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Llle est continue et la démonstration du {héoréme se raméne 4 trouver, pour tout voisinage
ouvert U de j7(f'of), des voisinages ouverts 1V ode jof et 117 de jrf’ tels que eV, W)yc U.
En remarquant que wlfff = [ est propre ct que 777" = Idz Uest aussi, le lemme suivant
pous denne la réponse voulue :

Lemme. Soient A, B el I’ iyois espaces mélriques complels, = el = dewe applications
conlinues respeclivement de (1 dans P et de B3 dans P, Soient K wnc partie de A et L une
partie de I telles que =K el 'L soient propres el donnons-nous un voisinage U de Koep L dans
Do Axplt, Alors il existe un owvert V, voisinage de K dans A, el un ouvert 17, voisinage
de L dans I, tels que: VapW c U.

4.3 Théoréme. Soient Y ol Z dewxy variéids banachiques de classe 7 of X une sous-
variétd (fermée) de classe Cr de Z. Hors Uapplication resiriction v de Hom™(Z, Y dans Homr
(X, Y) qui & g associe g/X est continue si on munit les denx  esprecs o' applications de la
topoiogie Cr.

I suffit de voir que 3 se décompose de la maniére suivanle:

;

P = g | S
Hom"(Z, ¥Y) —» Ilom;(‘\, Zyx Hom'(£, ¥Y) = Hom"(X, Y)
g — (h, & —  gei

olt 1 est l'injection dv X dans ¢t on applique Ie théoréme précédent.

, 5. Conclusion. Nous avons ainsi construit une topologie qui nous permet d’ignorer
1 l:ypot’hése de locale compacité et d'avoir néammoins des théorémes d’approximation trés utiles
dans I'¢tude de certains systémes hydrodynamiques,
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ON SOMFE NONLINEAR VOLTERRA INTEGRODIFFERENTIAL LQUATIONS
BY

B. G. PACHPATTE

1. Introduction. In reeent years much attention has been given to the study of non.
flincar Volterra integral and integrodifferential equations. Kxeellent accounts on this subject
may be found in two reeent monographs by R, K, Milier [6] and . Corduncanu
[1]. The first one is a pure mathematies product while the second cinphasizes the significance
of these equations in the theory of feedback systems. The purpose of this paper is to study
the behavior of solutions of a Volterra integrodifferential system of the form

I
W 0 =Aelt) + § B — 9 () + () 10, 2(0), o(0), 2(0)= 7o,
with !
4
(2 o) = 1+ W1, 5, wtons,
0

where 0 < ¢ < oo, o and B(f) are pxn natrices. The system will be studied as a pertur-

bation of the lincar system
¢

{8) y{t) - M) S B{l — s} y(s)ds, y(0) = ap
o

Here x, ¥, H, o, f, k arc vector functions with n components. The allowable perturbations
xH(l, x, ¢} are to be thought of as being small and motivated by reeent studies of Cor-
duneanu [1], {2], Gressman and Miller [3], [4], Keller [5], Miller [i5],
[7], Nohel [8], and Pachpatte [9]—[12].

The mathematical Titerature provides a good deal of information concerning the exis-
tence, uniqueness and continuous Aependence of solutions of various classes of Volterra in-
tegral and integrodifferential cquations, see, [1], [3]—[6], [8]. We therefore turn our atten-
tion to other problems. One of the problems of interest that arise in this connection is concer-
ned with the question of whether the stability, boundedncss and other problems of the system
(1) are shared with the system (3). The present paper tukes up this question when the per-
turbation satisfy certain conditions. Although such problems have been considered by va-
rious investigators (see, [1]—[8]), the results in the present paper are of interest heeause
of the weak assumiptions on the functions involved and the approach to the problem is dif-
ferent from those of the cited results,

2. Preliminaries. Let B™ denote real s-dituensional Euelidean space of column vectors
with Euclidean norm | . | . B" denotes the set of all ¢ such that 0 = ¢ < w0, For p in the

interval 1 = p < 0o, LT is the usual Lebesgue space of measurable functions & such that

“ 1
lghp= ( S fé'(f)l”fﬂ}"< o .
L]
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(3]

LLP is the set of ull functions which ate lacally L” on B . Let C[X, Y] denote the space
of continuous funetions from X to 1, where X and Y arc convenicnt spaecs, We shiall assume
that I e C[& x B"x B", R"), fin« C[R, B"]. and ke C[R xR = R", R"}

The differential resolvent R() associated with the linear system (3) is the unique
splution of the matrix cquation

i
R(t) = ARQ) + 51;(; — 5) R(s)ds, R(0) = I,
1]

where [ is the identity matrix.

