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The variation of constants formwula can he employed in order to rewrite (2G) in the

form
4
(28} alth = age™ + S( 1w pfs) Hs,e(s), a(s))ds.

i)

Using (28), (17}, (2), (1%} and following the similar argument as in the proof of Theorem 3
we obiain Ja() | -0 as t— o0, and the conclusion of Theorem 3 is true.

In eoncluding Lhis paper, we nofe that the method used above applies equally well
to study the various classes of integral and integrodifierential equations reeently studied by
this nuthor in [9]—{12]. As pointed by the authors in [3], [3] integrodifferential systems of
the form considered in this paper oveur in nuclear reactor dyvnamics with the perturbation
term o JHf, 2, o) having the form

¢ t *

n-(l)Sc(!, 8) w(8)ds or Sr(!, s)a? (s)ds.
0 0

A detailed discussion of the applications of such systems in nuelear reactor dynamics can
be found in the papers by Grossman and Miller [3] and Keller [5]
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ON A DIFFERENCE EQUATION OF TYPLE 1/
BY

S, B, JAIYIESIMI

Ipfroduction. It was shown earlicr [1], that n purely analytic solution of the high
order difference cquation

(1.1) ATy = WPothgr. v =0

with & a parameter, can Le obtained by a numerical method. Sueh o solution is found to
be analytic up te the first zero of o fundamental integral funetion.
We now consider n particular case ol (1.1} viz.,

IS

{1.2) A = 1-1 n S:,,+_., r, 8 =0,

here I_'Crcrrc‘i, to as an r-th order difference equation of type 1/n. The analytie solution of
("1.2) is obtained by a method already diseussed [+]. This leads to the computation of the
ll"s‘t zero of the fundamental integral which determines the boundury of the domain of ana-
vticity. ’

2. The analytic solution. Let be:

(2.1) (A= S (1 — it o, (t)di, =
c
o

(2.2) = Sc‘ 7,0 i [(1 - e )]

[+
Then
{2.8) nzg(l) = el — e)'r () | —

X ¢

- S {1 — ety (efo,(E)ydt.
¢

Substituting (2.2) snd (2.8) into (1.2) we have,

el — e™PTH[1 — g7t — 1] (1)

{0 = e9n - 0 = vy o
¢ ¢
+ S [300 — &)™t — (s = 1) (1 — 7 J"725 (1 — e78)"iril]r, (Ndt= 0.
4

For the choice of the contour C, we have
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(2.5) (1 — e )" o) ] = 0
o

while =, (1} satisfies the differentinl equation

- 'ri — s+ DI~ (3 — )] ~ M1 — e7)}r, =0,
from which
{2.6) 7 () = CoeM(1 — emtptle—at'0),
where
(1 — ety

(2.7) ¥ = Y,

i=1 U

(2.5) becomes

Cle"'l‘(l — e tymteg 2T 0.

c

The last equality holds if A < 4, ¥i{ = 0, in partieular for 2 < 0, while ¢ - co. It is of course
true if £= 0. Thus the desired path of integration is the open econtour from 0 to + o
Hence the solution sought for is

@
(2.8) Z,00) = C, Seu(l ~ e tyriae AT L,
[

Putting T'= 1 — ¢7* we have that

1

Z,0)=C, S (1 — Tyl Phte ¢ — AT dT,

0

where
o T
(2.9) F(T)= Y, T,
=1

which gives an analytic solution, z,(3) for A £ — 1, Similarly, if we had, in (IE), A= —
— %, we would still obtain a solution similar to (2.8) but with & replaced by — % and sub-
jeet to the analyticity condition & > 0. Equivalently we obtain {2.9) with A = — A, subject

to A > 1. In both of these latter cases the solution is obtained either in the right half plane
or the left half plane. )
3. Domain of analyticity. The above regions may be extencded provided the first
singularities, on either side of the origin in the -plane, are simple poles. The extent
to which we can achieve this will depend partly on the value of s. Integrating §2.9),
denoting the ith derivative with respect to ¢ by DY we have alter s repeated integrations :

1
2 {— 1)°C, S e s =T 1T
3.1 Z.(n : 1 — Ty As=1 Ds[7™s ¢=2¥ AT,
@3-1) a(#) Mh—1) . (r—s + 1) ( ) [
[}

from which we obtain
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1
(— 1P C, -
(3.2) Zy0. i 1 — 7yats=1 pspps oAy g
o) Ma=1), (h—s | 1) = SO G

1]

and by theoremn 1 of [4] the solution of the corresponding iterative equalion eonverges to

b3 1
2 ; . B g
(3.3} yiM 7’((;)) -[3(1—- Ty—hts 1De[7‘n+ac—>\‘l']d1']/s n—
il
o 0

— Ty~ Ads=1 Da[Ts g-—lq'ttl] ar.

The inital conditions demand that y,(7)
can be scen by inspection.

