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the region, D;, with radius It, obtained here cannot be further extended. I facl, il we trans-

form the plane into a circle, there will exist some positive nunber, €, say, such that the
solution still exists and in fact converges inside | 21 < B 2 g, Thus in the case of r= 0,
we have that [A | < R+ &= 54 € — 1, This {herefore suggests  thal & better  esli-
mate of the region D, muy be obtained when the solution is constructed fromwally, The

table I below shows a few of the first zeros of the inlegral
1
Z) = S(l — T AL D Pk T T
)
for different values of 7 and s. These indicate the boundary of domain of analyticity for
the solution of (1.2} for the wvalues ol 7 and s indicated.
TABLLE ]

First zeros of Zy(3} for {0,0] = {r, 8} = (8, 3)

r
T 1 2 3 t 5 6 7 8
0 0.6017 | 0.4005 | 0.4339 | 0.3083 | 04753 | 08515 | 0.3307 | 0.3277
1 10000 | 0.7655 | 0.6531 | 0.5847 | 05570 | 053036 0.4760 556
2 13507 | 0.0000 | 0.8331 | 0.7835 | 06708 | 06219 | 053848
3 16809 | 12155 | 1.0000 | 08738 | 07887 | 07271 0.6801
4 20000 | 14207 | L1569 | 10000 | 08989 | 08246 05630
5 | 28003 | 16187 | 13067 | 11247 | 1.0000 0.0160 | 0.5312 | 0.5993

I am grateful to Professor Sharma for this useful suggestions in the preparation of
this manuscript.
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LYAPUNOV STABILITY OF CONTINUOUS SOLUTIONS OF SOME
FUNCTIONAL EQUATIONS

BY

KAROL BAROXN and ROMAN GER

Herc weo are looking for a stability of the functional equation

{n ) = b, 9 L[], olfel@)],.)

with an unknown function ¢. We start from

Theorem 1. Suppose that k: Xx¥YN - Y (*) end [,: X - X, n © N, where X is o
elosed and conver suliset of « finite dimensional Banach space norimed by | . ||, whereas Y is
a melric space with metrie o, fulfil

o(hlr, ¥h Mz, §)) < Xy le)olyn Ta)y (o o 7) = Xx¥¥xyl
n=1
and
sup {ifp(a) — § lin e Nj < Iz — £0, 2 © X\({E},

with functions v, X —» [0, 0) anda i € X, respectively. 1f

Yyae)=1, p =2 X

n=]
awd the family {f, :neN} s locally equicontinucus, then for cvery two solulions P XY
w= i, 2, of (1} continuous al E, the incquality

o(zdr): oule)) = olpi(d), 9u(d)), w & X
holds.

Proof. {¢f. the proofs of Lenumas 2 and S in [3]). Jet o X > ¥, o =1, 2, be two
solutions of (1} continous at % and let us take an arbitrary positive real nmumber £, Then

U(":'l('r)’ =2 1')) %= X .;‘N('?I)G(‘?I{fniw)?’ ‘?z[fﬂ(-r)])= re X
n=1
and there exisis o neighbourhood U of & such that
o), P L O@E) i) + € 2= U.

Therefore, by Lemina 1 in [3]

olg (), ola)) = ofp,(8), 9u(5)) + €, z = X,

(*) By y¥, where N is the set of all positive integers, we denote the set of all se-
quences with clements from ¥, Morcover, if y is a member of YN then y, will denote the
n-th eoordinatle of y.



186 KAROL BARON and ROMAN GER 2

This completes the proof tuking into account the unrestricted choice of €.
Concerning the functional equation of the first order

(2 of{x) = ks, olf(x}])

we have
Theorem 2. Suppose thal h: X xY > Y and f: N > X, where X s a lopoelogical space
and Y is a melric space with melric o fulfil

olh(z, ¥), M, P) = v()olys T (@, ¥ J) € XXV XY
and

lim f”(ﬂ')) i, x = X,

R=> =

with @ function y: X — [0, o) and @ £ e X, respectively. If

"
HY[I‘(:U)] s M, 2= X! n=10, 1, Ah oon
i=0

then for cvery fwo solulions g, : X — Y, o= 1, 2, of (2) conlinuous at % the conditions

Uﬁ’l(“’)’ ‘?2(-1')) = JIG({?,(&), ?2(5)); re X
is satisfied.
The proof of this theorem is cimilar 1o that given in [+], Theorem L
We return to equation (1) through