It B(t) is locally L' on B, then (1) may be wrilten in the equivalent variation of
constants form
¢

a(t) = R{ta, S Rt — s)a(sHI(s, a(s), o(s))ds, L = 0.
0

See, Grossman and Miller [3] for details,

Let us remark that the equation (1)—(2) when 27{f, », o) = ®{g), 6 = < ¢, 2 > has
been investigated by Corduneanu [2] by using frequency technique. Very interesting
contributions concerning the frequeney technique and stability theory for integral equations
have been made in a reeent book by C. Corduneanu |I, Chapter 3].

In order to establish our main results in this paper we require the following inte-
gral incquality which is new to ihe literature.

Theorem 1. Let 2(1), p(f), ¢{t), and k{t) be real - valued nonnegative conlinuous funclions
defined on RY, for which the inequality

[ )
(4) x{f) S a9+ Sp(s).l-(s) {a{s) + M(s) Sq(:):;-(r)dr)ds, t= R,
[ 0
holds, where &y is a positive constuni. Then

x() < @y cxp( SP(S){h(s) + [ﬂ’o exp( S(p(r)k(r) + g(t)dr )] /
Q Q

[ 1—a SP(T) exp ( S(P(’-‘)h(’-‘) + qlk)) dk ] d= ] }ds ) »
0 ]

Jor all { & RY.
Proof. Define a function m(t) by the right member of (4). Then

!

n'(t) = pltla(t) (-1'(1') + W1y + S‘I(T) r(z) d?) » m{0) = xg.
o

which in view of (+) implies
t

(G) m'(t) < p(t) m(t) [ m{l) -+ k(1) + ' q(z) m(=) d=) ) 5

@,

If we put

-

-
9]
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t
{7) o{f) « m{t) + Sq(:)m(t)d:, o0} = m(0} = ry,
0
it follows from (G}, (7) and the fact that m{f) < v{f), the inequality
(8} () < (p(t) b + (i) o(t) + p{hoi(n),
is satisfied. The inequality (8) ezn be written as
(9} o= v(t) — (p(t) k(1) -+ g(t) ~ () < p(7).
Put v=1t) = n(t), so that v=2()v'(t) = -- n'(t), and n(0)= :ro_]: then we obtain
10) a’(t) + (p(E} 1) + q()) n(t) 2 — p(t),

which implics the estimation for n(f) such that

{ £

£
() exp [ S(p(s)h(s) + q(s))rls) 2 n(0) — Sp(s) cxp ( ((p(?) ”=) + q(<) dr} ds.
0 0 0

Now, substituting n{f) = v~} in the above inecquality, we have

1 L L3

o(t) = [a‘o cxp ( S (p(8) B(s) L q{s)) ds )]/{1 — o SP(S) exp [ S(p(?) 7)) -+ g(=)) ‘TT) ds}
0 1]

(]

since #(0) = 1/pe. Then, from (6), we have

t
m’(1) < p(t) m(t) { h(t) + [if‘u exp [ S (p(s)h(s) + q(s)hds ) ]/
0

[
/[ T — .r,,Sp(s) exp (\ (p(=) (<) - q(r))d‘:] ds ] },
0 0

which implies the cstimate for m(f) such that

o

¢
mfl) < agexp { Sp(s) [ his) [ Iy OXP ( S(p(:) R(z1 -+ g{m))dx ] ]/
0

0
i

i [T — o SF(T) exp [ E(P(’-‘) Iy -+ (k) dk ] d:] ] ds }
o o

Now, substituting the value of m(f) in (4) we obtain the desired bound in (5).

We point out that inequalitics sinilar to that proved have been successfully applied
by this author to study the behavior of solutions of some integral equations in [9]-—[12].
The success of our resulls in this paper totally depend upon the development of a nonli-
near variation of constants formula given by Grossman and Miller [3] and the
integral inequality established in the above theoren.

