, = n“’)",pj(h"f'). We shall prove that pite, = r,r;".cj(RUu).
If pPr gt & Uy, then there is 2 < I” guch that pfite skv € U, this implies that qgtujv’év e U,
Lence qg’.rjr"; = U,. Thercfore pihe, = qg‘.uj(RUx),

Proposition 5.6, The family of X-f.p.tov aa is not closed under the operation of
transposition. i

Proof. Let X ={a, @z} and U=y U ap Ul Y wge) (Y X2) Let UT he the

PEFP
transpose of U. U is X-f.p.t.v.a.a. by Proposition 4.2, UT = ¢ U ap U (Y X7) (ryey U
pEP
- 3 T 3 .

¥ oxpeg). For k2 2 we have phe, 5 gfe (RY7) since phe, = UT, but ghegpe, & UT.
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. OVSER @ Wisseaschaft wned Information, Band I, Wissenseliaftstheoric und eimpirische
Wissensehaltsforschung, R, Oldenboury Verlag, Wien, Miinchen, 1976, 158 p.

Aceastit lnerare este un eseu asupra dezvoltaril ceveetdrii stiintifice i a istoriei stiintei.
Coneeptia care stid la baza intregit luerari, esle ¢ea a conceperii gliintei ca un sistem informa-
tional, Sz poate evalaa astlel imediat rotul dezvoltiivii mijloscelor de comunicare in procesul
de dezvoltare o stiintei.

Primul volum ol anci serii mai ample  este consacrat teoriei stiintel si eercetirii stiinti-
fice cmpirice. Principalele teme studinle aied sint @ teoria stiintel ea sistemn explicativ recon-
structiv, istorin deseriptivil a stiinled, feoria demonstratici, curisticd, teorin motivirii si teoris
verifiearii, psihologia si sociologin stiintei. evaluaren si statistica stiintei, stiinta ca problema
de inforimatic, evolutia stiintei si explicatia ¢i eu ajuterul teoriei inforatiei.

Dan Simouvici

GYORGY BIZAM, JANOS HERSZLG « Logil macht Spass. Akadémiai Kiado, Buda-
pest, 1rnst IKlett Verlug, Stuttgart (1976), 590 p.

Cartea eontine enunturile si rezolvitrile a 85 probleme de tipul eelor cuneseate in lite-
raturd ca probleme de logicd, vtrucit mi fae apel Ia cunostinte ei, doar la rationamente. Prin
tematica lor, problemcele prezintiv situatii intilnite in viata de toate zilele {(uncle chiar in crimi-
nolozic). Iisenta matemalicd a lor este urmiitoares @ fiind date doud sau mai multe multimi
tintle, disjuncte, cehivalente s un numar de relutit intre elementele lor, si se determine o cores-
pondenti biunivoed intre aecsbe multimi. Meritul autorilor este de a {i indocuit, in resolvare,
improvizatia printr-o tehnicd de rezolvare aproape generald : se prezintit prin tabele bi sau
tridimensionale, preeum si prin grile, produsul cartezian al multimilor censiderate si se suprima
suceesiv, in tabele sau in grila, acele pereehi, triplete ete. eare in baza relatiilor date, nu pot
contribui la rezolvarea corespondentei binnivoce., Prin aceasta tehnicit, rezolvarea celor mai
multe probleme de acest tip poale [i efectuati de oricine, eu o cconomic apreciabild de efort
side timp. Se analizeazi separat s1 minutios, cozuri eind problema pusd are mai multe solutii
sau eind nu are solutie. La unele probleme se comparit diferitele variante de rezolvare sub ra-
portul volwnului de relatii utilizat si, ca atare, se pune in evidena redundanta sislemului de
informatii vontinut in enuntul problemei.

In multe probleme, se dau doar relatiile prin tabele, rezolvitorul urmind sil intoemeascit
un text corespunzitlor si si gascased solutia. Pe Laza analizei solutiilor unei grupe de probleme,
s e observatil asupra metodei continue de rezolvare utilizate, avantajele si limitele ei.

Studiul cirtii este facilitat de o clasificare si ordonare, eare relicfenzi ideile si metodele
prineipale si indrumi pe cet cc vor s& parcurgii eartoa pe sirite sau profesorii care vor si re-
zolve unete probleme cu elevi de dilerite elase, Un indice speeial di indicatii asupra notiunilor
noi introduse. Prezentarea graficd ¢ste ireprosabili. 'Traduccrea citrtii in limba germani cste
semaati de Dr. Johunn Raab.

David Rimer

A. AL KIRILLOV 2 Elewments of the Theory of Representations, Springer-Verlag, Berlin,
Heidelberg, New York, 1976, 315 p.

Cartea exte o traducere a editicl rusesti, apirutid in anul 1972 in editura Nauka din Mos-
cova. In esentd, aici sint expuse sistematie, atit unele eapitole din alte discipline matematice,
neeesare Tn teorin generald a reprezenlirilor, cit si Cundamentele teoriei reprezentirilor si di-
versele dezvoltari ale acestet teorii. asa enm au fost sistematizate, dupii ec au fost prezentate
in cadrul earsului de teorin reprezentirilor, tinut de autor la Universitatea de Stat din Moscova.

Pontru o expunere cit mai sistematicd, materialul a fost Iimpargit in trei parti. In prima
parte (8§ 1—§ 6) sc expun rezultate din alie capitole ale matematicilor care sint necesare pentru
prezentarea teoriei reprezentarilor. Partea o doua (§§ 7 §§ 15) contine conceptele si metodele
principale din teoria reprezentirilor. In partea a treia (§§ 168§ 19) sint ilustrate, prin exemple,
constructiile si teoremele gencerude continute in partea a doua.
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