Theorem 3. Suppose that h: X % YL Y and fo: X =Y, neN, where (X, p)is a
bounded melric space whereas (Y, o) is a melric space, fulfil

o(hl, 1) ba,jh € 2 l,,c(y,;-ﬂ,,),

a=1

s(h{r, ID, 5) < lple, )z e X

(fC»TJ;TJ) e X % YNx YN .

whenever 1, = n for cvery =N and 1 Y,, where Y, is a subsel of the sel
(3) {0 € Y:n= b, II) whenever Hy =7 for every n € N},

(4) fale)B) < splw B, o =X, nEN

with 1, I,. s, n= N, being nonnegative real constants, posilive real o and a (= X. If

oy o
Y < w, ZlsE<],
n=1 n=1

then for every positive real number ¢ there evisls @ positive real nwmber & such that for every

oo solutions @t X —» Y of (1) for which o, (3} € Y, and

(5) oo, (t), ¢, (E) = Pl B o ae X, 0=1, 2
holds with reals p, w= 1, 2, the condition
(6) ol (EhoalZD) < 3
tmplies

algylz), o) <&, x € X

T B —

3 LYAPUNOV STABILITY OF CONTINUOUS SOLUTIONS OF SOME  FUNCTIONAL EQUATIONS1a7T

Proof (Cf. the proofs of Theorems 1 and 2 i i i d
e A in [6], 1 in [2] and 1 in {[9]). For every

{7) olplz), (%) € ppla,B) 2= X,

where p is a real. let us define the constant ple) by

rp) = sup {M tx € X}

@
and put Pl &)
M=t [ F g
/ -

Therefore, if ¢: X = Y fulfils (1), (7) and ¢{£) & ¥, then

alpla), @(E) = olhlr, o[fi(x))s ¢[Fa@)] e)s BE, R(E), of),..)) <
< ofbta, 9lfi@)] olfe@)] ), hlx. $(8), @(E),...)) +

oA, BE) G2 sdy MEs 98D o(2) 1)) < X Iy ololiatall 9B + Tolar £

n=1
< (I + e E s:) pla, )%,
n=1

for every x € X, which shows that p(e) < M, i.c.

whenever g : X > Y is a s i z 4 iti )i
yhene witﬁ A r;;I is a solution of (1) such that ¢(&) € Y, and the condition (7) is sa-
With the aid of this fact and the induction principle it is casy to prove that

R LI : :
ool o) < [ £ 1) oteut@, o@n + 23 E 1] ot %z e X vm0 120
‘um] -
for every two solutions ¢ : X - ¥ of (1} which fulfil (5} with reals ., and such that
wE) @ Yo w=1, 2. “
. i
Now, let us take a positive real number z and a positive integer v such that

=
a3 d® ( » lnsﬁ] < E,
n=1

where 4 is the dimmeter of X. Consequently, if ¢, : X — ¥ are two solutions of (1) sueh
that o, (5) = ¥y, @ =1, 2, (5) is satisfied and (6) hold with

L v o
8=[s— QMd“(L I”s‘,’,) ]/[1 S
n=1 LEDY

olor(e)s alx)) < a( 3 :,,}”+ 2.ud“(

n=1

then

oo L'
5 In sﬁ] =g
=1

for every » = X and our theorem is proved.
Remark 1. Observe that if in the above theorem

il cn, rcealling its proof we have
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" Y
alpylz), ale)) < o(@(E), 9(EN ‘331( by mﬁ] pla,Bt, z =X, v=10,1, 2,..

ne=1
and letting v tend to infinity we get

alolr) u(r)) = o(@)(E), 2o(8), o« = X,

for every two sclutions g : X = Y of (1) for which o () & ¥y, 0 =1, &, and {5} holds,

without the assumption of the boundedness of X (ef. Theorem 1)
In the ease where ¥ I, = 1 is not assumed, wo are able to omit the assumption

n=1
of the boundedness of X in a very speeial case only. Namely, we shall prove
( Theorem 4. Suppose thal I X% YN oy, [ XX, na N, and I X » Y, where
X, p) and (Y, Il . ) are metric and normed linear speaces, respectively, fulfil

B, ¥) — B, 71 < Elo Uy, — Ul {20 3 9) & XX v¥ vV,
n=1
Wa, H+ 9) = ha, ) + 1 (2 9) @ Xx ¥

, where Y, s a subsel of (3), (4) and P(E)= 0,
f

whenever H, = v for every n = N and v € Yy, @
tive real constants and a £ € X.