3. Main Resulis. In this section we state and prove our main resullts on the beha-
vior of solutions of (1}~ (2). Our first theorcn deals with the boundedness of the solutions
of (1)—(2) under some suitable conditions on the perturbation term and on the soclutions
of (3.
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Theorem 2. Lel 13 = LLYRY) and suppose that the funclions I and K In (1)—(2) sa-
tisfy

(11) | R(f — s) H{s, 2(s), o{s)) | < p(s){ lafs) | + [afs} |}
(12} | (1, 8, x(s))} i < q(s) 1 2(s) |,

for 0 <5 St< o, where R() is ke resolent associaled with the lincar system (3), p, g =
= C{RY, R*] and

o 8 W

SP(S) [ 1f(s) | +[chp( S (p(=) 1 F(3) | +q(r))d-.]]/

0 0

/[1 —c Sp(r) exp ( j(P(k) 1f(R) | + q(ky) dk ) dr ] ] ds < o0,
0 0

where ¢ > 0 is o constant, Then for cvery bounded solution y(t) of (1) on R*, the corresponding
solution 2(l} of (1)—(2) is bounded on R,

Proof. By using the variation of constants formula developed by Grossman and
Miller [3] any solution a(f) of {1)—(2) is represcnted by the integral equation

(13}

]

(14) a() = y(O) + SH(i — 8) w(s) His,x(s),a(s))ds,
0
where y(t) = R(f)rp is the solution of the linear system (3). From (14) and (11} we obtain
¢
(15) fx{t) | < ¢+ SP(S) Ta(s) 1[I a(s) | -+ lo(s) | ] ds,
0
wlhere ¢ > 0 is the upper bound for § y(t) | . Further using (15}, (2}, and (12) we obtain

¢
la() | < ¢ 5?(8) I a(s) [ lafs) ) + 1f(s) | + Sq('r) la(=}! dr]a‘s.
1] 1]

Now an application of Theorem 1 yields

1
| (7) IéceXp( Sp(s) [ If(s) 1+ [ce-\‘p[ S(p(t) 1ty | + &) dr]]/ 'é'
] Q

/[1 —CSP(T)C-\'P( S(P("') I FR) |+ q(’-'))dk)df]]ds]-
L] 0

The above estimation in view of the assumption (13) implies the boundedness of 2(t) on R*
and the thecrem is proved.
We note that Theorem 2 implies not only ihe boundedness, but the stability of the
solution z(f) of (1)—(2), if ¢ is small enough.
Our next theorem shows that under some suitable conditions on the functions I
and & and on the resolvent R(l} associated with the linear system (3), all the solutions of
(1)—(2) approach zero as ! -» 0. b 3
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Theorem 3. Let Id = LLY{R') and the resolveni R(t) associaled with the linear system
(3} verifies

(16) | R( | < Me, t = RY,

where M and o are positive constants. Suppose that the f-fmcﬁous H and L in (11—(2) satisfy
a7 LI adt), o) 1< pO (a1 + Tel) 1), 1= R,

(18) kit, s, (s S e gls) o), 0 s <1<,

where o > 0 is a constant, and p, ¢ = C[R+, R*] such thal

@

3
SMP(S) (it [ 1f(s) | e= + [-U lay | exp (S(MP(‘») (=) [+ glz)e®s )dr” f
0

a9 °

8 T
/[1 — M |yl S dMp(z) 7% exp [ S (M plk) | FER) |- qURY e 2%y di ] d-r] ] ds << o,
0 0

whare 2o % 0 s a constant. Then all solutions of (1)~ (2) approack zero as 1 —» <O,
Proof. Using the variation of constants formula, any solution a(2) of (1)—(2) is re-
presented by the integral equation

[
(20) alt) = Ritheo S R(t — s)a(s) H(s, (s}, ofs)ds.
0
where z, # 0 is a constant. Using (20), (16), and {17) we obtain
[
(21) Ja{t) 1 < M |ag 1 €7 S.\Ie'ﬂaf'-f)p(s) lalsy i[ x| + lo(s)]]ds
. .
Further using (21), (2), and (18) we obtain
1 S
L) | <M Lag e - SMP(S) €178 p(s) | a(s) | [1a(s) 141 f(s) I+ e““gq('.) lz(5} | d=]ds.
0 0

The above inequality can be rewritten as

L
| att) | ext = M|a,| SJI plsye=%% | w(s) | e [ fe{s) e+ | f{s)le*¢ + Sq(r)e-ﬂ‘f:c(:)le“df ] ds.