We see here that Z (%) can be continued analvlically by removing s simple poles at
integer points. This enables us, therefore, to extend the original region of existence of the
solution. However, we note that this extension is limiled by the value of s since we cannot.
integrate Zy(i) more than s-times, Thus the existence ol a convergent solution of the pro-
blem posed in (1.2}, will depend on the first zeros of Zy(2) on either side of the origin.
The first zevo of Z,(0) in a particuday half plane {depending on the sign of the right
side of (1.2)) fundumentally determines the boundary of the half plane within which an
analytic solution exists. We here take o particular ease which will be followed by u table
of computed zeros of the .fundmnental integrul=, Zy (%), .

Case r = 0.

In (3.1) il »

1 = y,{0) for # = 0. That these condition are met

0, 2> 0, n =1, then ${T) =0 and

. (—1pdC, : )
Zy(2) 70 —T—m S (1 — )y~ Ate=1 Ds[T"5)dT =
) 0
(— 1P C(n + )
= = o Py Ateel pa gy
nlMA~ 1) (A -5 +1) S( ) T d1
while g
1
o (— 1) Cs! ; -
i TR 1) (;\_ s 1) S(‘ — Ty A%y o

(—1p0, 5!
Mr~1) o (h—s+ 1) (s— 7}

Therefore, the analytie solution of the cquation

A
Ayn-l = Yur Yn(0} =1

n -8
when it exists, will be given by
1
sl (s — A
yn()‘) — (_L.l S(l — T)“’H"‘_"T" a7
nls!
0

Furthermore it is worthy of nole that when >0, the region of convergenee of the
solution will be further reduced duc to the presence of the exponential term e AT(T) in the
integrand. As far as the practieability of this method of obtaining an analytic solution
1s concerned, we note that the limitation imposed here Ly s does not necessarily imply that
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the region, D'._, with radius 12, obtained here cannot be furtler extended. I fact, il we trans-

form the plane inte a circle, there will exist some positive munber, g, say, such that the
solution still exists and in fact converges inside | 2 [ < B 4 £, Thas in the case ol r= 0,
we have that |2 | < R 4+ &= 5 4 € — 1. This {lerefore suggests  that & better  esti-
mate of the region D, may be vblained when the solution is constructed fromully. The

table I below shows a few of the first zeros of the inlegral
1
Z,(1) = S(] — YA I T BT T
o
for different values of r and s. These indicate the boundary of domain of analyticity for
the solution of (1.2) for the values ol r and s indicated.
TATLE ]

First zeros of Z,(3} for (0,0] = (r, 8} = (8, 3}

r |
- 1 2 3 L 5 o 7 8

0 0.6017 | 0.4905 | 0.4336 | 0033 | 083 | 03545 | 02807 | 08277
1 L0000 | 0.7655 | 0.6331 | 05847 | 03579 | 05036 0.4760 ;
2 13507 | 00000 | 0.8351 | 07358 | 0.6704 | 0.6219 | ¢.5848
3 16809 | 1.2155 | 1.0000 | 0.8738 | 0.7887 | 07271 04801 | 06128
4 20000 | 1.4207 | L1369 | 1.0000 | 0.8989 | 0.8206 05630 | 0.9234
5 | 28003 | 16187 | 13067 | 117 | 1.0000 | 0010 0.5312 | 0.7993

I am grateful to Professor Sharma for this useful suggestions in the preparation of
this manuscript.
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LYAPUNOV STABILITY OF CONTINUOUS SOLUTIONS OF SOME
FUNCTIONAL EQUATIONS

BY

KAROL BARON and ROMAN GER

Herc wez arc looking for a stability of the functional equation
0 o{v) = R, o [fi(2)), olfel@)],.)
with an unknown function ¢. We start from

Theorem 1. Suppose thal h: XX YN Y (*) and f,: X > X, n < N, where X is a
efosed and conver subset of « finite dimensional Banach space norined by | . ||, whereas Y 1is
a melric space with wmelric o, fulfil

olhlr, ¥} hes §)) = X vu(e)olyy, Un)y (s o ) @ Xx¥YxyN
" I
sup {Ifple} — & lin e Nl < e — £, & € XN\(E},

with functions v, X — [0, 0) anda i = X, respectively. 1f

H

and

Tvay =1, v X

n=1

aud the family {f, :n<EX} Is locally equicontinueus, then for cvery two solulions P X =Y

o= 1, 2, of (1) continuons at £, the inequality

olofa); aled) = olei(E), 9u(E)), 2 & X
holds.

Proof. {ef. the proofs of Lemmas 2 and $in [3]) et o X > ¥, 0 =1, 2, be two
solutions of (1} continous at % and let us take an arbitrary positive real number £. Then

G(?l(‘n)' ?2(-1')) £ X ‘f:x(-r)c(‘?l{fn(w)?! ‘?2[1.’1(-1')])! re X
ne=1
and there cexists a neighbourhood U of £ sueh that

3(1(@), ) T o(@fl), P8} + 5, a e U

Therefore, by Lemma 1 in [3]

c(‘l’l(ﬂ')’ ‘?2(‘1'}) = U(‘P:(E.)! ':Fz(s)) + €, re X.

(*) By y¥, where N is the set of all positive integers, we denote the set of all se-
quences with clements from Y. Morcover, if i is a member of YN then y, will denote the
n-th ecoordinate of y.