respectively, with 1,, sy, n = N, being nonncga
o)
¥ lsp <1
n=1

for a positive real number «, then for every two solutions ¢, X — ¥ of (1) which admit a

representotion

&) B, (@) = 1, + Pla) + p@E Do), z=X

where 1, = Vo and @ : X =Y are bounded, o = 1, 2, the relation
o) — gola) = ¢,(8) o3), = X

oceurs,

Proof. (cf. the proof of Theorem 1 in [5]). It is casily seen that the function %

(X {ENx v¥ 4V defined by the formula
Wiz, y) = e, P[f)] + ethte), 8% i’[fzé‘l;l] + plfala)s 8% 4o ,0) — Pla) )
s ©

(o )= (XNLE PRYY

fulfils

HHlz, ) — Her 1< 5 LasS gn — Tl @IS (XNED XYY x¥N
]

and that the function @ : X {&} = ¥ given by

D)= 2D IHE = T oz,
pla,8)

where g : X — Y is a solution of (1) such ¢(§) = ¥, is o solution of the functional equation

D) = Hle, PLAH@)] PLLA)] )

kg

5 LYAPUNOV TA Y F NT OLUTIONS OF ME g TION I.Q N3160
h k) BILI OF CONTIENUQUS $ UTION T SOME FUNCTI AL u FONS B
0 ’ T : A N

shows that —» il /] kt H
II]IS 3 if P X b u 1 boun (I)
Tulfil (]) i (8) IIO]dS with <} g Aar d ded 4
?l(‘l) @1(2'-.) ] (l“‘ ) ¢ (3 ) @2l 3 I
(D ( ) (I) ( ) 2 2( ) (3 )
P(h E) P(‘r'l‘:)

for cv(I::y T s X\{i}_ which ends the proof.
inally, we consider the system of functional cquations (9)

{9) @)= hilr 5 ¢[f(2)]
il 3 oo @y [Fal}] 5 o s @mlfil )] seees O 1 [ =
and its solutions fulfilling ' : T

B oil9ilz), @dE) < ppl@,E), 2 = X, i 1,0, m.

Theorem 5. Suppose fhat hi: X< X7 .
ke 1,..,n, where (X, o) is EANRIX e XYy > ¥y, T T, m, and fii X X
spaces, f:tlf;t (X, p) s a bounded wmetric space whereas (¥, o), i = 1 ,...,m,ffzrc n;:ric’

oilhi(x ; T i
ithi(e ; i Yron oo s Mgy aeves Zlm,n). hi(m 31,0 00 _y] PRI gm 1 .Tfm n)) =
* alatty q =

m n
S X Xaixe e -
Sk s rlFik il 2 X, yip ;o
5 K AV N X5 vh o s Yisks Yi = Yj, L,ij=1,.. m, k=1 e
oilhix ; . [
'( f(ﬂ: PR My Tt yeeey "7"1): kl‘ (&’ LTI T3 e s M ey Tﬂn)) =
x .
whenever = afp(ﬂ-': E) s & B X, 1=.], vy M
(11} £ pE(E .
w hif % 3 Tigseees Ny 5 vee 3 Ny 1oy 'Glr.)’ hE " 1”1',0 5O 1,.,m

where Yo are subsets of Yy, i=1,..,m,
12
( ) P{fﬁ(ﬁ')) E.») G-HP(.‘J'.» E)) a = X: fe= 1 yery B

with positive real conslants o, «;, a, bl SE, L= ,m, k=1,..,nand afe X, If all the

20

characteristic rools of the matrix [a; ;]. 1 where
Wlig=]l,., .m0
(13 ] ]
) ai,j o= E i i x szs l,j =1 yreey T,
k=1

are less than one in absolufe val
ralue then for every positive re
al . .
real number & such thai Jor cvery two solutions Pt X Y gfun;ber e
iy i ; of (9) such that 0, (B} e Y,
0 0

14 ' < € X & n, w=
{14} a9, o (x), P EN <1, g, & , i=1 1, 2
pievy H 3

holds with reals Moy s e 1, 2, the condition
15 = mn
(15} 0'!'(“]’!‘,1(&): ?1,2(&)) €38 i 1,..,
tmplies

oi(ps (z), pigle))l <, as X, i=1 geery M

Re: ;
P r;r:;k 2. The hypothesis that all the characteristic roots of the matrix [a
A )} are less than one in absolute value is cquivalent to the statcmcfﬁ,;;]it'in;;""'m

b
O<ar x=1,om A=1,.,m+1-y,

where
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72 for A # p
2 o5 , 2= 1,.,m, and
At 1 -a, for A= p