0 0
Now applying Theorem 1 with x(t) = | 2{t) | ¢!, then multiplying by e %! we obtain
[ 4
la(t) € Miagie™* exp ( SJIp(s)e‘M [ if(s}) e + [M | 2y | exp [ S(Ilv]p(‘.) | i1+
0

1]
]

+ a(7) E'“")d‘»‘)]/[l — Mz, ISMP(T) e~%% exp [ S (Mp{k) 1 ftk} | + q(l-‘)e‘“"')dk) dr] ] dS] .
v

0
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The above cstimation in view of the assumption (19) viclds the desired resull if we choose
M and |y, | small enough, und the proof of the theorem is complete.

We note from [12] thal n continuous function =(#) is slowly growing if and only if
for every a > 0 Lhere exists o constunt 3 which may depend on « such  that | z(t) 1= Me¥,
t = 0. Theorem 4 below demonstrates that, the solution of (1)=—-(2) grow more slowly than
any posilive exponential.

Theorem 4. Let [ = LLYIY and the resolvent R(1) wssociuted with the linear system (3)
verifics | ()] < Mext, t = R, where M and o are positive constants. Suppose that the

Sfunctions I and k in (1)—(2) saltisfy
LH{, 2(s), ot ) < pW) (1afs) | + la(s) 1), t & KY,
LR(t, 8 w(s) | Sedgs)iaGsh], 0O€s<t<am,

where 2 > 0 is a constand, and p, ¢ = C[R*, R*] such thut

_,_. 8 ||
1. Mp(s) ex [ | fs} [ e a8 [ M |ag iexp ( S (Mp (=) LF(2) 1 + gl{m)exm s )] I-'I
o

0

]

I.'I [1 Mg | SJ'lp(':) c*% exp [ g (MplEY 1 £k} | 4 qik) ex® rlk] d= ] ] ds < oo,
' 0 o
where vq # 0 1s g constant. Then all solutions of (1)—{2) are slowly growing,

The prool of this thicorem follows by the similar argument as in the proof of Theo-

rem 8 with suitable modifications, and hence we omit the details.
4, Applications. In this section we wish to apply the teehnique used in section 3

to study the integrodifferential system of the form
t ¢
@) 2t = Ax(t) + Smr $)(s) ds + Sb{r — 8)ls) Hs, a(s), o(s))ds, 2(0) = aq
o 0
with
t
(23) o{f) = fUI} + Sf-'(l, 3, w(s)ds,
o

as a perturbation of the integrodifferential system

¢

{2.4) ¥ = Ay)y + S B(t — s)a(s)ds, y(0)= w,
0

where the meaning of the quantities oceurring above is the same as in the preceding sections,
excepting &{f) which now denotes a measurable veclor funetion from the positive half-axis
into R™.

Let us remark that the cquation (22)—(23) when 2Hit, z, c}= Pls), o= < ¢, & >
has been investigated by Coerduncanu [2] by using Popov's frequency method. The
interested reader will find there an extensive study of the most salient and effective eri-
teria of stability and asymptotic behavior for various classes of control systems.

The equation (22) leads cusily 1o the equivalent varintion of constants form

t 3
() = R(t)xy + S Rl — s)dsgb(s — w(u)F{w, v {u),o{u))du,
0 0

»

¢_
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which can be also written as

t f—u

(25) (8 R{t)ay S { g B(t -~ u — vib(v)dv } v{e) H(u,a(u),o(u)ldu.
0 0

Of course, we assume that the [unction &) is sufficiently smooth in order Lo be able to change

the order of intcgration.
Corresponding to the Theorem 2 given in scetion 3, we can state the following result

regarding the boundedness ol the solutions of (22} (23).
Theorem 5. Let It, b o LL'(R*) and

[
S Rt~ s—~0)bv) [do s M < o0, 050,
0

where M > 0 is « constont and R(t) is the resolvent associated wilth the linear system (21)
Suppose that the functions H and & in (22)— (23} satisfly