’l‘d_,_ﬂ for » #u

® % Lt N
Wil an1 Ahsle+l T a1
Ty

o k3 L3 .. ey
af @it — Gt G for 2=

(see [lg);oo?ergml;rﬁ-)'ns in the proof of Theorem 3 for every o;: X = Y such that {10)

holds, where g is a real, define the constants u(p:) by

adgir), @ilE) ip E XJI{E}}, i=1,.,mm
wied) = SUP{ p(.z:,E}’x

Thus, if ¢i: X -+ Y fulfil (9, (10) and @&} = Yip, then
5 N i = ey
ailpi (), @il < [“l’ B aij p(w)] e E)'s z € X, i=1l,,m

1=1

which implies the inequalities

m -
p(q%) <o+ ¥ a ji—'-(‘?j}’ 1= 1,...,m7.
=1

he Theo-
It follows from Matkowski's lemma [8] (also [10] Lemma l.lguiﬁzilg?ot of the
rem 3 in [1]) that there exist positive constants My, t = 1,1,

ai + % (I,',jﬂ:{j < M 1 1,....m
i=1
and conseguently " .
pipr) — Mi< T arilpde) — M), i= 1,0 m,
=1
; 3 in (10
whence by Lemma 1.3 [10] 2@ & Min im Lo

i . 1) such that
Thus, there exist positive constants Mg 1= 1,.,m, and a 0 (0. 1} s

m .

Y oaqj My s gAf;, i=1,.,m

i=1

r o
d for every solution gi: X = Y; of (9) which fulfils (10) with a rcal p and gi3)= Y (e
and for every § g
cf(?f(w)) Q:(E)) = ﬂliP(l"E)au x € X, i=1,.,m
By this and the induction principle we get
ailena), ¢i2le)}

4 =
TR T
i .....jv+1—l kl"“' 1T
! + 20V+lﬂ’ip(x’g)°‘ , # =X, v=0 1, 2,...

for cvery two solutions @, : X—=Y, of (9) which fulfil (14) with reals ¢, and @, () € Yt,o’
- : 1,0

‘ W t I y itiv h ti 5] il'l.t,e €T
’ i;(‘)’ ’ let us take an arbitrar; POSltl (= real numbel‘ g al'ld ¢hoose a pOSl v s
y

v such that

A 1 G, (Q i (E)- P '2(E))+
@, 5k Gkt Bigdyry Byar v vt v41

l'.'l-

T LYAPUNOV STABILITY QF CONTINUGLUS SOLUTIONS OF $OME  [PUNCTIONAL EQUATIONS1T1

20, VT g, i=1

= 1,..,m
where d is the dismeter of X and put
. g— 2Mdpv+! .
& = min - = i=1,..,m
1+ > b3 Qoo op o el 3
P S PR o L B o BT E ST
l LERTY v+1 1‘---. v+l

This completes the proof since for every two solutions Fiw: X Y, of (9} such that (14)
and (15) hold with rcals 1, § defined as above and such that Pl € Yt,o’ fwa 1,..,m,
w= 1, 2, we have

Gileiu(x)s @iale)) <
m n

<8 = > a

+ 2Md*0" tlce
Jl.....f\,+1'- 1 kl,....l'v+1-1

P . . weua : g
LIS Y Tydygyiby g
for every g &= X

Remark 8. In the case wlere

the assumption of boundedness of X may be omitted (cf. Remark 1).

The following theorem yiclds an analogue of Theorem 4 eoncerning systems of func-
tional equations,

Theorem 6. Suppose that hi: XX Y] X XYp =¥y i=1,..m, fx:X > X, k=

1,on, and Pi: X - Yy, i=1,.,m, where (X, o) and (Y, |.)¢) are metric and normed
linear spaces, respectively, fulfil

KRGS Wit ovees Yrum i oe 5 Uiy Umgp) = Q5 Yot omer Brm 3 oe afimg sees Gmeyp) [ S

m n
€ B X tgalye—visly 2 €X, g puas Y 4 o= 1,o,m k=1 ,.,n,
Jm] kmy

e s N+ e G Yot T T Uiy v G Ymn) =

== i@ s Y veees Yo s oo 5 W oeees W) - Wi
e ®m N, e Y, d j=1,,mk=1,.,n

whenever (11) holds with Yy, being subsels of Y, i= 1,...,m, (12) and Py{£) = 0, i =1 yeony B,

respectively, with a; ;4 and sy, i, j= L..,m, ke 1,..,n, being positive real consiants and
a £ = X, If all the characleristic roots of the malriz L, .1 je1....m Btoen by (13) are less
than one in absolule value, then for every two solulions 9w’ X = Yy of (9) which admit a re-
presentation of the form

(16) P @)=+ Pilz) + o@D, (¥), 2 € X, ix1,...,m

with Tho S Yi.() and fDI..m HP. g Y‘. being bounded, i = 1 ,..., 00, &3 = 1, 2, the relation

26,00) — @iale) = @i, (E) — o), & @ X
ofcurs.

Proof. (cf. the proof of Theorem 1 in [7]). Ve pereeive easily that he functions
(XS {ED X ¥TX oo X Y — Yy defined by
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Wila 5 Yoo Yrom s ooe Bt veees Ymn) =
1 x 2
= = { E-)-;! [hile s PyLAGe)) + elh@)5) o0 PyLEad)] + e0fnlad 23 fim 5 eees
P
w3 Pl fi(2)] 4 P(fl(m)i.)x Moy smees Pulfyle)] + ), E)l Ymo) — Pilrlls
e X\Et Yin & 1’J's g J— 1,01, k 1o,

fulfil
L2 Yo Yronions ym,u)'— A} Yoy coves Grom s oond Haing coeee m ﬁ)""g 7
m n
< Y S asusiliya— vl =XNEL v GaS Vi j= 1, m k=1,.,n
i=1j=1

Morcover, if P’ X — Yy fulfil (9) and (16} hold with y; = ]'io and hounded (Il,;_w X >
- Y 1,0, M, = 1, 2, then

(Di,m (#) = Hix; ® [fi(2)]sns (Di.m [fal@d]s s (r’m_m [fi@))s e (pm,(a [fala D =AN{Ek

Therefore
sup { 0@y le) — D) lire € IN{EN <

m
< S aiysup {10;00) = i) l5ie € XN{EM = 1om,
i=3

Recalling Lemma 1.3 from [10] once more we obtain
Qg () = Brgla), e X8}, i= 1.ym

and the prool is finished.
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ON A CGENERALIZATION OF CAUCHY -BUNIAKOWSKI-SCHIWALYZ,
INEQUALITY

BY

TEODOR PRECUIPANL

Tet X be a real-val i
K al-valued inner product space. U
the following simple inequality e

—lalllél+ <ab>
23

Richard [3] has established

(R) <llai||1b||~|-<a,o>

2

lallifs<e,a> <a,b>

Il 12,

for any a, {1, @ = X. It is clear that for » = a or

Cauchy-RBunickowski-Selwoar: in equalify,

duetes I'his E\ot.e 15 concerned with the boundedness problem for

qu';[}h,' g-f::ir:-l:{!mttllg t‘llc incﬂuahty (). So, we obtain & simple proof for Richard’s ine

s .“:‘U‘ “ i “:T same Eime, wa preeise the conditions in which we have just e l‘l LI'L“-'-

o ti:i'; ”1 _O\({H -.lAt. the main rcsults,ol‘ M. Moore [2f are dircet consequences i 1: 1"}.
§ way, we also ameliorate Moorc's Loundedness constant ¢ of (ke

T 4 Y
heorem 1. For ang a = X, 4,y = XNAO} we have the inequalify

—lelibli+<ab> cSme><wb>

2= b or a= b we obtain the famous

“quadratic form in inner pro-

<y, u><<yb>
. - ==
) 2 la ® I i
oS Hma> <y b> <a, y> _laf b+ <ab>

e 12y 1 h 2
In the right-hand side

there are 1, e 1o oh ok rin the left-kand  side we have even equality if and only i

}.< - a.> - 51< ¥, >
a 42 by i

¥=1/2 e + nb).

Proaf. Ac i . R £ ,
T . cording to the norm definition in an inner produet space, it is o

(2)

asy to prove
g S U B>
T ?

By Cauchy-Buniakowski-Schiwarz incquality we have

U —v

!= Tel, © e XNJO}, re X.

<a a> <, bz
= laflblg <2—————=p — _eS¥ 0>
s < =t b—2 o I y=slaplél,

which ;sp,]ustt the iner%ualilty {1). The second part of thie theorem is obvious

opeciar cases. 1. Il gy a or ¥ & we obtain the inequs I't.’ R i i
cun be equality in the right - hand side or in the ]cft-lmndqsi:hi: bif( m)l‘dlg;[;cc"fml o
A, = R such that v there are

U< a>a=(ra+ub)z|?