VI (), o) L s p (T 1+ a1 ), t € BT,
VA, s, () | S glsy la(s) ], 0<s << o,

where p, ¢ @ C[RY, RY] and

«© 8
S MI’(S)[ [f{s) | + [CCNP ( \(-"P(‘-) =11+ q(?))‘k”/
o 6

T

/[1 - cg,-‘l;lp (<) exp (S(Mp(k) [FR) 1 4 glk))dk J d:] ] ds < wm,
1} o

where ¢ > 0 is a constant. Then for every bounded solution y(t) of (21) on R, the corresponding
solution 2(1) of (22)—(23) is bounded on RT.

The proof follows by using thc variation of constants formula (23} and following
the similar argument as in the proof of Theorem 2.

To this end we note that one can very casily state two more theorems on the be-
havior of solutions of {22)--(23) corrcsponding to Theorem 3 and 4 given in section 3 with
suitable modifications. These theorems will not be given again since there are no new ussen-
tial 1dens to explain.

Tinally, we shall present a simple example to illustrate our Theorem 3.

Example. Consider the integrodifferential equation

Y 26—(L+a)
{26) 2ty = — 2aut) + S(—C 27)-:1-(3)113 + a(h) H{l, 2(1), o(t)), a(0) =g

0
where clf) is as delined in {2), a perturbation of the integrodifferential cquation

!
o ltts!

{27) ¥yity= — 2yt) + S({c_ e..z,)y(s')ds. #(0) = xp, w9 # 0.
1]

Suppose that the functions I and k in (26)—(2) satisfy the hypotheses (17) and (18} of
Theorem 3 with o = 1. The resolvent kernel R({) associated with (27) is given by R(f) =
= ¢ ¢, which clearly satisfies the condition {16) of Theorem 3.
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The variation of constants formula can be employed in order to rewrite (26) in the

form
¢

{28} alf) = et + S(' 0 () H{s,0(n), a(s))ds.
o

Using {28), (17}, (2}, (18) and following the similar argument as in the proof of Theorem 3
we obtain () | >0 as -0, and the conclusion of Theorem 3 is truc.

In eoncluding this paper, we nofe that the method used above applics equally well
to study the various classes of integral and integrodificrential equations reeently studied by
this nuthor in [9]—{12]. As pointed by the authors in [3], [3] integrodifferential systems of
the form considered in this paper oveur in nuclear reactor dynamics with the perturbation
term 2fI{f, 2, ¢) having the form

! t *

a{8) S clt, &) x(sids or Sr(l‘, s)? (s)ds.
0 0

A detailed discussion of the applications of such systems in nuelear reactor dynamics can
be found in the papers by Grossman and Miller [3] and Keller [5]
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ON A DIFFERENCE EQUATION OF TYPL 1/a
BY

S, B JAIYIESIMI

Ipfroduction. It was shown earlicr [1], that n purely analytic solution of the high
order difference cquation

(1.1) Aty = Patnsr. v =0

with & a parameter, can Le obtained by a numerical method. Sueh o solution is found to
be analytic up te the first zero of o fundamental integral funetion.
We now consider n particular case ol (1.1} viz.,

%
(L.2) Ay = ’;l—:——s:"”, r, $s=0,

here I.‘cfcrred- to as an r-th order difference equation of type 1/n. The analytie solution of
("1.2) is obtained by a methoed already discussed [+]. This leads to the computation of the
[l"s‘t 2er0 of the fundamental integral wirieh determines the boundary of the domain of ana-
vticity. ’

2. The analytic solution. Let be:

2.1) 2,0 = S (1 — e )"t o, ()t =
¢
o

(2.2) = Se‘ {0 b [(1 — e )]

(4
Then
{2.3) nzg(d) = el — ez () | —

. (3

= S (1 — ) (et ()Y,
c

Substituting (2.2) snd (2.8) into (1.2) we have,

el — eI — et — 1] 00)

— (o = eom - 0 = v @y
¢ ¢
+ S [301 — et)* L — (s = 1) (1 — "2 5 (1 — e79)"HrHl]r, (Ndt = 0.
[

For the choice of the contour C, we have
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